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Preface

A CR manifold is a C* differentiable manifold endowed with a complex subbundle
T1,0(M) of the complexified tangent bundle 7' (M) ®C satisfying T} o(M)NT1 0(M) =
(0) and the Frobenius (formal) integrability property

[T°(T1,0(M)) , T(T1,0(M))] € T®(T1,0(M)).

The bundle T (M) is the CR structure of M, and C*° maps f : M — N of CR
manifolds preserving the CR structures (i.e., fxT1,0(M) C T1,0(N)) are CR maps. CR
manifolds and CR maps form a category containing that of complex manifolds and
holomorphic maps. The most interesting examples of CR manifolds appear, however,
as real submanifolds of some complex manifold. For instance, any real hypersurface
M in C" admits a CR structure, naturally induced by the complex structure of the
ambient space

Tio(M) = T0(C") N [T (M) ® CI.

Let (z', ..., z"") be the natural complex coordinates on C". Locally, in a neighborhood
of each point of M, one may produce a frame {Ly : 1 <o <n — 1} of T1 o(M). Geo-
metrically speaking, each L, is a (complex) vector field tangent to M. From the point
of view of the theory of PDEs, the L, ’s are purely tangential first-order differential
operators
n . 8
Lo =Zaé(z)g, l<a<n-1,
j=1

and T o(M) may be thought of as a bundle-theoretic recasting of the first-order PDE
system with complex-valued C* coefficients

Lou(z) =0, 1<a<n-—1,

called the tangential Cauchy—Riemann equations. These may be equally thought of as
being induced on M by the Cauchy—Riemann equations in C". CR functions are solu-
tions u(z) to the tangential Cauchy—Riemann equations, and any holomorphic function
defined on a neighborhood of M will restrict to a CR function on M.
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These introductory remarks lead to two fundamental problems in CR geometry
and analysis. Given an (abstract) CR manifold, is it possible to realize it as a CR
submanifold of C" (of some complex manifold)? This is known as the embeddability
problem, introduced to mathematical practice by J.J. Kohn [246]. The second problem
is whether a given CR function u : M — C extends to a holomorphic function defined
on some neighborhood of M (the CR extension problem). Both these problems have
local and global aspects, present many intricacies, and involve scientific knowledge
from many mathematical fields. The solution to the local embeddability problem is due
to A. Andreotti and C.D. Hill [13] in the real analytic category. Partial solutions in the
C®° category are due to L. Boutet de Monvel [77], M. Kuranishi [263], and T. Akahori
[2]. As to the CR extension problem, it is the object of intense investigation, cf. the
monographs by A. Boggess [70] and M.S. Baouendi, P. Ebenfelt, and L.P. Rothschild
[31] for an account of the present scientific achievements in this direction.

It should become clear from this discussion that CR manifolds and their study lie
at the intersection of three main mathematical disciplines: the theory of partial dif-
ferential equations, complex analysis in several variables, and differential geometry.
While the analysis and PDE aspects seem to have captured most of the interest within
the mathematical community, there has been, over the last ten or fifteen years, some
effort to understand the differential-geometric side of the subject as well. It is true that
A. Bejancu’s discovery [55] of CR submanifolds signaled the start of a large num-
ber of investigations in differential geometry, best illustrated by the monographs by
K. Yano and M. Kon [446], A. Bejancu [56], and S. Dragomir and L. Ornea [125]. Here
by a CR submanifold we understand a real submanifold M of a Hermitian manifold
(X, J, g), carrying a distribution H (M) that is J-invariant (i.e., JH(M) = H(M))
and whose g-orthogonal complement is J-anti-invariant (i.e., J H (M YL < (M),
where T (M )L — M is the normal bundle of M in X). The notion (of a CR sub-
manifold of a Hermitian manifold) unifies concepts such as invariant, anti-invariant,
totally real, semi-invariant, and generic submanifolds. Also, the observation (due to
D.E. Blair and B.Y. Chen [64]) that proper CR submanifolds, in the sense of A. Be-
jancu, are actually CR manifolds shows that these investigations have the same central
object, the CR category, as defined at the beginning of this preface, or by S. Green-
field [187]. The study of CR submanifolds in Hermitian manifolds, in the sense of
A. Bejancu, has led to the discovery of many refined differential-geometric properties
(e.g., K. Yano and M. Kon’s classification of CR submanifolds of a complex projective
space, with semiflat normal connection, parallel f-structure in the normal bundle, and
the covariant derivative of the second fundamental form of constant length [445]) and
will surely develop further within its own borders. It should be remarked nevertheless
that as confined to Riemannian geometry (i.e., to the theory of submanifolds in Rie-
mannian manifolds, cf., e.g., [91]), the above-mentioned study is perhaps insufficiently
related to the (pseudo) convexity properties of submanifolds in complex manifolds, as
understood in analysis in several complex variables. To be more precise, if M is a real
hypersurface in C" then the first and second fundamental forms of the given immersion
describe the way M is shaped, both intrinsically (Riemannian curvature) and extrin-
sically, yet do not describe a priori the intrinsic properties of M as related to its Levi
form. As an extreme case, M may be Levi flat yet will always exhibit, say, curvature
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properties arising from its first fundamental form. Or to give a nondegenerate example,
the boundary of the Siegel domain Q, = {z = (z/, z,) € C"~! x C : Im(z,) > |||}
(i.e., the Heisenberg group) admits a contact form 6 with a positive definite Levi form
Gy, and hence gg = g Gy + 0 ® 6 (the Webster metric) is a Riemannian metric, yet
none of the metrics gyg, A € C®(M), A > 0, coincides with the metric induced on
M by the flat Kéhler metric of C".

Central to the present monograph is the discovery, around 1977-78, of a canonical
linear connection V on each nondegenerate CR manifold M of hypersurface type (the
Tanaka—Webster connection) due to independent investigations by N. Tanaka [398]
and S. Webster [422]. V parallelizes both the Levi form and the complex structure
of the Levi, or maximally complex, distribution of M, resembles both the Levi-Civita
connection of a Riemannian manifold, and the Chern connection of a Hermitian man-
ifold, and is a foundational tool for the pseudo-Hermitian geometry of a (nondegener-
ate) CR manifold, which is the main subject of this book. Now the curvature proper-
ties of V are indeed tied to the CR structure: for instance, the Chern curvature tensor
Cg”* Py} CR invariant of M, is computable in terms of the curvature of V (and its con-
tractions, such as the pseudo-Hermitian Ricci tensor and the pseudo-Hermitian scalar
curvature) and Cg%, - = 0 if and only if M is locally CR equivalent to the standard
sphere in C"*!, n > 1 (cf. S.S. Chern and J. Moser [99]). Variants of the Tanaka—
Webster connection are known already in different contexts, e.g., on CR manifolds
of higher CR codimension (R. Mizner [312]) or on contact Riemannian manifolds
(S. Tanno [401]), whose almost CR structure is not integrable, in general.

After a detailed exposition of the basic facts of pseudo-Hermitian geometry of
nondegenerate CR manifolds in Chapter 1, the present monograph introduces the main
geometric object, the Fefferman metric, both a tool and object of investigation of the
first magnitude. It is due to C. Fefferman [138], who first devised it as a (Lorentz)
metric on (3€2) x S!, for a given strictly pseudoconvex domain  C C”, in connec-
tion with the boundary behavior of the Bergman kernel of €2 and the solution to the
Dirichlet problem for the (inhomogeneous) complex Monge—Ampére equation

—k
() ldet 23”/3? =1 ing
du/oz’ 07u/dz’ 07

u=~0 on dQ2

(the existence, uniqueness, and regularity of the solution are due to S.Y. Cheng and
S.T. Yau [97]). See Chapter 2 of this book. By the mathematical creation of F. Far-
ris [137], and J.M. Lee [271], an intrinsic description of the Fefferman metric (as a
Lorentz metric on

cm) = (A0 \ (0)) / Re,

where n is the CR dimension) is available. Also, the work of G. Sparling [377],
C.R. Graham [182], L. Koch [242]-[244], helped clarify a number of geometric facts
(e.g., how the Fefferman metric may be singled out, in terms of curvature properties,
from the set of all Lorentz metrics on C(M) (cf. [182]), or providing a simple proof
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(cf.[242]) to H. Jacobowitz’s theorem (cf. [220]) that nearby points on a strictly pseu-
doconvex CR manifold may be joined by a chain). Other properties are known, e.g.,
that certain Pontryagin forms of the Fefferman metric are obstructions to global CR
equivalence to a sphere (and perhaps to global embeddability); cf. E. Barletta et al.
[38]. The Fefferman metric remains however an insufficiently understood object and
worth of further investigation.

One of the most spectacular results in this book is D. Jerison and J.M. Lee’s so-
Iution (cf. [226]-[228] and our Chapter 3) to the CR Yamabe problem, which is the
Yamabe problem for the Fefferman metric. As the Yamabe problem in Riemannian
geometry (find a conformal transformation g = fg, f > 0, such that g is of constant
scalar curvature) the Yamabe problem for the Fefferman metric may be reformulated
as a nonlinear PDE on C (M) whose principal part is the Laplace—Beltrami operator of
the metric; here the wave operator as the metric is Lorentzian, and hence nonelliptic.
However, this equation may be shown (cf. [227]) to project on

by Apu + pu = AuP !,

the CR Yamabe equation, a nonlinear PDE on M, whose principal part is the sub-
Laplacian Aj. The book presents the solution to the CR Yamabe problem only when
AMM) < A(S?"F1) (cf. Theorem 3.4 in Chapter 4), where A(M) is the CR analogue to
the Yamabe invariant in Riemannian geometrys; i.e.,

MM) = inf{f {(bullra Vul? + pu?}o A (dO)" / [ul?6 A (dO)" = 1}.
M M

The remaining case was dealt with by N. Gamara and R. Yacoub [164], who completed
the solution to the CR Yamabe problem (see the comments at the end of Section 4.7).
Ay is degenerate elliptic and subelliptic of order 1/2 (and hence hypoelliptic). The au-
thors of this book believe that subelliptic PDEs are bound to play within CR geometry
the strong role played by elliptic theory in Riemannian geometry. A similar applica-
tion is to use the Fefferman metric in the study of pseudoharmonic maps; cf. Chapter
4 (these are, locally, J. Jost and C.J. Xu’s subelliptic harmonic maps; cf. [234]).
Another main theme of the book is represented by pseudo-Einsteinian structures
(i.e., contact forms such that the pseudo-Hermitian Ricci tensor of their Tanaka—
Webster connection is proportional to the Levi form) and the problem of local and
global existence of pseudo-Einsteinian structures on CR manifolds. We present the
achievements in the field, together with the Lee conjecture [that each compact strictly
pseudoconvex CR manifold whose CR structure has a vanishing first Chern class
(c1(T1,0(M)) = 0) must possess some global pseudo-Einsteinian structure]. The global
problem turns out to be related to the theory of CR immersions, certain aspects of
which are discussed in Chapter 6. The source mainly used for discussing pseudo-
Einsteinian structures is, of course, the original paper [270]. However, our works [121]
(solving the Lee conjecture on a compact strictly pseudoconvex CR manifold admit-
ting a contact form whose corresponding characteristic direction is regular in the sense
of R. Palais) [37] (demonstrating pseudo-Einsteinian contact forms on (total spaces of)
tangent sphere bundles over real space forms M" (1)) [68] (taking into account the re-
lationship between the pseudo-Einsteinian condition and pseudo-Hermitian holonomy,
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i.e., the holonomy of the Tanaka—Webster connection), and the work by M.B. Stenzel
[386] (producing pseudo-Einsteinian structures on boundaries of tubes 7*¢ X over har-
monic Riemannian manifolds (X, g)), extend the knowledge about pseudo-Einsteinian
structures somewhat beyond the starting point of J.M. Lee [270]. As to the relation-
ship between the global existence problem of pseudo-Einsteinian structures and the
theory of CR, or rather pseudo-Hermitian, immersions (cf. [424] and [120]), let us
mention that the Lee class may be interpreted as an obstruction to the existence of a
pseudo-Hermitian immersion f : M — $2N*+1 of a strictly pseudoconvex CR mani-
fold M into an odd-dimensional sphere, such that f has flat normal Tanaka—Webster
connection V= (cf. [36] and the corollary to Theorem 6.1 in this book). The Lee class
is a cohomology class y(M) € H L(M, P) with coefficients in the sheaf P of CR-
pluriharmonic functions on M, as devised by J.M. Lee [270], such that y (M) = 0 if
and only if M admits a globally defined pseudo-Einsteinian contact form.

We deal with quasiconformal mappings of CR manifolds (a subject developed
mainly by A. Koranyi and H. Reimann [254]—[255]) in Chapter 7, with H. Urakawa’s
Yang—Mills connections (cf. [412]) on CR manifolds in Chapter 8, and with spectral
geometry of CR manifolds (cf. A. Greenleaf [186]) in Chapter 9. A previous version
of this text contained material devoted to the interplay between CR geometry and
foliation theory, which in the meanwhile grew into an independent volume. While the
presentation in Chapter 7 owes, as mentioned above, to A. Kordnyi and H. Reimann
(cf. op. cit.), the observation that the ordinary Beltrami equations in several complex
variables (cf. [419]) induce on tialf2, (the boundary of the Siegel domain €2,) the
(tangential) Beltrami equations considered by A. Kordnyi and H. Reimann is new (cf.
[41]). It is interesting to note that given a strictly pseudoconvex domain 2 C C”, any
biholomorphism F of €2 lifts to a C* map

F'P o x 8" > 99 x S', Fizy):=(F(2),y —arg(det F'(2))),

preserving the “extrinsic” Fefferman metric (2.62) up to a conformal factor

(F*)" g = |det F’(z)}z/(nH) g .

(cf. [138], p. 402, or by a simple calculation based on (2.62) in Chapter 2 of this book).
When F is only a symplectomorphism of (Q, w), with w := —idd log K (z, 7)), ex-
tending smoothly to the boundary, a fundamental result of A. Koranyi and H. Reimann,
presented in Chapter 7, is that the boundary values f of such F constitute a contact
transformation. Thus, in general, F is not a holomorphic map, nor are its boundary
values f a CR map, both phenomena manifesting in the presence of a “dilatation”
(dil(F) for F, and u s for f, themselves related in the limit as z — 92, cf. Theo-
rem 7.7 in Chapter 7). Although f*Gg = A Gy fails to hold (since f is not CR),
one may “adjust” the complex structure J on H (9€2) (cf. section 7.1) and get a new
complex structure J¢ such that f*Gg = AyG r, where G (X, Y) 1= (d6)(X, J;Y),
X,Y € H(M). The problem of computing the Fefferman metric of (M, Jy, 6), or
more generally of investigating the relationship (if any) between Fy and the symplec-
tomorphisms of (€2, w), remains unsolved.

As to Chapter 8, let us mention that while solving the inhomogeneous Yang—Mills
equation
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dyRP = 4ni{d§;p — p0} I (0.1

for a Hermitian connection D € C(E, h), pseudo-Einsteinian structures come once
again into the picture in a surprising way. The canonical line bundle K (M) — M
over a pseudo-Einsteinian manifold M is a quantum bundle (in the sense of [259]):
this is just the condition that the canonical S-connection of K (M) has curvature of
type (1, 1), and one may use Theorem 8.2 to explicitly solve (0.1) (demonstrating
among other things the strength of the purely differential-geometric approach to the
study of the inhomogeneous Yang—Mills equations on CR manifolds).

This book also aims to explain how certain results in classical analysis apply to
CR geometry (part of the needed material is taken from the fundamental paper by
G.B. Folland and E.M. Stein [150]). This task, together with the authors’ choice to
give detailed proofs to a number of geometric facts, is expected to add to the clar-
ity of exposition. It surely added in volume and prevented us from including certain
modern, and still growing, subjects. A notable example is the theory of homogeneous
CR manifolds (cf. H. Azad, A. Huckleberry, and W. Richthofer [26], A. Kriiger [262],
R. Lehmann and D. Feldmueller [277], and D.V. Alekseevski and A. Spiro [9]-[10]).
See however our notes at the end of Chapter 5. Another absent protagonist is the theory
of deformation of CR structures (cf. T. Akahori [3]-[6], T. Akahori and K. Miyajima
[7], R.O. Buchweitz and J.J. Millson [78], J.J. Millson [302], and K. Miyajima [306]-
[311]). The same holds for more recent work, such as H. Baum’s (cf. [49]) on spinor
calculus in the presence of the Fefferman metric, and F. Loose’s (cf. [288]) initiating
a study of the CR moment map, perhaps related to that of CR orbifolds (cf. [128]).

We may conclude that such objects as the Tanaka—Webster connection, the Fef-
ferman metric, and pseudo-Einsteinian structures constitute the leitmotif of this book.
More precisely, this book is an attempt to understand certain aspects of the relation-
ship between Lorentzian geometry (on (C (M), Fy)) and pseudo-Hermitian geometry
(on (M, 0)), a spectacular part of which is the relationship between hyperbolic and
subelliptic PDEs (as demonstrated in Sections 2.5 and 4.4.3 of this monograph). The
authors found a powerful source of techniques and ideas in the scientific creation of
S.M. Webster and J.M. Lee, to whose papers they returned again and again over the
years, and to whom they wish to express their gratitude.

Sorin Dragomir
Giuseppe Tomassini
August 2005



Differential Geometry and
Analysis on CR Manifolds



1

CR Manifolds

Let © be a smooth domain in C"*!, i.e., there is an open neighborhood U D Q and
a real-valued function p € C2(U) suchthat Q = {z € U : p(z) > 0}, C"*1\ Q =
{z € U : p(z) < 0}, the boundary of € is given by 92 = {z € U : p(z) = 0}, and
Dp(z) # 0 for any z € 9L2. Here Dp is the gradient

ap ap
Dp:(mm’axz—m)

and (x', ..., x¥"*2) are the Cartesian coordinates on R¥*t2 ~ €1,
The Cauchy-Riemann equations in C"*! induce on 92 an overdetermined system
of PDEs with smooth complex-valued coefficients

_ ntl Ju
= J I
Lan(@ =) 4y =0 l<axn (1.1)

J=1

(the tangential Cauchy—Riemann equations), z € V, with V. C (d€2) N U open. Here
L, are linearly independent (at each point of V) and

n+1

; ap
E:—] — =0, l<a<n, 1.2
j=1 aa(Z)le ==n (12

for any z € V, i.e., L, are purely tangential first-order differential operators (tangent
vector fields on 9€2). It then follows that

[Las Lg] = Cly2)L, (1.3)

for some complex-valued smooth functions C g gonV.

At each point z € V the L, ;’s span a complex n-dimensional subspace 77,9(92),
of the complexified tangent space 7,(9€2) ®r C. The bundle 7} 0(9S2) — 9<2 is the
CR structure of 9€2, and a bundle-theoretic recast of (1.1)—(1.3) consists in observing
that
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Ty 0(3Q) = [T(3Q) ® CIN THO(C"H, (1.4)

where T1.0(C"*1) is the holomorphic tangent bundle over C**!, and that M = 9
satisfies the axioms (1.5)—(1.6) below. A C! function u : 92 — Cis a CR function if
Z(u) = 0 for any Z € T 0(0€2). Locally, a CR function is a solution of (1.1).

The pullback (via j : 92 C U) of the complex 1-form %(5 — d)p is a pseudo-
Hermitian structure 6 on 2. When 92 is nondegenerate 6 is a contact form. Every-
thing stated above holds should one replace the boundary 92 by some (open piece of
a) smooth real hypersurface in C"*1.

As observed by N. Tanaka [398], and S. Webster [422], when 6 is a contact form
M may be described in terms of pseudo-Hermitian geometry (a term coined as a se-
guito of the—fundamental to this book—paper [422]), which complements the (better-
known) contact Riemannian geometry (cf. [62]) and is well suited for capturing the
convexity properties of M (as familiar in the analysis in several complex variables).
M carries a semi-Riemannian metric gg (Riemannian, if M is strictly pseudoconvex)
coinciding with the Levi form along the maximal complex distribution of M. This
is the Webster metric (cf. Section 1.1.3). Of course, M carries also the Riemannian
metric induced from the (flat Kihler) metric of C*t!, and the pseudo-Hermitian and
contact Riemannian geometries do interact. However, that the two are quite differ-
ent in character should be emphasized: for instance, none of the Webster metrics
gx9, for every smooth A : M — (0, 400), of the boundary of the Siegel domain
Qui1 = {(z, w) € C" x C : Im(w) > ||z||*} coincides with the metric induced from
C"+1_

CR manifolds as in (1.3), or in (1.12) below, are embedded. The currently accepted
concept of a CR manifold as a tool for studying the tangential Cauchy—Riemann equa-
tions by geometric methods is, however, more general. The manifold may be abstract,
and not all CR manifolds embed, even locally (cf. Section 1.6). The CR codimension
(cf. Section 1.1) may be > 1, and distinct from the codimension (when M is a CR
submanifold). The Levi form may be vector, rather than scalar, valued (and then there
is no natural notion of strict pseudoconvexity) or degenerate (and then the tools of
pseudo-Hermitian geometry are not available).

According to our purposes in this book, that is, to describe (1.1) by means of
pseudo-Hermitian geometry, we shall assume integrability, nondegeneracy, and CR
codimension 1. The reader should nevertheless be aware of the existence of a large
literature, with similar expectations, and not subject to our hypothesis. '

! For instance, H. Rossi and M. Vergne [356], deal with CR manifolds ¥ = X(V, N, E) of
the form X = {(x +iy,u) : x,y € R", u € E, y — N(u) € V}, where E is a domain in
C™, N : E — R"is asmooth function, and V is a submanifold in R". These are in general
degenerate (the Levi form has a nontrivial null space); yet this is not relevant to the purpose
of analysis on X. Indeed, it may be shown (by a partial Fourier transform technique) that the
CR functions on X satisfy a Paley—Wiener (type) theorem (cf. [356], p. 306). An application
of their result (to constant-coefficient PDEs on the Heisenberg group) is given by D.E. Blair
et al. [67]. To give one more example, we may quote the long series of papers by C.D. Hill
and M. Nacinovich [202], in which the CR codimension is always > 1, and eventually only
a small amount of pseudoconcavity is prescribed (cf. [203]).
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Chapter 1 is organized as follows. In Section 1.1 we discuss the fundamentals (CR
structures, the Levi form, characteristic directions, etc.) and examples (e.g., CR Lie
groups). Sections 1.2 to 1.5 are devoted to the construction and principal properties
of what appears to be the main geometric tool through this book, the Tanaka—Webster
connection. Ample space is dedicated to curvature properties, details of which appear
nowhere else in the mathematical literature, and to applications (due to S. Webster
[422]) of the Chern—Moser theorem (CR manifolds with a vanishing Chern tensor
are locally CR isomorphic to spheres) to several pseudo-Hermitian space forms. In
Section 1.6 we discuss CR structures as G-structures and hint at some open problems.

1.1 CR manifolds

1.1.1 CR structures

Let M be a real m-dimensional C* differentiable manifold. Let n € N be an integer
such that? 1 < n < [m /2]. Let T(M) ® C be the complexified tangent bundle over
M. Elements of T(M) ® C are of the formu ® 1 + v ® i, where u, v € T (M) are real
tangent vectors (and i = +/—1). For simplicity, we drop the tensor products and write
merely u + iv (a complex tangent vector on M). The following definition is central to
this book.

Definition 1.1. Let us consider a complex subbundle 77 o(M) of the complexified tan-
gent bundle 7(M) ® C, of complex rank n. If

T1,0(M) N To,1 (M) = (0) (1.5)

then T1,0(M) is called an almost CR structure on M. Here Ty 1 (M) = T1,0(M) and
throughout an overbar denotes complex conjugation. The integers n and k = m — 2n
are respectively the CR dimension and CR codimension of the almost CR structure
and (n, k) is its type. A pair (M, T1,0(M)) consisting of an almost CR structure of
type (n, k) is an almost CR manifold (of type (n, k)). U

It is easy to see that an almost CR manifold of type (n, 0) is an almost complex
manifold (cf., e.g., [241], vol. II, p. 121).

Given a vector bundle E — M we denote by ['*°(U, E) the space of all C*®
cross-sections in E defined on the open subset U € M. We often write '*°(E) for
['°(M, E) (the space of globally defined smooth sections). Also E is the fiber in E
overx € M.

Definition 1.2. An almost CR structure 77 o(M) on M is (formally) integrable if for
any openset U C M,

[T*°(U, T1,o(M)), T*(U, T1 o(M))] € T*(U, T o(M)). (1.6)

2 Ifa € R then [a] € Z denotes the integer part of a.
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That is, for any two complex vector fields Z, W (defined on U < M) belonging to
T1,0(M), their Lie bracket [Z, W] belongs to T1,0(M), i.e., [Z, W], € T1,0(M), for
any x € U. An integrable almost CR structure (of type (n, k)) is referred to as a CR
structure (of type (n, k)), and a pair (M, T1,0(M)) consisting of a C° manifold and a
CR structure (of type (n, k)) is a CR manifold (of type (n, k)). O

CR manifolds are the objects of a category whose arrows are smooth maps pre-
serving CR structures. Precisely we have the following definition:

Definition 1.3. Let (M, T7 ¢(M)) and (N, T1,0(N)) be two CR manifolds (of arbitrary,
but fixed type). A C*®° map f : M — N is a CR map if

(dx H)T1,0(M)x € T10(N) £(x)s (L.7)
forany x € M, where d, f is the (C-linear extension to T, (M) ®gr C of the) differential
of f at x. (]

It is easy to see that the complex manifolds and holomorphic maps form a subcat-
egory of the category of CR manifolds and CR maps.

Let (M, T1,0(M)) be a CR manifold of type (n, k). Its maximal complex, or Levi,
distribution is the real rank 2n subbundle H(M) C T (M) given by

H(M) = Re{T;,0(M) & To,1 (M)}
It carries the complex structure Jp, : H(M) — H (M) given by
Jp(V+V)=i(V-V),

forany V € Tj o(M). Here i = +/—1. The (formal) integrability requirement (1.6) is
equivalent to

[JpX, Y]+ [X, JbY] € T°WU, H(M)), (1.8)

o X, Y] = [X, Y] = Ip{[/hbX, Y]+ [X, JpY]}, (1.9)

for any X, Y € I'®(U, H(M)); cf. S. Greenfield [187]. This is formally similar to
the notion of integrability of an almost complex structure (cf., e.g., [241], vol. II, p.
124). It should be noted, however, that in contrast to the case of an almost complex
manifold, Jp is not defined on the whole of T'(M), and [/, X, Y] + [X, JpY] may not
lie in H(M) (thus requiring the axiom (1.8)). Proving the equivalence of (1.6) and
(1.8)—(1.9) is an easy exercise and therefore left to the reader.

Let f : M — N be a CR mapping. Then (1.7) is equivalent to the prescriptions

(de YH(M)x € H(N) f(x) (1.10)
and
(dxf) o dbx = () © (drf), (1.11)

for any x € M. Here JbN : H(N) — H(N) denotes the complex structure in the Levi
distribution H(N) of N.
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Definition 1.4. f : M — N is a CR isomorphism (or a CR equivalence) if f isa C*
diffeomorphism and a CR map. ]

CR manifolds arise mainly as real submanifolds of complex manifolds. Let V be a
complex manifold, of complex dimension N, and let M C V be a real m-dimensional
submanifold. Let us set

TioM) =T (V)N [T(M)®C], (1.12)

where‘Tl’O(V) is the holomorphic tangent bundle over V, i.e., locally the span of
(9/9z7 : 1 < j < N}, where (z', ..., z") are local complex coordinates on V. The
following result is immediate:

Proposition 1.1. If M is a real hypersurface (m = 2N — 1) then T10(M) is a CR
structure of type (N — 1, 1).

In general the complex dimension of 77,0(M), may depend on x € M. Nevertheless,
if

dimc¢ T1,0(M)x =n (= const)

then (M, T1,0(M)) is a CR manifold (of type (n, k)). The reader will meet no difficulty
in checking both statements as a consequence of the properties 71:0(V) N 701(V) =

(0) (where T%L(V) = TLO(V))and Z, W € TLO(V) = [Z, W] € THO(V).
Definition 1.5. If k = 2N — m (i.e., the CR codimension of (M, T19(M)) and the

codimension of M as a real submanifold of V coincide) then (M, T o(M)) is termed
generic. |

1.1.2 The Levi form

Significant portions of the present text will be devoted to the study of CR manifolds
of CR codimension k = 1 (referred to as well as CR manifolds of hypersurface type).
Let M be a connected CR manifold of type (n, 1). Assume M to be orientable. Let

Ey ={we T (M) : Ker(w) 2 H(M),},

for any x € M. Then E — M is a real line subbundle of the cotangent bundle
T*(M) - M and E >~ T(M)/H(M) (a vector bundle isomorphism). Since M is
orientable and H (M) is oriented by its complex structure Jp, it follows that E is ori-
entable. Any orientable real line bundle over a connected manifold is trivial, so there
exist globally defined nowhere vanishing sections 6 € I'*°(E).

Definition 1.6. Any such section 6 is referred to as a pseudo-Hermitian structure on
M. Given a pseudo-Hermitian structure 6 on M the Levi form Lg is defined by

Lo(Z, W) = —i(do)(Z, W), (1.13)

forany Z, W € Ty o(M). ([l
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~

Since E — M is a real line bundle, any two pseudo-Hermitian structures 6,6 €
['*°(E) are related by

6=2x0, (1.14)

for some nowhere-zero C* function A : M — R. Let us apply the exterior differenti-
ation operator d to (1.14). We get

db = dr A0 + \do.

Since Ker(0) = H (M) (the C-linear extension of) 6 vanishes on 77 o(M) and Ty, 1 (M)
as well. Consequently, the Levi form changes according to

Ly = ALy (1.15)

under any transformation (1.14) of the pseudo-Hermitian structure. This leads to a
largely exploited analogy between CR and conformal geometry (cf., e.g., J.M. Lee
[270, 271], D. Jerison and J.M. Lee [227, 228], C.R. Graham [182], etc.), a matter we
will treat in detail in the subsequent chapters of this text.

Let (M, T1,0(M)) be an orientable CR manifold of type (n, 1) (of hypersurface
type) and 6 a fixed pseudo-Hermitian structure on M. Define the bilinear form Gg by
setting

Go(X,Y) = (dO)(X, JpY), (1.16)

for any X,Y € H(M). Note that Ly and (the C-bilinear extension to H (M) ® C of)
Gy coincide on T 0(M) ® Ty, 1(M). Then

Go(pbX, JpY) = Gy(X,Y), (1.17)

forany X, Y € H(M). Indeed, we may (by (1.8)—(1.9)) perform the following calcu-
lation:

Go(bX, JpY) — Go(X,Y) = —-(dO)(Jp X, Y) — (dO)(X, JpY)

1
= 5{.9([1,,)(, YD+ 60X, YD}

1
= EG(Jb{[X, Y] = [hX, Y]} =0,

since 8 o Jp = 0. In particular, G¢ is symmetric.

Definition 1.7. We say that (M, T1,0(M)) is nondegenerate if the Levi form Ly is non-
degenerate (i.e.,if Z € T1,o(M) and Ly (Z, W) =0forany W € T1,0(M) then Z = 0)
for some choice of pseudo-Hermitian structure 6 on M. If Ly is positive definite (i.e.,
Lo(Z,Z) > O forany Z € Tvo(M), Z # 0) for some 6, then (M, T1 o(M)) is said
to be strictly pseudoconvex. O
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If 6 and § = A6 are two pseudo-Hermitian structures, then as a consequence of (1.15),
Ly is nondegenerate if and only if L, is nondegenerate. Hence nondegeneracy is a CR-
invariant property, i.e., it is invariant under a transformation (1.14). Of course, strict
pseuoconvexity is not a CR-invariant property. Indeed, if Lg is positive definite then
L_y is negative definite.

Definition 1.8. Let M be a nondegenerate CR manifold and 6 a fixed pseudo-
Hermitian structure on M. The pair (M, 0) is referred to as a pseudo-Hermitian man-
ifold. O

Let f : M — N be a CR map and 9, 9y pseudo-Hermitian structures on M and N,
respectively. Then f*0y = A 6, for some A € C®°(M).

Definition 1.9. Let M and N be two CR manifolds and 6, 6 pseudo-Hermitian struc-
tures on M and N, respectively. We say that a CR map f : M — N is a pseudo-
Hermitian map if f*0y = c¢ 0, for some ¢ € R. If ¢ = 1 then f is referred to as an
isopseudo-Hermitian map. O

Let us go back for a moment to the case of CR manifolds of arbitrary type. If
(M, T1,0(M)) is a CR manifold of type (n, k) then its Levi form is defined as follows.
Letx €e M and v, w € T1 o(M),. We set

Le(v,w) =i [V, W]x )

where7 : TIM)® C - (T(M) ® C)/(H(M) ® C) is the natural bundle map and
V,W € I'*®(T1,0(M)) are arbitrary C* extensions of v, w (ie., Vy = v, W, =
w). The definition of L, (v, w) does not depend on the choice of extensions of v, w
because of
o

Ty [V, WJX = v¥whm, [Ta, Tﬂ]x ,
where v = v*T, » and w = w*Ty x, for some local frame {71, ..., T,} of T1 0(M)
defined on an open neighborhood of x (and Ty = T,). Then (M, T1,0(M)) is said to
be nondegenerate if L is nondegenerate. However, since for k > 2 the Levi form L
is vector valued, there isn’t any obvious way to generalize the notion of strict pseudo-
convexity (to the arbitrary CR codimension case).

Let us check that the new and old concepts of Levi form coincide (up to an isomor-
phism) when k = 1. Let (M, T1,0(M)) be an oriented CR manifold (of hypersurface
type) and 6 a pseudo-Hermitian structure on M. Consider the bundle isomorphism

TM)®C

Byp: " " S E
H(M)® C

given by
(®Po)y (v+ H(M)x ®r C) = 0x(v) by,
foranyv € T, (M) ® C, x € M. Then
(Po)x Lx(v, w) =2 (Lg)y (v, w) by,

forany v, w € T1,0(M);. U
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1.1.3 Characteristic directions on nondegenerate CR manifolds

Let (M, T1,0(M)) be a CR manifold and 6 a fixed pseudo-Hermitian structure on M.
As a consequence of the formal integrability property,

daoyz,wy=0, zZ,wefoM).

Of course, in the preceding identity df is thought of as extended by C-linearity (to
T (M) ® C). Moreover, we also have (d6)(Z, W) = 0 (by complex conjugation), for
any Z, W € T1o(M). If (M, T1,o(M)) is nondegenerate then d6 is nondegenerate on
H(M). Indeed, let us assume that X = Z + Z € H(M) (Z € T1,0(M)) and

(do)(X,Y) =0, (1.18)

for any ¥ € H(M). Let X | denote the interior product with X. For instance,
(X]dO)(Y) = dO)(X,Y) for any ¥ € X (M). When X | d6 is extended by C-
linearity, (1.18) continues to hold for any ¥ € H(M) ® C = T10(M) & To,1(M);
hence

0= (dO)X,W)=iLo(Z, W),
forany W € T o(M). It follows that Z = 0. (|
Consequently we may establish the following proposition:

Proposition 1.2. There is a unique globally defined nowhere zero tangent vector field
T on M such that

0(T)=1, T |do=0. (1.19)

T is transverse to the Levi distribution H(M).

To prove Proposition 1.2 one uses the following fact of linear algebra (together with
the orientability assumption).

Proposition 1.3. Let V be a real (n + 1)-dimensional linear space and H C V an
n-dimensional subspace. Let o be a skew-symmetric bilinear form on V. Assume that
w is nondegenerate on H. Then there is vo € V, vy # 0, such that w(vg, v) = 0 for
anyv € V.

Proof. Let us set
K={veV:wlu=0,YVueH}

The proof of Proposition 1.3 is organized in two steps, as follows.
Step 1. K is 1-dimensional.

Indeed, given a linear basis {ej, ..., e,41} of V with {ey,...,e,} C H, then for
each v = Z;I}Ajej € K we have AL = 0 where A = [aj], ajr = w(ej, e),

l<j<n+1,1<k<mnandi= (A,..., nq1)T. Thus K is the solution
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space to the homogeneous system AX = 0, so that dimgr K = n + 1 — rank(A) and
rank(A) = n (by the nondegeneracy of w on H). O
Step 2. H N K = (0).
Ifve HN K thenv € K yields w(v, u) = 0 for any u € H such that v = 0 (since
v € H and w is nondegenerate). (|
By Steps 1 and 2, V = H @ K. Let (by Step 1) vy € K, vy # 0. This is the
vector we are looking for. Indeed, given any v € V there are w € H and A € R with
v = w + Ayg such that w (v, v) = 0 by the skew-symmetry of w. O

The tangent vector field T determined by (1.19) is referred to as the characteristic
direction of (M, 6). Next, we may state the following result:

Proposition 1.4. Let (M, T1,0(M)) be a nondegenerate CR manifold, 6 a pseudo-
Hermitian structure on M, and T the corresponding characteristic direction. Then

T(M)=H(M)®RT. (1.20)

Indeed, let X € T(M) andset Y = X —6(X)T.Then6(Y) =0, i.e, Y € Ker(9) =
H (M). Proposition 1.4 is proved.

Using (1.20) we may extend Gy to a semi-Riemannian metric gy on M, which will
play a crucial role in the sequel.

Definition 1.10. Let (M, T1,0(M)) be a nondegenerate CR manifold and 6 a pseudo-
Hermitian structure on M. Let gg be the semi-Riemannian metric given by

g0(X,Y)=Go(X,Y), go(X,T)=0, go(T,T) =1,

for any X, Y € H(M). This is called the Webster metric of (M, 6). O

Assume that (M, T} 0(M)) is nondegenerate. It is not difficult to check that the
signature (r,s) of Lg x doesn’t depend on x € M. Also, (r,s) is a CR-invariant.
Moreover, the signature of the Webster metric gg is (2r + 1, 2s). If (M, T1 o(M)) is
strictly pseudoconvex and 6 is chosen in such a way that Ly is positive definite, then gg
is a Riemannian metric on M. Let mgy : T(M) — H (M) be the projection associated
with the direct sum decomposition (1.20). If w5 Gy denotes the (0, 2)-tensor field
on M given by (myGo)(X,Y) = Go(myX,nyY), for any X, Y € T (M), then the
Webster metric may be written as

8o =G +0R®6.

go is not a CR-invariant. To write the transformation law for gg (under a transformation
6 = A6 of the pseudo-Hermitian structure) is a rather tedious exercise. Of course
Gy = AGg and 0R0=>220® 0; yet my transforms as well. We will return to this
matter in Chapter 2.
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1.1.4 CR geometry and contact Riemannian geometry

We start be recalling a few notions of contact Riemannian geometry, following for
instance D.E. Blair [62]. Let M be a (2n + 1)-dimensional C® manifold. Let (¢, &, n)
be a synthetic object, consisting of a (1, 1)-tensor field ¢ : T(M) — T (M), a tangent
vector field § € X'(M), and a differential 1-form n on M. (¢, &, n) is an almost contact
structure if

PP =—-T+n®E ¢E=0,nE) =1, nog=0.

An almost contact structure (¢, &, n) is said to be normal if

(¢, 91 +2(dn) ® & =0,

where [¢, ¢] is the Nijenhuis torsion of ¢. A Riemannian metric g on M is said to be
compatible with the almost contact structure (¢, &, n) if

g@X,¢Y) = g(X,Y) —n(X)n(¥),

for any X, Y € T(M). A synthetic object (¢, &, n, g) consisting of an almost contact
structure (¢, &€, n) and a compatible Riemannian metric g is said to be an almost con-
tact metric structure. Given an almost contact metric structure (¢, &, 17, g) one defines
a 2-form Q2 by setting Q(X, Y) = g(X, ¢Y). (¢, &, n, g) is said to satisfy the contact
condition if Q = dn, and if this is the case, (¢, &, n, g) is called a contact metric
structure on M. A contact metric structure (¢, &, n, g) that is also normal is called a
Sasakian structure (and g is a Sasakian metric).

Let (M, T10(M)) be a nondegenerate CR manifold and 6 a pseudo-Hermitian
structure on M. Let T be the characteristic direction of (M, ). Let us extend Jp to
a (1, 1)-tensor field on M by requiring that

JyT =0. (1.21)
Then (by summarizing properties, old and new)

JP=—14+6QT,
T =0, O0oJp=0, goX,T)=0(X),
8o (JpX, IpY) = go(X,Y) — 0(X)O(Y),

for any X,Y € T(M). Therefore, if (M, T1,0(M)) is a strictly pseudoconvex CR
manifold and 6 is a contact form such that Ly is positive definite, then (Jp, T, 6, go)
is an almost contact metric structure on M. Also

Q= —db, (1.22)
where €2 is defined by

QX,Y) =go(X, pY),
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forany X, Y € T(M). Thatis,if weset¢p = Jp, § = —T, n = —6, and g = gp, then
(¢, &, n, g) is a contact metric structure on M, provided that (M, T1 o(M)) is strictly
pseudoconvex. By (1.20) it suffices to check (1.22) on H(M) ® H (M), respectively
on H(M) @ RT and RT @ RT. Let X, Y € H(M). Then (by (1.17))

QX Y) = go(X, JY) = (dO)(X, JIY) = —(d6)(X, Y).
Finally (by (1.19))
Q(T, X) = 0 = —(dO)(T, X),

for any X € T(M). Strictly pseudoconvex CR manifolds are therefore contact Rie-
mannian manifolds, in a natural way. However, they might fail to be normal. As we
shall see in the sequel, the almost contact structure (Jp, T, 0) is normal if and only
if the Tanaka—Webster connection of (M, 8) (to be introduced in Section 1.2) has a
vanishing pseudo-Hermitian torsion (t = 0). The converse, that is, which almost con-
tact manifolds are CR manifolds, was taken up by S. Ianug [214]. Indeed, an almost
contact manifold (M, (¢, &, )) possesses a natural almost CR structure 77 9(M) de-
fined as the eigenbundle Eigen(/J, f; i) of JbC corresponding to the eigenvalue i. Here
Jp is the restriction of ¢ to H(M) = Ker(n) and ch is the C-linear extension of Jj
to H(M) @ C. In general, 71 o(M) may fail to be integrable. By a result of S. Ianus
(cf. op. cit.), if (¢, &, n) is normal then 77 o(M) is a CR structure. The converse is not
true, in general. The question (of characterizing the almost contact manifolds whose
natural almost CR structure is integrable) has been settled by S. Tanno [401], who
built a tensor field Q (in terms of (¢, &, 1)) such that Q = 0 if and only if 771,0(M)
is integrable. This matter (together with the implication [¢, ¢] + 2(dn) ® £ = 0 =
Q = 0) will be examined in the sequel.

1.1.5 The Heisenberg group

Let us set H,, = C" x R, thought of as endowed with the natural coordinates (z, ) =
(z', ..., 7", t). H, may be organized as a group with the group law

(z,t) - (w,s) = (z+ w,t+s+2Im(z, w)),

where (z, w) = & jkzj wk. This actually makes H, into a Lie group, referred to as
the Heisenberg group. A good bibliographical reference is the paper by G.B. Folland
and E.M. Stein [150], pp. 434-437, yet the mathematical literature (dealing with both
geometric and analysis aspects) on the Heisenberg group occupies a huge (and still
growing) volume. Let us consider the complex vector fields on H,,,

0 0

0w 1.23
I T (1.23)

d 1/ 0 .0
—_— = = —_— =l —
az/ 2\ ox/ ay/

where
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and z/ = x/ +iy/, 1 < j < n. Let us define T} o(H,)(..») as the space spanned by the
Tjon’s, ie,

n
TioMHn) o = Y CTj . (1.24)
j=1

for any (z, t) € H,,. Since
[T;, Tx] =0, 1<j,k<n,

it follows that (H,,, 77 o(H},)) is a CR manifold of type (n, 1) (a CR manifold of hy-
persurface type). Next, let us consider the real 1-form 6y on H,, defined by

n
bo=di+iy (Jazl —7lazl). (125)
j=1
Then 6y is a pseudo-Hermitian structure on (H,, T1,0(H,)). By differentiating (1.25)
we obtain

n
dfo=2i Y dz/ AdZ.
j=1

Then, by taking into account (1.13), it follows that
Loy(T}, Ty) = i,

whereTf.sz, 1<j<n.

Our choice of 6y shows that (H,,, 71,0(Hy)) is a strictly pseudoconvex CR mani-
fold. Its Levi distribution H (H,,) is spanned by the (left-invariant) tangent vector fields
{X1,..., X, Y1,...,Y,}, where

0 .

0 0 .
_ _ oyi 2
ox/

Ey

The reader may easily check that T = 9/dt is the characteristic direction of (H,,, 6p).

Forn =1, T} = 0/0z — izd/dt is the Lewy operator (discovered by H. Lewy
[284], in connection with the boundary behavior of holomorphic functions on 2, =
{(z,w) € C? : Im(w) > |z|2}). The Lewy operator exhibits interesting unsolvability
features described, for instance, in [232], pp. 235-239. See also L. Ehrenpreis [134],
for two new approaches to the Lewy unsolvability phenomenon (one based on the
existence of peak points in the kernel of 77, and the second on a Hartogs-type extension
property), both with ramifications in the area of topological algebra.

Definition 1.11. The map Ds : H, — H, given by Ds(z,t) = (§z, 82¢), for any
(z,t) € H,, is called the dilation by the factor § > 0. O

It is an easy exercise to prove the following result:
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Proposition 1.5. Each dilation is a group homomorphism and a CR isomorphism.

The Euclidean norm of x = (z,¢) € H, is denoted by |x|| (i.e., [|x|*> = |Iz]|*> +
t). The Euclidean norm is not homogeneous with respect to dilations. However, H,,
carries another significant function, the Heisenberg norm, which enjoys the required
homogeneity property.

Definition 1.12. The Heisenberg norm is
el = (llzl* + A,
for any x € H,,. (|
The Heisenberg norm is homogeneous with respect to dilations, i.e.,
|Dsx| = 8|x|, x € Hy,.
Let us consider the transformation 7% = D /5. Then
(dxT)Tj e = 8T} 154y,

i.e., the T; are homogeneous of degree —1 with respect to dilations. As to the form 6
given by (1.25), it satisfies

(D56)x = 8%60,D;x-
The following inequalities hold on the Heisenberg group:
Proposition 1.6.
el < Ixl <l /2, (1.26)
for any x € H,, such that |x| < 1.
We shall occasionally need the following:

Proposition 1.7. There is a constant y > 1 such that

lx +yl < ydxl+1yD. (1.27)
lxyl < y(xl+ [yD, (1.28)

forany x,y € Hy,.

Definition 1.13. The inequalities (1.27)—(1.28) are called the triangle inequalities.
O

The proof of (1.27)—(1.28) is elementary. Indeed, by homogeneity we may assume that
|x] + |y| = 1. The set of all (x, y) € H, x H, satisfying this equation is compact;
hence we may take y to be the larger of the maximum values of |x + y| and |xy| on
this set. (]
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The Heisenberg group may be identified with the boundary of a domain in C"*!.
Indeed, let €2,,4+1 be the Siegel domain, i.e.,

Q1 ={(z,w) e C" x C:v > |z)I°}

where z = (z!,....,Z) and w = u + iv (u, v € R). Also ||z]? = Z'}-zl |z7|2. Let
then

fiH, = 301, f@D) =@ t+ilzlP),

for any (z,t) € H,. f is a CR isomorphism, where the boundary 092,41 = {(z, w) :
lzII> = v} of the Siegel domain is thought of as a CR manifold (of hypersurface
type) with the CR structure induced from C**!. Computing the differential df (on the
generators 77, T]*-, and T) is a tedious but useful exercise (left to the reader).

Another useful identification is that of the Heisenberg group and the sphere
§21+1 < ¢! minus a point. Let @ C CV be a domain with smooth boundary
0%, i.e., there is an open neighborhood U of the closure Qin CN and a C™ function
p:U — Rsuchthat Q = {x e U : p(x) >0} (and 92 = {x € U : p(x) = 0})
and (Dp), # O atany x € d€2. Let T1,0(9€2) be the induced CR structure on 92, as
a real hypersurface in CV. Let 6 be the pullback to S of the real 1-form i (d — d)p
on U. Then 6 is a pseudo-Hermitian structure on (952, 71,9(9€2)). As we just saw,
the boundary of the Siegel domain is a strictly pseudoconvex CR manifold. Also, the
sphere §2"+1 ¢ C?'*! is a strictly pseudoconvex manifold, since the boundary of the
unit ball B, = {z € C*t! : |z] < 1}, and the (restriction to SZ**1 \ {e} of the)
Cayley transform

1) . Cn+1 \{Zl — 1} N Cl’l"r],

e1+z
D(z) =i 11 —a#la=01,0...0,
— <1

gives a CR isomorphism $?**1 \ {e;} ~ 9%, (and thus a CR isomorphism §2"*+1 \
{e1} ~ Hy).

1.1.6 Embeddable CR manifolds

Let M C CV be a real m-dimensional submanifold. If M is a CR manifold (of type
(n, k)) whose CR structure is given by (1.12) with V = CV, then M is referred to as
an embedded (or realized) CR manifold.

Let (M, T1 0o(M)) be a CR manifold. If in some neighborhood of each point x €
M, (M, T1,0(M)) is CR isomorphic to an embedded CR manifold, then (M, T1,0(M))
is termed locally embeddable. If a global isomorphism with an embedded CR manifold
exists, then (M, T1,0(M)) is called embeddable (or realizable).

Let (M, T1,0(M)) be a CR manifold. We say that (M, T1 o(M)) is real analytic
if M is a real analytic manifold and 77 o(M) is a real analytic subbundle of (M) ®
C, ie., T10(M) is locally generated by real analytic vector fields. By a (classical)
result of A. Andreotti and C.D. Hill [13], any real analytic CR manifold (M, T1,o(M))
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of type (n,k), k > 1, is locally embeddable. Precisely, for any x € M, there is a
neighborhood U of x in M such that (U, T; o(M)y) is CR isomorphic via a real
analytic CR map to a real analytic generic embedded CR manifold in C"*¥. Here
T1,0(M)y is the pullback of 71 o(M) by ¢ : U € M. A proof of the embeddability
result of A. Andreotti and C.D. Hill (cf. op. cit.) is already available in book form,
cf. A. Boggess [70], pp. 169-172, and will not be reproduced here. A discussion of
characteristic coordinates (the relevant ingredient in the proof) is also available in the
book by D.E. Blair [62], pp. 57-60, in the context of the geometric interpretation of
normal almost contact structures ([62], pp. 61-63). By a result of A. Andreotti and
G.A. Fredricks [15], real analytic CR manifolds are also globally embeddable, i.e.,
globally isomorphic to a generic CR submanifold of some complex manifold. This
generalizes a result by H.B. Shutrick [373], on the existence of complexifications.

The embedding problem (i.e., decide whether a given abstract CR manifold is (lo-
cally) embeddable) was first posed by J.J. Kohn [246], and subsequently solved to a
large extent by M. Kuranishi [263]. By M. Kuranishi’s result, each strictly pseudocon-
vex CR manifold of real dimension 2n 4+ 1 > 9 is locally embeddable in crtlT
Akahori [2], settled the question in dimension 7. A much simpler proof was given by
S. Webster [429]. The embedding problem is open in dimension 5, while L. Nirenberg
[326], built a counterexample in dimension 3 (as a perturbation of the CR structure
of H;). More generally, by a result of H. Jacobowitz and F. Tréves [224], analytically
small perturbations of 3-dimensional embeddable strictly pseudoconvex CR manifolds
are known to be nonembeddable. M.S. Baouendi, L.P. Rothschild, and F. Treves [30],
showed that the existence of a local transverse CR action implies local embeddability.
As a global version of this result, though confined to the 3-dimensional case, we may
quote a result by L. Lempert [278]: Let M be a 3-dimensional (n = 1) CR manifold
admitting a smooth CR action of R that is transverse. Then M is the boundary of a
strictly pseudoconvex complex surface, i.e., it is embeddable. More recently, by a re-
sult of Z. Balogh and C. Leuenberger [29], if a CR manifold M of hypersurface type
admits a local semi-extendable R-action then M is locally realizable as the boundary
of a complex manifold.

Embeddability is related to solvability of certain PDEs, as shown by the following
example, due to C.D. Hill [200]. Let t = (#1, t2, t3) be the Cartesian coordinates on
R3. The natural coordinates on R3 = R x C are denoted by (, z). Let

L= (2,0 '(t+'t)8
=TF==-—+4+i—)—i it)) —
72\ oy A ! 2o

be the Lewy operator on H; = R3. Given a C* function  : H; — C we consider
the first-order PDE

Ly = w. (1.29)

Definition 1.14. We say that (1.29) is solvable at a point ty € R if there is an open set
U C R? such that 1) € U and there is a C* function x : U — Csuchthat Ly =
onU. ]
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Moreover, let us consider the complex vector fields P, Q € T(H; x C) ® C given by

0

P=__1
0z

0=L+ol) - (130)
0z

Clearly {P, Q, P, Q} are linearly independent at each point of H; x C and [P, Q] = 0.
Consequently

ToiH; xC)¢ ) =CPu +CQuz, (t,2) € H xC,

gives a CR structure on H; x C. We shall prove the following theorem:

Theorem 1.1. (C.D. Hill [200])
The CR structure (1.30) is locally embeddable at (ty, zo) € H| x C if and only if (1.29)
is solvable at t.

On the other hand, by a result of H. Lewy [284], there is w € C % (R3) such that for
any open set U C R3 the equation (1.29) has no solution x € C 1(U). Hence the CR
structure (1.30) is not locally embeddable in general.

Proof of Theorem 1.1. As shown in Section 1.1.5, the map

R} = C2, 1+ (v1(1), 1)),

n@) =0 +it, v =6+i(+13),

embeds Hj globally into C2. The functions v; : Hi — C form a maximal set of
functionally independent characteristic coordinates (in the sense of A. Andreotti and
C.D. Hill [13]), i.e., Lv; = 0 and dv; A dvy # 0. If we adopt the terminology in
Chapter 6, the map v = (v, v2) : Hy — C? is a CR immersion, i.e., an immersion
and a CR map (and it determines a CR isomorphism H; >~ 9£27).

Let us prove first the sufficiency. Assume that (1.29) is solvable at 7y, i.e., there is
x € C®(U) withty € U CHj and Ly = w on U. Let us consider the function

13:UxC—C, ws(t,z) =z— x(@).
A calculation shows that
Pv;j=0, Quv;=0, je{l,2,3}, dviAdvyAdvs#0;
that is,
9:UxC—C, ¢t z)= @), v2), telU, zeC,

is a CR immersion (of a neighborhood of (7, zo)).

The proof of necessity is more involved. Let us assume that there is a CR immer-
sionu = (uy,ux,u3) : V — C3 of an open set V C H; x C with (f, zg) € V, that
is, Puj = 0, Qu; = 0, and duy A dux A duz # 0 on V. In particular, each u; is
holomorphic with respect to the z-variable. Consequently the Jacobian matrix of # has
the form
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ou Jdu
Jt 0z
ou ou
— 0 —
Jt 07

with six rows and five linearly independent columns. It follows that

8L£j
—=(to, z0) # 0
0z

for some j € {1, 2, 3}, say (du3/9dz)(ty, z0) # 0. Thus dusz/9z # 0 at each point of a
neighborhood of (7, zp), denoted by the same symbol V. It is easily seen that

Pvy = Pvy = Pu3 =0, Qui = Quy = Qu3z=0.
On the other hand,

dus 9 9
dvi Advs Adus = Qui 22— 28 L2t A di A dis
3[3 oty oty

+ a—(zvl dty ANdty +dty ANdts +idtr Ads) Adz #O;
Z

hence
V= C oot,2) = @), ), u3(1,2), (t,2) €V,

is another CR immersion of V into C3, so that M = ¢(V) is a real hypersurface of
C3. In other words, (v1, v2, u3) is another maximal set of functionally independent
characteristic coordinates. By eventually restricting the open set V we may assume
that ¢ is injective, so that ¢ : V — M is a CR isomorphism. Let us consider the
functions

1
f.V—)C, f(l,Z)Z—m, (t,z) eV,

F:M—C, F©=fe ), ¢eM.

If A is an open subset of some CR manifold, let CRZ(A) denote the set of all CR
functions on A of class Ct. Since u3 € CR®(V) it follows that du3/dz € CR®(V)
and then f € CR®(V). As ¢ : V — M is a CR diffeomorphism we may conclude
that F € CR™®(M). Let 9~ = (Y1, V2, V3,2 0 ¢~ ') be the components of ¢~ :
M — V C R? x C. Then

OF d(fop™h af vf]
T, ()_—3;3 @) = Zat](t 95, ©

0 o 1 d(z o 1
+—f(r Z)M(C)Jr—f(t 92&oe ) )
03 9¢3
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forany ¢ = (£1,83,83) € M, ¢ = ¢(t,z). Now on the one hand, (3f/37)(¢,z) =
(Pf)t,z) = 0. On the other hand, (p‘1 o (v, v2, u3) = ly, so that

Y1 (@), valt), u3(t, 2)) =5,

and differentiation with respect to 7 gives

323 (p(2,2))

Similarly (i.e., applying 8/97 to (z o ¢~ 1) (v1(¢), v2(t), us(t, z)) = z), we obtain

dzogph)
—_— N = O
9z, (p(t,2)

We may conclude that 3 F /3¢5 = 0. Next let us set

&)
G:M— C, G({)z/o F(¢1,6,mdn, ¢ eM,

where integration is carried along a curve y joining the origin O to {3 in the complex
g3-plane. For a fixed (t,z) € V weset V, = {w € C: (t,w) € V} and define A, :
Vi — Cby hy(w) = usz(t, w). Then (3h;/dw)(w) # O so that k; is a diffeomorphism
of a neighborhood of w onto a neighborhood of u3(¢, w). Therefore y may be covered
with open sets that are images by /; of open subsets of V;, so that ({1, &2, 1) € M
for any ¢ € M and any point n on y. It follows that G(¢) is well defined and G €
CR*(M). Finally, let us set

g(t,2) =G(p(t,2), (t,z)eV.

Then g € CR*(V), again because ¢ : V — M is a CR isomorphism. Now on the one
hand, dg/dz = Pg = 0, and on the other,

8—g(t )—E( (¢ ))aﬂ(t ) = F(uvi(1), va(2), us(t ))aﬂ(t )=-1
9z s Z —a§3¢ y L 9z ,2) = V1 , Ua(f), u3z(t, z 9z , ) = N

hence g(t,z) = x(t) — z, where x(¢) is a “constant of integration.” Then Qg = 0
implies Ly — @ = 0 and the proof of Theorem 1.1 is complete.

1.1.7 CR Lie algebras and CR Lie groups

Definition 1.15. Let G be a (2n + k)-dimensional real Lie algebra. A CR structure
(of type (n, k)) on G is an n-dimensional complex subalgebra a C G ®g C such that
anNa = (0). A pair (G, a) consisting of a real Lie algebra G and a CR structure a on G
is a CR Lie algebra (cf. G. Gigante and G. Tomassini [176]). (|
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Let (G, a) be a CR Lie algebra and set h = Re{a & a}. Then h C G is a 2n-
dimensional real subspace (though in general, not a subalgebra). Define J : h — h by
setting J(Z+Z) = i(Z—Z), Z € a. Then hiis an n-dimensional complex linear space
(with the multiplicationi X = JX, X € h)andthemap X — X®1—-(JX)®i, X € h,
gives h >~ a (a complex linear isomorphism).

Define dg : G* — A2G* by setting

(dga)(X,Y) = —a([X,Y])

forany @ € G*, X,Y € G. Next, assume that k = 1 and let & € G* be some linear
functional such that Ker(6) = h. Let us set

(Z,W)g = —i(dgt)(Z, W)
forany Z, W € a.

Definition 1.16. One says that (G, a) is nondegenerate if (, )o is nondegenerate on a
for some 6 (and thus for all). O

Definition 1.17. Let G be a real (2n + k)-dimensional Lie group and 77 o(G) a CR
structure of type (n, k) on G. The pair (G, T1,0(G)) is a CR Lie group if T1,9(G) is
left invariant, i.e.,

(dgLp)T1,0(G)g = T1,0(G)ng
forany g, h € G,where Ly, : G — G, L;(g) = hg. (]

That is, each left translation L; is a CR map. For instance, the Heisenberg group
H, is a CR Lig group (with the CR structure 771,0(H,) given by (1.24)). Indeed, the
components L/, L of the left translation L, : H, — H, are given by

Liw,s)=z/ +w/, L%w,s)=1t+s+2Im(z, w),

so that
oL’ _ ;oL AL
= 8], — =0, — =0,
Jwk k 9wk 35
L’ .~k aLO K L0
—_— =1 ) —_— = —1 s R — ,
dwk < Jwk z 35
and hence
d 9 3
(d(w,S)L(z,l)) — = — _I_zzj o ’
ow' [y 927 () (w.s) At | 2.0y-(ws)

0

9
dwolen) 52| =5

as

(w,s) (z,0)-(w,s)
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whence

(dw.s L) Tiw.s) = Tjoy-ws) - U

A family of examples (containing H, >~ 92,+1) of CR Lie groups is furnished
by the so-called quadric submanifolds. Let ¢ : C"~¢ x C"~¢ — C¢ be a quadratic
form (i.e., g is C-bilinear, symmetric, and ¢(z, w) = ¢(zZ, w), for any z, w € C). A
submanifold M C C”" given by

M={(x+iy,w)eC!xC":y=qw, w)
is called a quadric submanifold of C". Let us set

(z1, wy) o (22, w2) = (21 + 22 + 2ig (w1, W2), wi + wa).

Then (by Lemma 1 in [70], p. 112) the operation o defines a group structure on C¢ x
C"~ that restricts to a group structure on M. Also o : M x M — M is C*°, hence
(M, o) is a Lie group. Finally, the CR structure 77 o(M) is easily seen to be spanned
by

9 _dqt

Tj — 42

= . ——,1<j<n-d,
dwi " wiat =/ ="

and (according to Theorem 1 in [70], p.113) each T; is left invariant, and hence
(M, T1 9(M)) is a CR Lie group.

Let (G, T1.0(G)) be a CR Lie group of type (n, k) and G = L(G) its Lie algebra
(of left-invariant tangent vector fields on G). Then

a=j ' (T10(G).)

is a CR structure on G (of type (n, k)), where j is the (C-linear extension to G Qgr C
of the) R-linear isomorphism j : G — T,(G), X — X., X € G, and e is the identity
element in G. Conversely, any CR structure a on G = L(G) determines a unique
left-invariant CR structure on G (by simply setting 71,0(G); = (deLg)j(a), g €
G). Classifications of left-invariant CR structures on classical groups are available in
particular cases (cf., e.g., S. Donnini and G. Gigante [118], for a classification of left-
invariant CR structures on GLT (3, R)).

Assume from now on that k = 1 and let 6y € L(G)* such that Ker(6p) = h. Then
6o determines a left-invariant pseudo-Hermitian structure 6 on G. Indeed, one may set

0 =00 (dgLy1). g € G,

so that Ker(9) = H(G) and (Ly)*0 = 0. O
In particular, (G, T1,0(G)) is nondegenerate if and only if (L(G), a) is nondegen-
erate.
Let (G, T1,0(G)) be a nondegenerate CR Lie group and let T € G be the unique
vector such that
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00(T)=1,T | dgby = 0.

Then T is the characteristic direction of (G, #) (and, by its very definition, a left-
invariant vector field on G).

CR structures of CR codimension 1 and of k-torsion zero on a reductive Lie algebra
G of the first category are studied in [176]. Their main result is that any such CR
structure is determined by a CR structure on a compact Cartan subalgebra h C G and
by a direct sum of root spaces.

1.1.8 Twistor CR manifolds

As another example of CR manifold we briefly discuss the twistorial construction
due to C. LeBrun [268], itself generalizing work by R. Penrose [342]. Let M be an
n-dimensional manifold and X := T*(M) ® C. Let 7 : X — M be the projec-
tion. Let (U, /) be a local coordinate system on M and define local coordinates
x/ 77 (U) - R and g 7' (U) - Con X by setting x/ (x) = %/ (7(x))
and g“](x) (x,8/0x%7), forany x € X.Let A C T(X) ® C be the span of

{8/8Ej : 1 < j < n}, ie., the portion of A over a fiber 7 Hx) (clearly a com-
plex n-dimensional manifold) is the antiholomorphic tangent bundle over 7 ~! (x), for
any x € M.

Definition 1.18. The canonical 1-form 0 of X is given by
Oy (w) == (x, (dym)w), weT(X), xei. |

In local coordinates one has the expression 8 = ¢ jdx-/ .

Definition 1.19. The Hamiltonian form of X is w := d6 = d{; Adx/ . A codimension-
2 submanifold Y C X is an energy surface if 7~ (x) N Y is a complex hypersurface
in 7~ !(x), forany x € X. O

Let
={feT;@ ') :Ker(f) 2 Ty(x ') NI}, x e ' ()N,
be the conormal bundle of 7! (x) N Y in 7 ~!(x). Consider the map
feTia ' () ~n ' (x) =T} (M) ® C— T:(M) ®& C > zy.

where the last arrow is the double-dual identification, i.e.,
, —j = .0
f=flag| + 7z = p o] (131)
X X 0x/ |,
Definition 1.20. An energy surface ) C X is generic if

{feN; 2y =25} =(0),

that is, N contains no nonzero vector corresponding to a real vector in 7y (M) ®gr C,
under the linear map (1.31). U
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Ift : Y — X is the canonical inclusion we set @ := (*w and consider the bundle
morphism

1o : TQRC—->T"WP)RC, Wia(W,), WeT(Q))QC.

According to C. LeBrun [268], the following result holds:

Theorem 1.2. Let Y C X be an energy surface. Thin D :=Ker(lp) CTQ)®C
is involutive. If additionally Y is generic then D N D = (0). In particular, if M is a
3-dimensional manifold then D is a CR structure on Y, of CR codimension 1.

C. LeBrun applied (cf. op. cit.) his finding (that any generic energy surface associated
with a 3-dimensional manifold is a 7-dimensional CR manifold (of hypersurface type))
to the following situation. Let M be a 3-dimensional CR manifold endowed with a
conformal structure G = {eg : u € C*°(M)}, where g is a fixed Riemannian metric
on M. Next, let us consider the 7-dimensional manifold N = xeX:g"(x,x) =
0, x # 0}. Then C* := C\ {0} acts freely on N and we may consider the quotient
space N := N /C* (a 5-dimensional manifold). Note that N, and then N, depends only
on the conformal structure G (rather than on the fixed metric g). According to [268],
NcCXisa generic energy surface; hence (by Theorem 1.2) carries a CR structure
D. Its projection 71 o(N) := P.D is a CR structure on N, and N is referred to as
the twistor CR manifold of M. Here P : N—>N=N /C* is the natural projection.
There is a natural projection & : N — M, all of whose fibers are complex lines. Again
together with [268], one concludes that (N, T7,0(N)) is a nondegenerate CR manifold
carrying a smooth foliation by CP!’s, and (N, T1.0(N)) is embeddable if and only if M
admits a real analytic atlas with respect to which the conformal structure G contains
a real analytic representative (a generalization of the construction and embeddability
theorem to n dimensions is due to H. Rossi [355]). When M is a totally umbilical real
hypersurface of a real analytic 4-dimensional Lorentzian manifold, the twistor CR
manifold N coincides with R. Penrose’s CR manifold, cf. [342]. We end this section
by giving a brief account of the original R. Penrose construction (cf. op. cit.). Let

= (R4, S) be the Minkowski space, where
S(x,x) = xg —xlz —x% —x%, x = (xo, X1, X2, X3) € R*.

We identify R* with the vector space H (2) of 2 x 2 Hermitian matrices by

X0+ X3 X1 +1x2 4
bx )-( s xO_XS),xeR.

Then S(x, x) = det¢ (x). Let

where
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Definition 1.21. Let T = (C*, ) be the twistor space, where (W) = WypW!, W €
Cc According to R. Penrose [342], W € T and x € M are incident if

1
Wy, W3) = —=(Wp, W . 1.32
(W2, W3) iﬁ( 0, W¢ (x) (1.32)

O
Let W € T. If there is x € M incident with W then

(W) =0. (1.33)

Definition 1.22. Let P(T) = (T \ {0})/ C be the projective twistor space. Let [W]
denote the point of P(T) of homogeneous coordinates W. If X C T then P(X) =
{{lW]: W e X\ {0}}. Let T (respectively T_) consist of all W such that X (W) > 0
(respectively (W) < 0). Also, let To be the hypersurface in T defined by (1.33).

a

Then P(T.) are open subsets of P(T) and P(Ty) is their common boundary. According
to R. Penrose [342], each point of P(T) describes a right-handed (helicity s > 0)
“classical” spinning photon. Moreover,

dimg P(T,) = 6,

and, roughly speaking, two of these real dimensions correspond to the direction of
motion, one to energy, and three to position. Also, points in P(T_) represent the left-
handed (helicity s < 0) “classical” photons. For our purposes, the helicity s : T — R
is given® by s(W) = LZ (W), W e T.

Let I be the projective line I = {[W] : Wy = W;}. Since (1.32) is homogeneous
with respect to W, the incidence relation on T x M naturally induces an incidence
relation on P(T) x M. Then P(T)\ I consists of all points [W] of the projective twistor
space that are incident with some x € M. Indeed, let [W] be incident with some
x € M. Then, as observed before, the homogeneous coordinates W satisfy (1.33), i.e.,
[W] € P(Ty). On the other hand, [W] ¢ I, because (by (1.32)) no element of the form
[(0, 0, W3, W3)] may be incident with some x € M. To check the opposite inclusion,
let [W] € P(To) \ I and denote by Nyw) the set of all x € M that are incident with
[W]. Note that (1.32) may be written as

Wix1 + Woxz = i\/EWz — Woxo +iWixo

Woxl — W1X3 = —i\/EW3 — W]X() + iWoxz
Wi Wy
Wo —Wi

We shall need the following lemma:

and

# 0 because [W] ¢ I. Hence Njw| # 9. a

31t may be shown that S; = s pg, where p, is the momentum (of a massless particle in flat
space-time) and S, the Pauli—-Lubanski spin vector; cf., e.g., [342], p. 69.
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Lemma 1.1. Ler (Wy, W;) € C2. There is a unique null vectorv € M, i.e., S(v,v) =
0, such that

_ [ W2 =W Wy
<z>(v)—<_W0W1 Wol2 ) (1.34)

Let f:C?2— Mbe given by f(Wo, W) = v, where v is determined by (1.34). Then
FO(Wo, W) = |11 f (Wo, W1)
forany A € C.
Proposition 1.8. Let [W] € P(Ty) \ I and xo € Nyw). Then
Niwy = {xo+1tv:t e R} (1.35)
where v = f(Wy, W1). Hence Nyw is a null geodesic of M.

Proof. Since ¢ : R* - H(2) is R-linear and (by (1.34)) (Wy, W (v) = 0, the
inclusion D in (1.35) follows from (Wy, W)@ (xo+tv) = iv/2(W, W3). The opposite
inclusion is a bit trickier. For each (W, W) € C2 \ {0} set

Xwow) = {0 (y):y e M, (Wo, W (y) = 0}.

Let x € Nyw). Then ¢ (x — x0) € X(w,,w,)- On the other hand, X w, w,) may be
explicitly described as

Xwo.wy) = {to (f(Wo, W1)) : t € R};
hence x — xg = tf(Wy, W) for some ¢ € R. 0

Let ¢ be the space of all null geodesics in M, i.e.,if N € Qothen N = {xo+1tv :
t € R} for some xg € M, v € R* \ {0}, S(v, v) = 0. Then

P(To) \ 1 >~ Qo

(a bijection). Indeed, the map P(Ty) \ I — ¢, [W] — Npw, is bijective.
Let x € M and let us set

Ly = {[W] € P(T) : (Wo, W)$(x) = iv/2(Wa, W3)}.

Then L, is a projective line entirely contained in P(Ty) \ /. Actually, the map x — L,
is a bijection of M onto the set of all projective lines entirely contained in P(Typ) \ /.

Definition 1.23. The projective lines in P(Ty) that meet I are the points at infinity for
M, and the totality of all projective lines in P(Ty) forms the conformal compactifi-
cation M* of M. The family (), of all light rays (null geodesics) through a point
x € M may be thought of as the field of vision of an observer situated at x. (]
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Since (20), = {Niw) : [W] € Ly} =~ L,, the field of vision (£2¢), has a natural
structure of a Riemann surface.

R. Penrose has proposed (cf. [341, 342]) a program aiming at a reconstruction of
the foundations of relativistic physics involving a transformation of the latter into a
part of complex geometry on the space of complex light lines. A development of Pen-
rose’s program is carried out in [197]. G.M. Henkin shows (cf. op. cit.) that the theory
of classical Yang—Mills fields, and Higgs and Dirac fields on Minkowski spaces can be
transformed (via the so-called Radon—Penrose transform) into the theory of tangential
Cauchy-Riemann equations on a 1-concave submanifold of the twistor space.

1.2 The Tanaka—Webster connection

Let (M, Ty 0(M)) be a nondegenerate CR manifold and 6 a fixed pseudo-Hermitian
structure. Let T be the characteristic direction of (M, 8). If V is a linear connection
on M then let Ty denote its torsion tensor field.

Definition 1.24. We say that Ty is pure if

Tv(Z, W) =0, (1.36)
Tv(Z, W) =2iLy(Z, W)T, (1.37)
toJ+Jot=0, (1.38)

forany Z, W € T1o(M).Here t : T(M) — T (M) is defined by
X =Tv(T, X),

forany X € T(M). O

On each nondegenerate CR manifold (of hypersurface type) on which a pseudo-Her-
mitian structure has been fixed, there is a canonical linear connection compatible with
both the complex structure of the Levi distribution and the Levi form. Precisely, we
may state the following theorem:

Theorem 1.3. Let (M, T1,0(M)) be a nondegenerate CR manifold and 6 a pseudo-
Hermitian structure on M. Let T be the characteristic direction of (M, 0) and J the
complex structure in H(M) (extended to an endomorphism of T (M) by requiring that
JT = 0). Let gg be the Webster metric of (M, 0). There is a unique linear connection
V on M satisfying the following axioms:

(i) H(M) is parallel with respect to V, that is,
Vx['®(H(M)) C T (H(M))

forany X € X(M).
(ii) VJ =0, Vgp=0.
(iii) The torsion Ty of V is pure.
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Definition 1.25. The connection V given by Theorem 1.3 is the Tanaka—Webster con-
nection of (M, T1,0(M), 0). The vector-valued 1-form T on M is the pseudo-Hermitian
torsion of V. O

The Tanaka—Webster connection was first built by N. Tanaka in [398], a mono-
graph that appears to have remained little known to Western scientists up to the early
1980s. Independently from the work of N. Tanaka, S. Webster gave (cf. [422]) another
approach to the Tanaka—Webster connection (though only as a connection in 77 o(M)).
Clearly, since both the Levi distribution H (M) and its complex structure J are paral-
lel with respect to the Tanaka—Webster connection V, it parallelizes the eigenbundles
Th,0(M) and Tp,1(M) of J and therefore V is reducible to a connection in 77 o(M).
The proof of Theorem 1.3 in [422] is based on exterior differential calculus with re-
spect to admissible coframes in T7 o(M)* (arising from the integrability of the given
CR structure). We adopt the proof in [398] and relegate all local considerations to
further sections.

Letmy : T(M)®C — T1,0(M), respectively m_ : T(M) ® C — Ty, 1(M), be the
natural projections associated with the direct sum decomposition

T(M)® C = Ty o(M) ® To,1(M) & CT .

Then 7_Z = 74 Z for any Z € T(M) ® C. We establish first the uniqueness of a
linear connection V on M obeying the axioms (i)—(iii). Let Y, Z € Ty o(M). We may
write (by (1.37)) the identity

[Y,Z] = V§Z — VzY +2iLe(Z, V)T,
whence (as VyZ € I'*°(Ty,0(M)) and V,Y € ['°°(To,1(M))) we obtain
Y, Z]1 = VyZ. (1.39)
Let 2 = —d6. Then T | 2 = 0. The axiom Vgg = 0 may be written as
X(go(Y,2)) = gg(VxY, Z) + g9 (Y, VxZ)
forany X, Y, Z € T(M). In particular, for Y = T we obtain
X(©0(2)) =go(VxT,Z)+6(VxZ). (1.40)

We distinguish two cases: (I) Z € H(M) and (Il) Z = T. If Z € H(M) then (1.40)
yields go(VxT, Z) =0or

TH VxT =O,

where my : T(M) — H(M) is the natural projection associated with the direct sum
decomposition (1.20). Finally, set Z = T in (1.40) to obtain

20(VxT) = 0.
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By taking into account (1.20) we may conclude that
VT =0. (1.41)
Note that
vVQ =0,
as a consequence of axiom (ii) in Theorem 1.3. Therefore
X(QY,Z)) =Q(VxY, Z)+QY,VxZ)
forany X, Y, Z € T1 o(M). Using (1.39) we may rewrite this identity as
Q(VxY, Z) = X(QY,Z)) — QY, 7_[X, Z)), (1.42)

which, in view of the nondegeneracy of €2 on H (M), determines VxY forany X, Y €
T1,0(M). We shall need the bundle endomorphism K7 given by

1
KT = —EJO(ﬁT]),

where £ denotes the Lie derivative. On the other hand (by VT = 0),
VX =1tX+LrX (1.43)

for any X € T(M). Note that as a consequence of axiom (1.38), T is H(M)-valued.
We may use VJ = 0 and (1.43) to perform the following calculation:

0= (Ve )X = VrJX — JVr X
=t(JX)+Lr(UX)—JE@TX+LrX)
=—Jt X+ Lr(UX)—J@X+LrX)=-2Jt X+ (Lr])X.

Let us apply J in both members of this identity and use the fact that t is H (M)-valued
to obtain

T = KT .
Therefore (1.43) may be rewritten as
VrX =KrX+LrX (1.44)

for any X € T (M). At this point, the identities (1.39), (1.41)—(1.42), and (1.44) ac-
count for the uniqueness statement in Theorem 1.3. To prove existence, we must show
that the same expressions may be taken as the definition of a linear connection obeying
(1)—(iii) in Theorem 1.3. This is, however, somewhat trickier, and may be carried out
as follows. Let V : T®(T(M) @ C) x '®*(T(M) ® C) — I'*®*(T(M) ® C) be the
differential operator defined by
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VY = [X, Y], VxY = V¢?,
VxY = Uxy, VY = VxY,
VrX =LrX+KrX, VrX =VrX,
VT =0,

forany X, Y € T} 0(M). Here
U :T¥(T10(M)) x T%(Ty,0(M)) — T(T1,0(M))
is defined by
QWUxy. 2) = X(QY, 2)) — QY. 7_[X, Z)),
forany X, Y, Z € Ty 0(M). Then V is a linear connection on 7 (M). The rest of the
proof is devoted to showing that V satisfies (i)—(iii) in Theorem 1.3. We need some
preparation. Note that
L76 =0.
Indeed,

(LrO)X =TOX)) —0(LrX) =TOX)) — X(O)) —0(T, X])
=2(d0)(T,X)=2(T |dO)X =0,

for any X € T(M). Using L76 = 0 and J> = —I + 6 ® T we may perform the
following calculation:

Jo L)+ LrNHo)X
=J(T,JX]-JIT, X)) +IT, JZX] —JIT, JX]
=(TOX)—-6(T, XD —-—XOTM)T =2do) (T, X)T =0.

We may conclude that
Jo(LrJ)+ (L1J)oJ =0. (1.45)
Note that
LT (H(M)) € T®(H(M)).
Indeed,
O(LrX)=—-2(dO)T,X)=0
for any X € H(M). Note that

JoKr+KrodJ =0 (1.46)
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as a direct consequence of (1.45) and the definition (of K7). Next, we need to notice
that

(Lt + Kr) T(T1,0(M)) S T(T10(M)). (1.47)

To prove (1.47),let X € T1o(M) (sothat JX =iX).Clearly L7X + K7X € H(M).
Moreover (by (1.46)),

J(LrX +KrX)=—(Lr DX +ilr X+ JKr X
= (LrDU*X)+ilrX — KrJX
= —Jo(LrDNUIX)+i(LrX — K7 X)

= —iJ(LT DX +ilrX + %J o (L)X =i(LrX + KrX).
Let X, Y € T} 0(M). Then
0= (d*0)(T,X,Y) = —(dQ)(T,X,Y)
= —%(T(Q(X, VN +YQMT, X))+ XQX,T)
- Q(T, X1,Y) = Q(Y, T], X) — Q(X, Y], T))
= LX),
We have obtained the identity
(LT)(X,Y)=0 (1.48)
forany X, Y € Tj,0(M). Note that
QUX,JY)=Q(X,Y)

forany X, Y € T (M) (as a consequence of the integrability of the CR structure). We
wish to show that

QKrX,Y)+QX,KrY)=0 (1.49)
for any X, Y € T(M). To this end we perform the following calculation:
QKTX,Y)+Q(X, KrY)
= %(Q(ETJX, JY)-QULr X, JY)+QUX, L7JY) - QUX,JLTY))
= % (Lr(X, Y) = (Lr(J X, JY)) =0

and (1.49) is proved. Next
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X(QY.2) +Y(QZ, X)) + QUZ. [X. Y]
+ QY. 7 [Z, XD+ QX,7_[Y,Z) =0 (1.50)
forany X, Y, Z € Ty o(M), as a consequence of
d(X,Y,Z) =0.
Finally, we may use (1.46)—(1.47) and (1.49)—(1.50) to check the axioms. Note that
Iv(X,Y) € Ti,0o(M)
forany X, Y e T1 ¢o(M) because of
Iv(X,Y) =Uxy — Uyx — [X, Y] € T1 o(M).
Therefore
Q(Tv(X,Y),Z) = QUxy, Z) — QUyx, Z) = QX Y], Z)

=X(Q,2) - Q,7_[X,Z]) - Y(Q(X, 2Z))
+Q(X,7_[Y,Z]) — Q(X,Y],Z) =0
(by (1.50)) for any Z € Ti9(M). By the nondegeneracy of 2 on H(M) we get

Tv(X,Y) =0 (i.e., (1.36) holds). At this point we may check (1.38). From the defini-
tions,

tX=Tv(T,X)=VrX —VxT — [T, X]
=V X—-[T,.X]1=LrX+KrX—[T,X]=KrX,
and therefore (by (1.46))
(toJ+JoD)X=KrJX+JKrX =0.

Next, let us prove that Vgg = 0. This is equivalent to V2 = 0 and VT = 0. Note that
Vx 2 vanishes on complex tangent vectors of the same type (i.e., both in T} o(M), or
both in Tp,1(M)). Let Y, Z € T1,0(M). We have
(VxQ)(Y. Z) = X(QY. 2)) — Q(VxY, Z) — Q(Y, VxZ)
= X(Q(Y, 2)) = QUxy, Z) = QY. 7-[X, Z]) =0,

for any X € H(M), by definition. Moreover,

(VrDX,Y) =T(QX,Y) —Q(VrX,Y) — QX, VrY)
=T(QX,Y) —QULrX+KrX,Y)—Q(X,LrY + KrY)
=T(QX,Y) - QLrX,Y) —QX, LrY)
—Q(KrX,Y)—QX,KrY)
=T(QX,Y) —QLIX,Y)—QX, LrY) = (L)X, Y) =0,
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(by (1.48)). Let us check that H (M) is parallel with respect to V. By definition, VY,
VxY,VrX € T1 o(M) for any X, Y € T1,9(M), so that V parallelizes T71,o(M) (and
therefore, by complex conjugation, since V is a real operator, it parallelizes Tp 1 (M),
as well). Finally, if ¥ = V + V, V € Ty o(M), then

VxY =VxV 4+ VxV
=VxV + VxV e Re{T1o(M) & To,1 (M)} = HM),

for any X € T (M). It remains to be checked that VJ = 0. Indeed,
(VxJ)Y =VxJY — JVxY = VxiY —iVxY =0,

forany X € T(M)and Y € T o(M) (since VxY € Ty o(M)), etc. Finally, let us check
(1.37):

Tv(X,Y) = VxY — VyX — [X,Y]
=n_[X, Y]+ 7. [X, Y] —[X,Y]
= —0([X,YDT =20 (X, Y)T =2iLy(X, V)T,

forany X, Y € Ty 0(M). Theorem 1.3 is completely proved. |

We end the section with the following remark. Let V be the Tanaka—Webster con-
nection of (M, 0). The purity properties (1.36)—(1.38) of Ty may be formulated com-
pactly as

7 Ty (Z, W) =0

forany Z € T1 o(M), W € T(M) ® C. The proof is left as an exercise to the reader.

1.3 Local computations

Given a CR manifold M (of hypersurface type), as long as one is concerned with dif-
ferential-geometric applications, e.g., calculations of characteristic classes of 71 0(M),
one needs a connection adapted to the given CR structure. Assume M to be nondegen-
erate. Then its Levi distribution H (M) is as far from being integrable as possible, so
that any linear connection V on M that is reducible to a connection in H (M) must
have a nonvanishing torsion tensor field (any distribution parallel with respect to a
torsion-free linear connection is involutive). Also, since the Levi form Ly is precisely
the obstruction to the integrability of H (M), one expects Lg to be somehow encoded
in Ty. By Theorem 1.3 we see that this is indeed the case, and (1.37) gives the ex-
plicit relation between Ty and Ly for the Tanaka—Webster connection. Also, Ty may
have some additional nontrivial part, the pseudo-Hermitian torsion t, the properties of
which are soon to be investigated.
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1.3.1 Christoffel symbols

For all local calculations, let {7,, : 1 < @ < n} be a local frame of T ¢(M) defined
on the open set U € M. Since the Tanaka—Webster connection parallelizes the eigen-
bundles of J there exist uniquely defined complex 1-forms wg € I'**(T*(M) ® C)
(locally defined on U) such that

VTlg = a)% QR Ty .
These are the connection 1-forms. Let us set Ty = T,. Then
{T,....,T, Ty, ..., T, T}

is a frame of T(M) ® C on U. Let us set a)% = a)_% Then (since V is a real operator)

we have
VTE = w% ® Tg.

We shall need the Christoffel symbols T'% g U— C given by
F%ﬂ = w§(Ta).

Unless otherwise stated, we adopt the following conventions as to the range of in-
dices. The Greek indices «, 8, y, ... vary from 1 to n, while the block Latin indices

A,B,C,...varyin{0,1,...,n,1,..., n}, with the convention 7o = T. Therefore
Vr, Tp = F;’,‘ﬁTa, Vr, T = F%ﬂTa, VrTg = FgﬁTa .

In applications, given a concrete nondegenerate CR manifold (of hypersurface type)
we shall compute its Tanaka—Webster connection by computing its Christoffel sym-
bols with respect to an arbitrary (local) frame of 77 0(M). We denote by

hyg = Lo(Ta, Tp)

the components of the Levi form. Recall that

VxY = Uxy,
forany X, Y e T o(M). Let us set for simplicity

Uop = Ur,15 -
Then on the one hand,

Uap = T0gTy -
On the other hand, taking into account that

Q(Ty. Tg) = —ihyz
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we have

—iTSshag = Q5T To) = Q(Uyp, Ty)
= T,(Q(Tp, T)) — QTp, 7Ty, T5))
= —iTy (hgz) — (T3, [Ty, Tz))

and contraction by 27* leads to
s = hoe (Ty (hgz) — 8o (Tp, [Ty, T5))) - (1.51)
Throughout [A*F] = [h,5] ™", so that
hPhgs = 82,

The next step is to compute the Christoffel symbols I‘%ﬂ. To this end, by recalling the
definitions, we start from

T4 [Ty, Tgl = Vi, Tg = T, T,

Let us take the inner prqiuct (using the Webster metric gg) with 737 and contract the
resulting identity with #*#. This procedure furnishes

e, = h"™gy([Ty. Tyl Tp). (1.52)
Note that
VX e T®(HM)) : [T, X] € T*®(H(M)).

Using this observation we may compute the remaining Christoffel symbols Fgﬂ of the
Tanaka—Webster connection. Indeed, recalling the definitions, we have

1
Fgija =VrTg=LrTg+ KrTg =T, Tg] — EJ o (Lr)Tp

1 1 .
=I(T.T) = 5J (T, JTgl — JIT, Tp]) = 3 (IT, Tg] — i J[T, Tp)) .

Taking the inner product with T3 and contracting with 2** in the resulting identity we
obtain

s = k"o (T, Tpl, Tr). (1.53)
Summing up (by (1.51)—(1.53)) we have proved the following identities:
o5 =h" AT, (hpp) — go(Tp. [Ty, TaD}
o = higy([Ty. Tyl Ty), (1.54)
Fg‘ﬁ = h"go ([T, Tgl, Tp).
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As an application of (1.54), we compute the (Christoffel symbols of the) Tanaka—
Webster connection of the family of CR manifolds H, ™", n/2 < v < n (which con-
stitute the Heisenberg group).

Let us consider C" x R with the coordinates (zl, ..., 72" t). Let us assume that
n >3 andletv € Zsuchthatn/2 <v < n. Let us set

W 0 Leiiwil (1.55)
i=—4+€/iw —, .
I dwi ot
where

i | ifl=j=v,

w’ = .

z/ ifv+1=<j<n,

and

i<,
-1 ifv+1<j<n,

forany 1 < j < n. Letus set

n
Hy = ZCW]',X
j=1
for any x € C" x R. Since
[W;, W ]=0 (1.56)

it follows that H is a CR structure on C" x R. Let 6y be given by (1.25). Then 6 is a
pseudo-Hermitian structure on (C" x R, H). Then, the commutation formula

. ad
[Wj, WE] = —l5jk(6j + Ek)a (1.57)
yields

Loy(Wj, W) = %51'1«(6]‘ + €x),
so that (C" xR, H) is a nondegenerate CR manifold (of hypersurface type) whose Levi
form has signature (v, n —v). Let H)™” denote C" x R together with the CR structure
‘H spanned by the complex vector fields (1.55). Then HS is the Heisenberg group H,
(carrying the standard strictly pseudoconvex CR structure). Using the commutation
formulas (1.56)—(1.57), the identities (1.51)—(1.53) yield

—orf —orf =
rf, =0Ty, =0T, =0.

Also 7 = 0. Therefore the Tanaka—Webster connection of H)! ™" is flat and has vanish-
ing pseudo-Hermitian torsion. Finally, note that H; ™" is a Lie group with the group
structure
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@) -(w,s)=C+w,1+s5s+2ImQy (2, w)),

where Q,,_, is the Hermitian form given by
n . —
On—v(z, w) = ZerJwJ .
j=1

forany z, w € C". As with H,,, we may provide the following geometric interpretation
of H'~V. Let M C C"*! be the real hypersurface defined by

M= {(z,u+iv):v=0,-0(z,2)}.

Then the map f : H.™” — M given by

[z )=z t+i 0n-(z,2)

is a CR isomorphism, where M is thought of as carrying the CR structure induced
from C"t1. See also S. Kaneyuki [238].

Next, we wish to compute the Tanaka—Webster connection of a CR Lie group.
Let (G, T1,0(G)) be a nondegenerate CR Lie group, G = L(G) its Lie algebra, and
a=7j _1T1,0(G)e the CR structure on G induced by 77,0(G). With the notation and
conventions in Section 1.1.7, let 6y € G* be an annihilator of h, 6y # 0, and let 6
be the corresponding left-invariant pseudo-Hermitian structure of (G, T1,0(G)). Let
us compute the Tanaka—Webster connection of (G, 0). To this end, let {7, } be a linear
basis of a over C (hence {T4} = {T, Ty, T3} spans G g C). Let us set

[T, Tcl = CgeTa .

Of course, the structure constants Cgc are not independent (because of the skew-
symmetry of the Lie algebra product and the Jacobi identity). Also (sincea C G ®r C
is a subalgebra)

Y 0
CO[ﬂ == 0, Caﬁ = 0.

Other relations may be obtained from [T, Tg] = [T, T3] (with the convention 0=
0). The identity

Z b4 .
[Ta, Tgl = D) 5Ty — T Ty = 2ihgT

leads to

7 v i
5 =Clse hag=5Cos-

Similarly, the identity

[T, Tg] = T}, T, — ALTy
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leads to

T =Ch

;7
op = Cop- Ap=—Cop-

The coefficients A% (describing locally the pseudo-Hermitian torsion) are introduced
shortly after Lemma 1.2. Finally (by (1.51)),

THE
Thg = —h""Cophygs .

1.3.2 The pseudo-Hermitian torsion

We proceed by establishing a few elementary properties of the pseudo-Hermitian tor-
sion t of the Tanaka—Webster connection.

Lemma 1.2. (T o(M)) C To.1(M).

The proof follows from (1.38). By Lemma 1.2 there exist uniquely defined C* func-
tions A‘E : U — C such that

T Tp = AGTy.
The calculation
1Ty =1Tv(T, To) = VrTy — [T, To/]
shows that
ABTy = —7 [T, T,].

Let us take the inner product with 7}, and contract the resulting identity with h"°  This
procedure leads to

AP = P gy (IT, T, Ty (1.58)
Let us set
AX,Y) =go(rX,Y),
forany X, Y € T(M). Also, we set Ayg = A(Ty, Tg). Then
Agp = Al g .
The matrix of v with respect to the local frame {7y, Tg, T} is given by

0 AP o
t: AP 0o

o

0 00
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where Ag = Ag. Therefore, since the trace of an endomorphism of a linear space
coincides with the trace of its extension (by C-linearity) to the complexified linear
space, it follows that

trace(t) = 0. (1.59)

To explain the geometric meaning of (1.59) we need to recall the notion of minimality
of a C* distribution in Riemannian geometry.

Definition 1.26. Let (N, g) be a Riemannian manifold and D : x — D, C Ty(N) a
C®® distribution on N. Let D be the orthogonal complement (with respect to g) of
D in T(N) (so that T(N) = D & D+). Let VY be the Levi-Civita connection of N.
Define

B(X,Y)=ntVyY
for any X,Y € D. Here 7+ : T(N) — D= is the natural projection. Finally, set
H = trace(B). We say that D is minimal in (N, g) if H = 0. O
Returning to pseudo-Hermitian geometry, we may state the following result:

Theorem 1.4. Let (M, T\ 0(M)) be a strictly pseudoconvex CR manifold and 6 a
pseudo-Hermitian structure on M such that the Levi form Ly is positive definite. Let
8o be the corresponding Webster metric. Then the Levi distribution H (M) is minimal
in (M, gp).

Proof. Since Ly is positive definite, gy is a Riemannian metric on M. The orthogonal
complement (with respect to gg) of H(M) in T'(M) is precisely RT (where T is the
characteristic direction of d6). The projection of a tangent vector field X € T (M) on
RT is (X)T. Let V? be the Levi-Civita connection of (M, go). Consider

B(X,Y) =60(V{Y)T,

for any X,Y € H(M). We shall show that trace(B) = 0. We need the following
lemma:

Lemma 1.3. Let (M, T1 o(M)) be a nondegenerate CR manifold and 0 a fixed pseudo-
Hermitian structure on M. Let V be the Tanaka—Webster connection of (M, 0). Then
the torsion tensor field Ty of V is given by

Ty =20 AT —Q&T). (1.60)

Moreover, the Levi-Civita connection V? of the semi Riemannian manifold (M, gg) is
related to V by

VI=V4+(Q-AQRT+TQ60+200J. (1.61)
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Here © denotes the symmetric tensor product.* The proof of the identity (1.60) in
Lemma 1.3 is a straightforward consequence of the purity conditions (1.36)—(1.38).
As to (1.61), it follows from the Christoffel process applied to the metric connection
V. Indeed, since Vggp = 0 we may write

X(go(Y,2)) = go(Vx,Y, Z) + g9 (Y,VxZ)

for any X, Y, Z € T(M). The Christoffel process consists in the cyclic permutation
of X,Y, Z in the above identity (thus producing two more identities of the kind),
summing the first two, and subtracting the third. This leads (by the very definition of
Tv) to

X(go(Y,2)) +Y(go(Z, X)) — Z(g9(X,Y)) =
280(VxY, Z) + go(Tv(X, Z2),Y) + go(Iv (Y, 2), X) — go(Tv(X, Y), Z)
+go([X, Z],Y) +go([Y, Z], X) — go([X, Y], Z)

for any X, Y, Z € T(M). Next we use Proposition 2.3 in [241], vol. I, p. 160, to con-
clude that

280(VYY, Z) =
2890(VxY, Z) + g9(Tv(X, 2),Y) + go(Iv(Y, Z), X) — go(Tv (X, Y), Z).

Lemma 1.4. The pseudo-Hermitian torsion v : T(M) — T (M) is self-adjoint with
respect to the Webster metric, that is,

go(tX,Y) = go(X, 7Y)
forany X, Y € T(M).

We shall prove Lemma 1.4 later on. Using Lemma 1.4 we may finish the proof of
(1.61). Indeed, by (1.60) and Lemma 1.4 we may perform the calculation of the torsion
terms,

80(Iv(X,Z2),Y)+ go(Iv(Y, Z2), X) — go(Tv(X,Y), Z) =
20Y)go(tZ, X) —20(Z)ge(t X, Y)
—2(Q(X, 2)0(Y) + Q(Y, 2)0(X) — Q(X, Y)0(2))

yielding
VEY = VxY —go(t X, T + QX, Y)T +6(Y)tX +0(X)JY +6(Y)JX
forany X, Y € T(M). ([l

4 For instance, 2(8 © J)(X, Y) = 0(X)JY + 0(Y)JX forany X, Y € T(M).
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Using (1.61) in Lemma 1.3 we may conclude the proof of Theorem 1.4 as follows.
Let X, Y € H(M). Then (1.61) may be written

VOY = VxY +(Q - A(X, )T
such that
B(X,Y)=(Q(X,Y) — AX,))T.

Let {Eq, ..., Ey,} be a local orthonormal frame of H(M). Then (by the skew-sym-
metry of €2) we have

2n
trace(B) = ZB(E]', Ej)=—
=1

2n
ZA(Ej, E)T = —(trace(r))T =0
j=1

(by (1.59)). Our Theorem 1.4 is completely proved. ]

At this point we ought to prove Lemma 1.3. Let {T1, ..., T,,} be a local frame of
T1,0(M) and {61, ..., 6"} the dual coframe in T1,0(M)*, that is,

0%(Tp) = 8/‘;, 9“(TE) =0, 6%T)=0.

Then d6 may be written in the following form:
d6 = ByB N 6% + By A 0% + Bopb® A 6P + B 567 A 6P + B 50% A 6P

where the coefficient functions satisfy (since d6 is a real 2-form) the identities

Bs=TFa. By =TFap. Byy=—Bra.
Next T ] d6 = 0 yields B, = 0. Also (by the integrability of the CR structure)

0=—-0(T5,TpD) =2(dO)(T5, Tp) = Bop — Byo,
so that
Bapt® A 6P = 0.
Finally,
ihyg = (do)(T,, Tp) = %Bm.
We conclude that
d6 = 2ih 6% A 6P . (1.62)

Let us define the local 1-forms t* € I'*°(U, T*(M) ® C) by setting
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™ = A%@ﬁ :

Then

T=1"QT, +1°Q Tx, (1.63)
where @ = 7%, The proof of (1.63) is straightforward. Next

do* =607 N +0 AT (1.64)
The proof of (1.64) follows from the identity

2(d6)(X,Y) = (Vx09)Y — (Vy0HX +0%*(Tv (X, Y))

for any X,Y e T(M). At this point we may prove Lemma 1.4. To this end, let us
differentiate (1.62) to obtain

0 =2idh,g A 6% AP +2ih,5d0% AOP —2ih 560 Ad6P .
‘We may substitute from (1.64) so that
0 = dhyz A6% AOP + 1507 At +6 AT ABP
— ozt A O7 Aol +0 AOF). (165)

On the other hand, we may use the local coordinate representation of Vgg = 0, that
is,

dh,g = hay a)g +awl hg.
to rewrite (1.65) as
0= (wlh,z+ ha7a%) NOY AP — ol AO% AOP + B0 AT AGP
— haﬁw% NG AGP — hage"‘ AOATP

— ho5A%0 N O N 6P — h ARG N0 A O,

or
Az N7 N OP = 4,007 A6 A6,
that is,
A0 NO NG =0,
Finally, applying this identity to (7},, T, Tg) we get
Apu = Aug,

and Lemma 1.4 is completely proved. (]
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The following remark (relating the theory of CR manifolds to the theory of CR
submanifolds in Hermitian manifolds, in the sense of A. Bejancu [55]), is in order.
The fact that H (M) is minimal in (M, gg) (cf. Theorem 1.4) is an analogue of a result
by B.Y. Chen [90], i.e., the holomorphic distribution of a CR submanifold M of a
Kdihlerian manifold is minimal in (M, g), where g is the metric induced on M by
the ambient Kéhler metric. To make this statement precise we need to recollect a few
definitions and conventions (cf., e.g., [56]).

Definition 1.27. Let (N, J, g) be a Hermitian manifold, where J denotes the complex
structure and g the Hermitian metric. Let M be a real submanifold of N and g = j*g
the induced metric, where j : M — N is the inclusion. We say that M is a CR
submanifold of N if M carries a distribution H (M) such that (i) H (M) is holomorphic
(.e., JyH(M)x = H(M), for any x € M) and (ii) the orthogonal complement (with
respect to g) H(M)* of H(M) in T (M) is anti-invariant (i.e., Jy H(M)+ C v(}), for
any x € M). Here v(j) — M is the normal bundle of ;. O

For a CR submanifold (M, H(M)) of a Hermitian manifold (N, J, g) we set
dimg H(M), = 2n and dimgr H(M )i = k, for any x € M. Clearly the complex
structure J descends to a complex structure J, : H(M) — H(M). Let us extend Jp
to H(M) ® C by C-linearity and let 77 o(M) = Eigen(i) be the eigenbundle of J,,
corresponding to the eigenvalue i. By a result of D.E. Blair and B.Y. Chen [64], for
any proper (i.e.,n # 0, k # 0) CR submanifold (M, H(M)) of a Hermitian manifold,
(M, T1,0(M)) is a CR manifold of type (n, k) (and H (M) is its Levi distribution). See
also K. Yano and M. Kon [446], pp. 83—-85. Moreover, if (N, J, g) is a Kdhler manifold
and (M, H(M)) a (proper) CR submanifold of N, then the anti-invariant distribution
H(M)* is (cf. [90]) integrable (so that each CR submanifold comes equipped with
a natural totally real foliation) and the holomorphic distribution H (M) is minimal in
(M, g). This is, however, distinct from the result in our Theorem 1.4, as we emphasize
below.

The CR manifolds considered in [90] have arbitrary CR codimension k. Therefore,
to draw a comparison line among strictly pseudoconvex CR manifolds and CR sub-
manifolds, let us consider an orientable real hypersurface M of a Kihlerian manifold
(N, J,g). M is a proper CR submanifold in a natural way.5 Moreover, (M, T1,0(M))
is a CR manifold (of hypersurface type) for which 8 X = g(X, J&) (with X € T(M))
is a pseudo-Hermitian structure. Yet in general, the induced metric g and the Webster
metric gg do not coincide (hence our Theorem 1.4 doesn’t follow from B.Y. Chen’s
result; cf. op. cit.). For instance, none of the Webster metrics of d€2, (the boundary of
the Siegel domain in C?) coincides with the metric induced on d€2, from the standard
(flat) Kihler metric of C2. Let us check this statement, in the following more general
situation. Let

M3 ={(z,w) € C?: v =h(2)}

5 Indeed, let & € T'®(v(j)) be a unit normal vector field on M. Then J§& is tangent to M.
Let H (M) be the orthogonal complement of RJ& in T (M). Then H (M) is holomorphic and
RUJE is anti-invariant.
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(a rigid hypersurface in C) for some R-valued C? function i, z = x +iy, w = u+iv.
Let us set

g=(1+h2+hH)'%
The Levi distribution H (M?) is generated by
X1 =e1 +hye3, Xp=ey— hyes,

where

8+h d 8+h d a
e = — —, ep = — ,—, e3= —
'™ o au 2 ay YauT P T Bu

(the generators of T(M3)). Thus Tlgo(M3) is the span of Z = 9/dz+2ih,0/0w. Next
0 = 4(hydx — hydy — du)
is a contact form on M?> and
df = —4Ahdx Ndy,
so that the Levi form of M3 is given by
Lo(Z,Z) = Ah.

Thus M3 is nondegenerate (respectively strictly pseudoconvex) if Ak # 0 every-
where (respectively £ is strictly subharmonic). Let j : M3 c C? be the inclusion
and geqn the flat Kihler metric of C2. Then j*gean = diag(g?, g2, g%) (with respect to
{X1, X2, X = 8/du — hyd/dx + hyd/dy}). Also gup = diag(QuAh, 2ulh, 16u’g*),
where u € C®(M3) is any smooth (0, oo)-valued function. Thus the induced metric
on M3 coincides with the Webster metric g,s if and only if 4u = 1/g and
Ah =2g3. O

The vanishing of the pseudo-Hermitian torsion (r = 0) admits an important geo-
metric interpretation, due to S. Webster [422]. Precisely, we may state the following
theorem:

Theorem 1.5. Let M be a nondegenerate CR manifold, 0 a contact form on M, and T
the characteristic direction of dO. Then the Tanaka—Webster connection of (M, 6) has
a vanishing pseudo-Hermitian torsion (v = 0) if and only if T is an infinitesimal CR
automorphism.

Definition 1.28. By an infinitesimal CR automorphism we mean a real tangent vector
field whose (local) 1-parameter group of (local) transformations of M consists of (lo-
cal) CR automorphisms. ]

The following simple characterization of infinitesimal CR automorphisms is available:
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Lemma 1.5. Let X be a tangent vector field on a CR manifold (of hypersurface type).
Let 6 be a pseudo-Hermitian structure. Then X is an infinitesimal CR automorphism
if and only if Lx0 = 0 mod 0 and Lx6% =0 mod 0, 608, for any (local) frame {6%}
in Ty o(M)*.

Here L indicates the Lie derivative in the direction X. Also = denotes the ordinary
congruence relation among forms (for instance, Lx6 = 0 mod 6 if £,60 belongs to
the ideal spanned by 6 in the de Rham algebra of M). The proof of Lemma 1.5 is
straightforward (and therefore left as an exercise to the reader). Recall that Ly =
ixd +d ix. Then

Lr0 =irdd =0,
L76% = ird0® +d(ir6“) = ir {6 A wf +6 AT
1 1 1
- __ B_ _ —
= 2wg(T)e 2z"‘(T)e + 21“,

for any admissible (local) coframe {6*}. Finally, to prove Theorem 1.5, note that T = 0
is equivalent to the prescriptions in Lemma 1.5 since t¢ = A%‘Hﬂ . g
1.3.3 The volume form

Let M be a nondegenerate CR manifold and 6 a pseudo-Hermitian structure on M.
Proposition 1.9. W = 6 A (d0)" is a volume form on M.

In other words, 6 is a contact form on M. This is done by explicitly computing W with
respect to an (admissible) coframe {8* : 1 < o < n}. By taking the nth exterior power
of the identity

d6 = 2ih 56 A 6P
we obtain
(d6)" =2""hg, 5, -+ hy,p5,6% N NN NI

A straightforward exercise of multilinear algebra shows that the wedge product may
be rearranged as

9(2(1 A 931 A e A 90{,1 A 93,, — (_1)71(}’1—1)/200[1--.(1” A GE]...Bn’
where
QoI = % A LA GY 9&1"-&»1 — QU1
The proof is simply elementary combinatorics. Indeed, we may set

6N AOPUA - NG A OP = ()01 A PP
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and obtain the recurrence relation I (n+ 1) = (—1)"I (n), whence I (n) = (—1)*—D/2,
Therefore

(do)" = 2" (—1)" VP, 5k 5 01 A G,
Furthermore, note that

o pBi1Bn _ o plended
Mg, - oy, 007" AOPT P = i det(h g)0 "

where

91-»-n-T-~-ﬁ=91 A AOT /\QT/\-u/\Q".

Once again, the proof is an exercise in multilinear algebra. Precisely, we may carry
out the calculation

v\ BB _ _ _ Lon T
oy, P, 07 AOPT P = Ty B e (e@)0 T

f.g€on
= . —Ipgleondeeem
_fXE: ey e 8F 8
»8€0n
= n! det(h,z)6" "7, 0

We conclude that
do)" =2"i"" n! det(haﬁ)gl-.ini_“ﬁ’
so that W is given by
W =21i" p det(h,5)0 AO' A ---0" N w66

In particular, let x € M and let {#* : 1 < o < n} be a local admissible coframe
defined on an open neighborhood U of x. By (1.66) it follows that ¥, # 0, i.e., ¥ is
a volume form. O

Now let us discuss the divergence of a vector field on a nondegenerate CR mani-
fold. The divergence div(X) of a vector field X € X' (M) is defined by

Lx¥ = div(X) ¥,

where Ly denotes the Lie derivative. As usual, we may extend div to complex vector
fields (by C-linearity). Then, since div is a real operator,

div(Z) = div(Z),

for any Z € I'*°(T1,0(M)). The divergence div(X) may be computed in yet another
way, i.e.,

div(X) = trace{Y € T(M) — Vy X}, (1.67)
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where V is the Tanaka—Webster connection of (M, 6). A remark is in order: Note that
the traces of the endomorphisms

TioM) —» TioM), Wi VyZ,
and
TIM)QC>TM)®C, Wi VyZ,
coincide for any Z € T'*°(Ty,0(M)), so that (1.67) yields
div(Z) = trace{W € T10(M) — VwZ}, (1.68)
for any Z € T; 0(M). Consequently, if Z = Z*T, then
div(Z) = T (Z*) + Z°Tg,.

We end this section by proving (1.68). The reader may easily complete this to a full
proof of (1.67). Let us set

N an.n.Tmﬁ — 001~~-n-1~~ﬁ’ 0 = 90 , f — det(l’laﬁ),

for simplicity. Note that

T 1
OOl (T Ty Ty Ty ... Ty) = ——— .
7.1 m D= )]
Then (by applying Lz¥ = (div Z)V at (T', Ty, ..., T,, Ty, . . ., Ti7)) we obtain
2n
fdiv(Z) = Z(f) = )04 (LzTa), (1.69)

A=0

where we agree to relabel for a moment {7T', Ty, T} as {T4 : 0 < A < 2n}. Taking
into account the identities

(Z.T] = — (T(Z“) + Zﬂrgﬂ) T, + ZP A% Ty,
(2, 1) = = (Tu(Z*) + 2Py ) To,
(2, Tl = = (Ta(Z%) + ZPT8 ) Ty + 2P T T = 2 2P hp T,
we may write (1.69) as
fdiv(Z) = Z(f) + f (Ta(Z“) + 213y — 2°14, - zﬁrga) ) (1.70)

Note that

fohg
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Then
Z(f) = [ W Z(hig),
so that (1.70) becomes
div(Z) = trace{W > Vi Z} + W Z(hyz) — T, 2P — T3, 2P,
which yields (1.68) because of

dhaﬁ = ha7a)% + a)ghyg.

1.4 The curvature theory

We start by relating semi-Riemannian and pseudo-Hermitian curvature. Let
(M, T1,0(M)) be a nondegenerate CR manifold (of hypersurface type) of CR dimen-
sion n. Let 6 be a fixed pseudo-Hermitian structure on M, T the characteristic direc-
tion of d6, and gy the corresponding Webster metric. Let V and V¢ be the Tanaka—
Webster connection of (M, 0), respectively the Levi-Civita connection of the semi-
Riemannian manifold (M, gg). Let R and R? be the curvature tensor fields of V and
Ve, respectively. We recall that (cf. (1.61))

Vi=V+(Q-ART+1Q60+200J,

so that we may derive an identity relating the curvature tensor fields R? and R. This
will indeed prove to be useful in circumventing the difficulties arising from the failure
of R;jk¢ to satisfy the identity R;jr¢ = Ryy;j. Note, however, that

Rijke + Rijek =0
(because R is a 2-form) and

Rijke + Rjire =0
(because of Vgg = 0). Here, given a local coordinate system (U, x) on M, we set

Rijke = g9(R (0, 9¢)d;, 9;)
and 0; = 8/8xi. As is well known (cf., e.g., [241], vol. 1, pp. 198-199), the missing
property R;jk¢ = Ryeij would hold if
Ry + Riyj + Ry =0.

Yet this no longer holds for the curvature of the Webster connection (due to the fact
that the Webster connection has nontrivial torsion). Instead, we have the following first
Bianchi identity
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Y ORX,YVZ =) (VxT9)(Y, 2) + Tv(Ty (X, Y), 2))
XYZ XYZ

(cf. Theorem 5.3 in [241], vol. I, p. 135) forany X, Y, Z € T (M). Here ZXYZ denotes
the cyclic sum over X, Y, Z.
Let us use (1.61) to perform the following calculations:

V4VOZ = VxVyZ + Q(X, VyZ)T — A(X, Vy Z)T
+ (TX)0(VyZ) +0(X)IVyZ +60(VyZ)JX + X(QY, Z)T
+Q, Z)LX — X(A(Y, Z)T — A(Y, Z)LX + X (0(2))tY
+0(Z)VRTY + XOX)JZ +6(Y)V3IZ + X(O(2) Y +6(Z)VyJY

because of
VT = LX,
where the (1, 1)-tensor field L on M is given by
L=t+4J.

Furthermore,
VOVYZ = VxVyZ + Q(X, Vy Z)T — A(X, Vy Z)T
+0(VyZ)r X +0(X)JVyZ+0(VyZ)JX + X(Q(Y, Z2)T
+QY,Z)LX — X(A(Y,Z2)T — A(Y,Z)LX + X(0(2))tY
+0(Z2){VxtY + QX, V)T — AX,tY)T +6(X)JtY}
+XOXNIZ+0X)VxJZ+ QUX,JZ)T — AKX, JZ)T +6(X)J*Z}
+ XO2)IY +0(2){VxJY + QX, JY)T — AX, JY)T +6(X)J*Y}

duetof o J = 0and 0 o v = 0. Similarly, one computes VgV?(Z . Furthermore,
V[QX,Y]Z =Vixy1Z +Q(X, Y], 2)T - A(IX, Y], 2)T
+ @X, YDO(Z)+6(X,YDIZ+6(Z2)J[X, Y]
We may replace the Lie bracket from
[X,Y]=VxY -VyX - Ty(X,Y).

Taking into account the identity (1.60) in Lemma 1.3 we may actually express [X, Y]
as

[X,Y]=VxY — Vy X —0(X)tY + 0(Y)TX +2Q(X, V)T

Therefore
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Vixy1Z = VixZ +0(X, Y J Z
+{Q(VxY,Z) — Q(VyX,Z) —0(X)QUtY, Z) + 0(Y)QUt X, Z2)}T
—{A(VxY, Z) — A(Vy X, Z) — 0(X)A(zY, Z) + 6(Y)A(r X, Z)}T
+0(Z){xVxY —TtVyX — 0(X)T’Y + 0(Y)12X)}
+6(Z2){JVxY — JVyX —O0(X)JTY +6(Y)JTX},

dueto JT = 0and tT = 0. At this point we may perform the following calculations:

RX,Y)Z=R(X,Y)Z+QUX,VyZ)T —QY,VxZ)T
— AX,Vy )T + A(Y, Vx Z)T + 0(Vy Z)tX — 6(Vx Z)tY
+0(X)IVyZ —O0(Y)IVZ +60(VyZ)JX —O0(VxZ)JY
+X(Q, Z)T — Y(QUX, Z2)T + QY, Z)LX — Q(X, Z)LY
— X(A(Y, Z)T + Y(A(X, Z)T — A(Y, Z)LX + A(X, Z)LY
+ XO(2)TY — Y(O(2)TX
+0(2){VxtY — VytX + QX, tV)T — QY, tX)T
— AKX, TV)T + AY, tX)T + 6(X)JtY — 0(Y)JTX}
+XOXNIZ - YOXNIZ +0(Y)VxJZ —0(X)VyJZ
+O)QUX, JZ)T —0(X)QUY, JZ)T
—0(Y)A(X, JZ)T + 0(X)A(Y, JZ)T
+XO(Z)JTY —YO(Z)IX +0(Z)VxJY — 0(Z)VyJX
+0(2)QX, IVT —60(2)QY, IX)T
—0(Z2)AX, JY)T + 0(2)A(Y, IX)T
+0(2)0(X)J2Y —6(2)0(Y)J*X —0(X, Y Z
— Q(VxY, Z)T + Q(VyX, Z)T
+0X)QY, 2)T —0(Y)QX, Z)T
+ A(VyY, Z)T — A(Vy X, Z)T
—0(X)A(tY, Z)T + 0(Y)A(tX, Z)T
—0(Z)TVxY +0(Z)TVy X +0(X)0(Z)T2Y — 0(Y)0(Z)72X
—0(Z2)JVxY +0(Z)IVyX +6(X)0(Z)JtY — 0(Y)0(Z)JTX.

At this point we may use the identities

Vo =0,VJ =0,VQ =0,
(VxA)(Y, Z) = go((VxT1)Y, Z).

Also, due to
—Q(X,Y)+AX,Y) =go(LX,Y)

we have
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(—Q(X, Z) + AX, Z)LY — (—Q(Y, Z) + A(Y, Z))LX
= go(LX, Z)LY — go(LY, Z)LX
= (LX ALY)Z.

The wedge product of two tangent vector fields X, Y on (M, gp) is defined as usual
by (X AY)Z =gp(X,2)Y — go(Y, Z)X forany Z € T(M). Then

RY(X,Y)Z = R(X,V)Z + {(VyA)(X, Z) — (VxA)(Y, 2)}T
+ (LX ALY)Z +6(2){(Vx1)Y — (Vy1)X}
+2d0)(X,Y)IZ
+{-0(V)ge(JX,JZ) +0(X)go(JY, JZ)
—0(Y)go(tX,JZ)+0(X)go(rY,JZ)
—0(X)go(JTY, Z) +6(Y)ge(JTX, Z)
—0(X)go (%Y, Z) + 0(Y)go(t*X, Z)}T
+OD{OX)ITY —0(Y)ITX +0(X)J*Y —0(Y)J*X
+0(X)T*Y — () TPX +0(X)JTY —0(¥)JTX}.

On the other hand, one may observe that
—0(Y)go(UX,JZ)+0(X)ga(JY,JZ) —0(Y)go(t X, JZ) +0(X)go(zY, JZ)

—0(X)go(JTY, Z) +0(Y)go(JTX, Z) — O(X)go (%Y, Z) + 0(Y)go(t*X, Z)
=0(Y)go(OX, Z) — 6(X)go(OY, Z) = —2g9((8 A O)(X,Y), Z)

where
O=t>+2Jt—1.
These calculations yield the following theorem:

Theorem 1.6. Let M be a nondegenerate CR manifold and 6 a pseudo-Hermitian
structure on M. The curvature tensor fields R and R? (of the Tanaka—Webster con-
nection V of (M, 0) and the Levi-Civita connection v? of (M, gp)) are related by

RIX,Y)Z=R(X,Y)Z+ (LXALY)Z —29(X,Y)JZ
-2 (S(X,Y), )T +0(2)S(X,Y)
—280((0 ANOYX,Y), Z)T +20(Z)H AO)X,Y) (1.71)

forany X, Y, Z € X(M), where S is given by

S(X,Y)=(Vx1)Y — (VyD)X.
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1.4.1 Pseudo-Hermitian Ricci and scalar curvature

We shall examine the consequences of (1.71) later on. Let us look at the local mani-
festation of R with respect to a local frame {77, ..., T,} of T1,o(M) on U. We adopt
the unifying notation

{Ta} =T, Tu, T},
where
To=T, Ae{0,1,...,n1,...,7}.
We define the functions Ro? ¢ : U — C by setting
R(Tg.Tc)Ta = Ra®pcTp = Ra% pcTo + Ra% pcTo + RapcT
IfA=aef{l,...,n}then R(Tp, Tc)Ty € T1,0(M), so that
Ry"pc =0, R’pc =0.
Similarly, if A = o then
Rg’ gc =0, Rg"pc = 0.
Also, VT = 0 yields
RoP pc =0.
Definition 1.29. The Ricci tensor of the Webster connection is defined by
Ric(Y, Z) = trace{X — R(X, 2)Y},

for any Y, Z € T(M). The pseudo-Hermitian Ricci tensor is then given by Rygz =
Ric(Ty, Tip). O

Note that
Rz = R\ -

The pseudo-Hermitian Ricci tensor was introduced by S. Webster [422]. It is a natural
question whether R,z determines Ric. As we shall demonstrate later on, unless T =
0 the answer is negative (there are other nontrivial components of Ric that may be
computed as certain (contractions of) covariant derivatives of the pseudo-Hermitian
torsion).

Definition 1.30. Let us set p = h** R, 7. This is the pseudo-Hermitian scalar curva-
ture. O

It will be shortly shown (at the end of Section 1.4.2) that p = %trace (Ric).
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1.4.2 The curvature forms szﬁ
We may perform the following calculation:
R(X, V)T, = VxVyTy — VyVxTy — Vix.v1Ta
= Vx (@ (Y)Tp) — Vy (@f(X)Tp) — 0 (IX, YD Tp
= 2(dof) (X, Y)Tg + (@ (V)wp (X) = 0 (X)0f, (Y )T, .
Consequently,
R(X, )T, = 2(dwf, — ) Aob)(X,Y)Tp. (1.72)

Let us take the inner product of (1.71) with W to obtain

g (R (X, Y)Z, W) =
go(RX, YVZ, W)+ go(LXANLY)Z,W)+2(d0)X,Y)go(JZ, W)
— 8o(S(X,Y), 2)0(W) + go(S(X, Y), W)0(Z)
—2g0((NO)X,Y), Z)0(W) +2g0((0 ANO)X,Y), W)O(Z). (1.73)

Using (1.73) and the symmetry of the Riemann—Christoffel tensor field of (M, gp),
go(R"(X,Y)Z, W) = go(R*(W, 2)Y, X),

we obtain

g (R(X,Y)Z, W) =
8o0(RW,2)Y, X) —go(LXALY)Z, W)+ go(LW ALZ)Y, X)
+80(S(X,Y), Z)0(W) — go(S(W, Z), Y)0(X)
—0(2)go(S(X, Y), W) +0(Y)ga(S(W, 2), X)
+280((0 A O)X, Y), 2)0(W) — 289 ((0 A O)(W, Z), Y)B(X)
—20(Z)ge (O NO)X,Y), W) +20(Y)ga((6 AOYW, Z),X) (1.74)

forany X, Y, Z, W € T(M). In particular, for X, Y, Z, W € H(M) the identity (1.74)
becomes

g (R(X,Y)Z, W) =
go(R(W,2)Y, X) — go(LX NLY)Z, W) + go((LW A LZ)Y, X). (1.75)

Furthermore, let us set X = T in (1.74) to obtain (since LT = 0)

g (R(T,Y)Z, W) =
O(R(W,Z2)Y)+0((LW ALZ)Y)
+80(S(T.Y), Z2)0(W) — go(S(W, Z),Y) = 0(£)go(S(T,Y), W)
+286((0 ANOXNT, Y), 2)0(W) — 286 ((0 AO)Y(W, Z),Y)
—20(Z)go((6 A OXNT, Y), W) +20(Y)0((0 A O)(W, Z))
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forany Y, Z, W € T (M). We may use
TH(M) € H(M),
T|S=Vrr, 6(SX,Y)) =0,
TJ(@AO):%(OH)@T),
Qo@AO)=0, 6oL =0,
O(LW ALZ)Y)=0,
to obtain
g (R(T,YVZ, W) =
O(R(W, 2)Y) + gg((VrT)Y, 2)0(W) — go(VrT)Y, W)0(Z)
—80(S(W,2),Y) —289((0 NOYW, Z),Y)
+0(W)go(OY,Z) —0(Z)go(OY, W). (1.76)

In particular, for Y, Z, W € H(M) we obtain
g (R(T,Y)Z, W) = go(S(Z, W), Y). (1.77)
Note that with respect to a local frame {7, } in T1,0(M) we have
LTy = iTy + ABTs, LTy = —iTy+ ALTg.

Next, we wish to express d a)g —wh A a)fj with respect to the components R4 g of

the curvature tensor R of the Tanaka—Webster connection. To this end we write

2(dwf) — ol nof)) = BY, 0% n 0" + B 0" A 0T
+ BL, 0" A0 + BE o A0 + BE 0% no . (178)

Hence, using (1.72) we obtain

R(-, )Ty = (0" A 0")® (B, Tp) + (6" A 67) & (B® _Tp)

arp O
+ (0" AOT) ® (BL,Tp) + (0 A 07) @ (BEy Tp) + (0% 1 0) ® BL,(Tp) .
Therefore
1
R(Xﬁo'p = E(B(/;?o'p - ngo‘)v (1.79)
1
B B
R/P5;5 = 5(190“.,5—1356), (1.80)
1 8
Ro" 65 = EB"“’ﬁ’ (1.81)
/3 1
Ry 0p = EBO[()ﬁ s (1.82)
1
RoP 50 = 53500. (1.83)
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Using (1.79)—(1.83) to substitute in (1.78) we obtain
2(dof — o Aob) = RyP;,0" A6F + RP; 67 A o7

+ 2(Ra?5 26" A OF + RoP ot A OF + RoP106* A 6).  (1.84)

Letusset X =T,,Y =T, Z =Ty, and W = T5 in (1.75) and note that
80(R(Tz, Te) Ty, Th) = 0
to obtain
R, hgs = —go(LTy A LT Ty, T5) + 8o (LTs A LT) Ty, T)).

On the other hand,

(LT A LT)Ty = Apg LT, — Aua LT,
(LT A LT)T, = —ihz, LTy — AguLT5 .

Consequently
Ro’ s = 2i(A e8] — Aradl). (1.85)
Similarly, set X = T5, Y = Ty, Z = Ty, and W = Tz in (1.75) to obtain
Raﬁ;ﬁhﬁa = —go (LT AN LTR) Ty, T5) + 8o (LTe A LTo) Tz, T5)
because of
80 (R(T5, Te) Tz, T3) = 0.
On the other hand, due to

(LTX A LTH)T = —l'hxaLTﬁ + ihﬁaLTx,
(LT&# N LTO()TF = A&ﬁLTa — ihaﬁLTF,

we may conclude that
R’ = 2i(hog Ay — hamAL) . (1.86)
Next we apply (1.77) for Y = T, Z = T, and W = T5 to obtain
RaPOH = hﬁ)»h?pséga (1.87)
where
Ty ¢ A
S(Tou To) — SaﬁT)n + SotFTA .

Similarly, again from (1.77) for Y = T,, Z = T, and W = Tz we get
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Ro"30 = —h" hip S (1.88)
At this point we may substitute from (1.85)—(1.88) into (1.84) to derive the identity
ol — o Ao = i(Auab — Arad)0* A 0" +i(hy5 AL — hyg AL)O> A 0T
+ R0 A OF + hi h7P k6 A OF — kP hg; SE_6* A 6.

We define the covariant derivative Acp g of A(X,Y) = go(X, tY) (with respect to
the Tanaka—Webster connection) by setting

Acp,p = (Vrz A)(Tc, Tp)
and note that
h St = Ajigas Mo Shs = —Awi5
because of
(Vi) Ty € Tp 1 (M).
Finally, we obtain
dof — ol A a)g = Ro’ 300" A OF

+ WE0M A0 — WE T A0 +2i6F Ay +2i0, ATP, (1.89)

where
Wh =P Ao WE = 17P Aas 5,
and
Ty = haﬁfﬁ, Oy = hageﬁ.
Indeed,
(Aa8) — Aar8l)0* A O =2A4,6% A oM =267 A1,
and

(Abhyz — ALham)0™ A O = 2400 7 =20, A TP

Let us define the local 2-forms Hg, 95 e I'®(U, A’T*(M) ® C) by setting
Hg =da)§ —w) /\a)ﬁ,

QF =118 —2i0, AP +2it, NOP.

With this notation (1.89) may be written as follows:
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Theorem 1.7. (S.M. Webster [422])
Let M be a nondegenerate CR manifold and 6 a pseudo-Hermitian structure on M.
Then

Qf = R0 O+ WE 6" no— WP o o (1.90)
Next, we set by definition
Rygoz = 80(R(D., T)To. Tg) = h g Ra" 5z - (1.91)
Let us look at the various symmetry properties satisfied by R gz First,
Rz + R =0 (1.92)
because R is a 2-form. Moreover,
Rz + Ry =0 (1.93)

because Vgy = 0. Other symmetries may be obtained from (1.90) as follows. Let us
set

Qo7 = Lhgy .

Let us contract with i g3 in (1.90) to obtain

Qo7 = Rogam0™ A 0" + Aoy A 6, (1.94)
where

haiy = Why hg0* — WP hgs6™.
We recall the identity (1.64):

do* =0F ol +0 AT*.
Exterior differentiation leads to
0=doP Awf —0F Adof+do AT* — 0 AdT® .
Next, we replace from
do = 2ih 0% A 6P |
and rearrange terms to obtain
07 A (0 Ao — do +2i0, AT%) + 0 A (2P Aoy —de®) =0,

and taking into account that

0" A1, =0.
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we obtain
0=07 A (=T1% +2i0, AT% = 2iT, AO%) +0 A (T A0 —dT%),
or
0V AQY 40 At — 1P Ao =0. (1.95)
Let us set by definition
o __ o B o _ _ OY7, _
Q¥ =dt* -1 /\Qﬁ, Qﬁ—Q haﬂ.
With this notation, let us contract (1.95) by & «f- We obtain
oY ANQ g +0AQs=0. (1.96)
Using (1.94) we have
Y _ _pr " _ _
% /\(Ryﬂme NGO —HLJ/ﬁ/\é?)—i—Q/\SZI3 =0,
that is,
.
Rygmey AO* AN + 0 A Qg -2,/ oY) =0. 1.97)
Applying (1.97) to (T, T,, Tz) we obtain the following theorem:

Theorem 1.8. (S.M. Webster [422])
Let M be a nondegenerate CR manifold, with a fixed pseudo-Hermitian structure 6.
Then the curvature tensor R g of the Tanaka—Webster connection of (M, 0) satisfies

R, 5@ = Rygpa - (1.98)
Let us recall that the pseudo-Hermitian Ricci curvature R,z is given by
Rz = R\ -
Contraction with 2* in (1.98) gives
Rz =R g,
whence
Rz = Ry" 371, (1.99)
which agrees with the definition (2.16) in [422], p. 33. O

We end this section by discussing the Ricci operator and by proving that (up to a
factor of 1/2) the pseudo-Hermitian scalar curvature is the trace of Ric.

Let (M, T1,0(M)) be a nondegenerate CR manifold (of hypersurface type) of CR
dimension n. Let F be a complex vector bundle over M and ¢ a global C* section
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of T*(M) ® T*(M) ® F (i.e., an F-valued (0, 2)-tensor field on M). Let Agg be the
trace of ¢ with respect to the Levi form Ly. Precisely, let x € M and {Eq, ..., E,} an
orthonormal frame of 77 (M) defined on some open neighborhood U C M of x, i.e.,
Lo(E,, Ef;) =€ulgg, Wheree) = =6, =—641 = =—€4s=1,r+s5=n.
Here (r, s) is the signature of Lg. Then

n
i (Ag@)y =) €a(Ea, Ea)sx.-
a=1

Let U(r, s) consist of all A € GL(n, C) such tpat A7l = DZ’D, where ¢ denotes
the transpose and D = diag(eq, ..., €,). If {E,} is another orthonormal frame of

T1,0(M), defined on the openset V. C M, x € V, then Ea = ag Eg for some A =

[a{f] :UNV = Ur,s), ie, Yo, eaaéag = €*§M where € = ¢,. Thus the

definition of (Ag¢), does not depend on the choice of (local) orthonormal frame at x
and Agg is a global C* section of F.

Definition 1.31. The Ricci operator Ry is given by
R.X = ApR(-,)IX

forany X € H(M). O
On a strictly pseudoconvex CR manifold (the case in [398], p. 34)
n
R.X = —i Z R(Ey, E3)JX
a=1

for some (local) orthonormal frame {E,} of T7,0(M). Hence, with respect to an arbi-
trary (local) frame {7} of T1,0(M),

R.X = —ih® R(T,, T5)J X,
and a calculation shows that
R.Ty = R, Ty,
where R, = hP7 Ry;.
Proposition 1.10. The following identities hold:
R.T1,0(M) S T1,0(M), g6(RZ, W) = go(Z, R W),

forany Z, W € Ty o(M).

As previously remarked, R,z is only a fragment of Ric and (as a consequence of
(1.71)) we have
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6 =h s 1 _
Rog ="ap = 5 Rap
Rop = i(n — D)Agp, (1.100)

Rog = Sg,g, Roo = Roo = 0.
Here Sgy are (among) the complex components of S. Also we set

RZE = trace{X — RY(X, To)Tg}

In particular (by the first of the identities (1.100)), R, j= R B (and the second of the
formulas in Proposition 1.10 may be easily proved).
Finally, we wish to prove that trace(Ric) = 2p. Again by (1.71), the following
formulas hold:
Ric(Xo. Xp) = i(n — 1)(Aap — Agp) + Ryp + Rap .
Ric(J Xo, Xp) = —(n — 1)(Aap + Azg) +1(Ry5 — Rap).
Ric(Xy, JXg) = —(n — 1)(Agp + A&B) +i(Rap — Rozﬁ) ,
Ric(J Xy, JXg) = —i(n — 1)(Agp — A&B) + Rafi + Ragp ,

where X, = Ty + T5. Then we may compute trace(Ric) as
trace(Ric) = g"/ Ric(X;, X ),

where {X;} = {X4, JXo} and

ga+n,ﬁ+n — gozﬂ’ ga,/fi+n _ga+n,/3 ;
gO{O:gOOl:O, gOO:L
1 i s i wi g
g = JU T 1) g = S — P,

1.4.3 Pseudo-Hermitian sectional curvature

We devote this section to a pseudo-Hermitian analogue (cf. S. Webster [422]) of the
notion of holomorphic sectional curvature in Hermitian geometry (cf., e.g., [241],
vol.II, p. 168). First, we consider the following pseudo-Hermitian analogue of the
Riemann—Christoffel tensor field (of a Riemannian manifold):

R(Z, W, X,Y) =gy(R(X,Y)Z, W),

forany X, Y, Z, W € T(M). This agrees with our preceding conventions (cf. (1.91)),
that is,

R(Ty, Tg. Ty, Tp) = Rygyr-
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Let x € M. Let G1(H(M)), consist of all 2-planes ¢ C T, (M) such that (i) o C
H(M), and (ii) Jy(0) = o. Then G{(H (M)) (the disjoint union of all G{(H (M))y)
is a fiber bundle over M with standard fiber CP"~!. Define a function

ko : Gi(H(M)) —- R

by setting
1
ko(o) = —ZRX(X, L X, X, JcX) (1.101)

for any o € G1(H(M)) and any linear basis {X, J, X} in o satisfying Go(X, X) = 1.
It is a simple matter that the definition of ky (o) does not depend on the choice of
orthonormal basis {X, J, X}, as a consequence of the following properties:

R(Z,W,X,Y)+ R(Z,W,Y, X) =0,
R(Z,W,X,Y)+ R(W,Z,X,Y)=0.

Definition 1.32. ky is referred to as the (pseudo-Hermitian) sectional curvature of
(M, 0). O

With respect to an arbitrary (not necessarily orthonormal) basis {X, J; X} of the 2-
plane o, the sectional curvature kg (o) is also expressed by

1 R (X, kX, X, J: X)

k() = = T G, X)2

(to see this, one merely applies the definition (1.101) for the orthonormal basis
{U, J,U}, with U = Gg(X, X)~'/2X). Since X € H(M),, there is Z € Ty o(M),
such that X = Z + Z. Thus

1R (Z,Z,Z,2)

O =z 2r

Therefore, we have the following:

Proposition 1.11. (S.M. Webster [422])
If Z = E%Ty, with respect to some (local) frame {T,} in T1,0(M), then ky(c) may be
expressed as

R, g7t EPE T
(haﬁf ok 3>2

)

1
ko(o) = 1
where ¥ = E9.

The coefficient 1/4 makes the sphere S2"*! < C"*! have constant curvature +1.
Indeed, if M = S*"*! then
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RY(X,Y)Z = go(Y, Z)X — go(X, Z)Y.

Alsot =0 (hence S =0,O =1, L = J) and (1.72) shows that

R(X.Y)Z =gg(Y, 2)X — go(X, 2)Y
+80(JY, Z)JX — go(JX, Z)JY —289(JX,Y)JZ,

forany X, Y, Z € H(S*'*1). We have thus proved the following result:

Proposition 1.12. Let 0 = (* lz (0 — 9)|z|? be the natural pseudo-Hermitian structure

on §?"*1. Then the pseudo-Hermitian sectional curvature of (S*'*1,0) is kg(0) = 1,
forany o € G{(H(S¥t1)).

Let Psh(M, 0) be the group of CR transformations f : M — M such that f*6 = 6.
The following result is due to S. Webster [422].

Theorem 1.9. If (M, 0) is a (2n + 1)-dimensional pseudo-Hermitian manifold then
Psh(M, 0) is a Lie group of dimension < (n + 1)2, with isotropy groups of dimension
< n?. If M is strictly pseudoconvex then the isotropy groups are compact, and if M is
compact then Psh(M, 0) is compact.

The Riemannian counterpart of Theorem 1.9 is Theorem 3.4 in [241], Vol.I, p.239.
The proof is beyond the scope of this book (cf. also Theorem 1.2 in [422], p.31).
By a well-known result in Riemannian geometry (cf., e.g., [241], Vol. I, p. 238), if
N is a connected n-dimensional Riemannian manifold then its Lie algebra i(N) of
infinitesimal isometries has dimension < n(n + 1)/2. Moreover, if i(N) has maximal
dimension, i.e., dimg i(N) = n(n + 1)/2, then N has constant sectional curvature.
The pseudo-Hermitian analogue of this result has been analyzed by E. Musso [319].
Let H” be the standard hyperbolic complex space form.

Theorem 1.10. (E. Musso [319])

Let (M, 0) be a connected (2n + 1)-dimensional pseudo-Hermitian manifold such that
Ly is positive definite. If diim Psh(M, 0) = (n + 1) then M is contact homothetic to
one of the following spaces:

(i) a canonical pseudo-Hermitian manifold B® over CP",
(ii) H* x S' or H" x R equipped with their canonical pseudo-Hermitian structures,
(iii) C" x S' or C" x R, equipped with their canonical pseudo-Hermitian structures.

For the definitions of the objects in Theorem 1.10 the reader may see Section 5.10 in
this book.

1.5 The Chern tensor field

Let (M, T1,0(M)) be a nondegenerate CR manifold (of hypersurface type) of CR di-
mension n. Let 0 be a fixed pseudo-Hermitian structure on M and V the Tanaka—
Webster connection of (M, 0).
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Definition 1.33. The Chern tensor field C is defined by

C(X,Y)Z = R(X,Y)Z

1
T a2 2{89()" Y)Ric*(Z) + go(Z, Y) Ric* (X)

+Ric(X,Y) Z + Ric(Z, Y) X}
P

" m{ge(?ﬂ Y)Z +go(Z, Y)X} (1.102)

forany X, Y, Z € T(M). Here R, Ric, and p are respectively the curvature tensor, the
Ricci tensor, and the (pseudo-Hermitian) scalar curvature of V. Also Ric? : T(M) —
T (M) is defined by gy (Ric’:t X,Y)=Ric(X,Y) forany X, Y € T(M). (|

Definition 1.34. Let {7} be a local frame of 77 9(M) and set
C(T., T5)Tg = Cg?,; Ta.
Then Cg?, - is Chern’s pseudoconformal curvature tensor. O

Explicitly (by (1.102)),

1
Cp%6 = Re%15 — 12 {Rﬁah/\(} + R hps + 85 R + SQ‘R&—,}
0

S VY 174 }
+(n+1)<n+2){5 2+ OupS

This is similar to H. Weyl’s conformal curvature tensor of a Riemannian manifold
(cf., e.g., L.P. Eisenhart [132]). Note that C,*;5 = 0 hence Chern’s pseudoconformal
curvature tensor vanishes identically whenn = 1.

Theorem 1.11. (S.S. Chern and J. Moser [99])
Whenn > 1, Cg®%, . = 0ifand only if M is locally CR isomorphic to the unit sphere
S2n+1 C Cn+1'

A CR manifold is called spherical if it is locally CR isomorphic to $2**1. Therefore,
nondegenerate CR manifolds with a vanishing Chern pseudoconformal curvature ten-
sor are spherical. Compact spherical CR manifolds M with amenable® holonomy may
be classified.” By a result of R.R. Miner [303], such M is finitely covered by $2**!,
S x §2"_ or a compact quotient of the Heisenberg group H,,/I", where T is a lattice
in H,.

While the proof of the Chern—Moser theorem is beyond the scope of this book,
we wish to look at few instances in which it may be applied. Let [g,, gl € GL(n, C)

6A topological group G is amenable if for every continuous G-action on a compact metrizable
space X, there exists a G-invariant probability measure on X.

7 W. Goldman [181], obtained the same classification under the assumption that the holonomy
of M is nilpotent instead of amenable.
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be a Hermitian matrix, of signature (p,q), p +¢g = n, and let ¢ € (0, +00). Let
(z,w) = (z!, ..., 2", w) be the natural complex coordinates in C"*! and consider

i _
Qo : ro(z, w) = g,52°7" + ;W =) =0,
Q0+(c) 1r1(z,w) = gagzafﬂ +ww —c=0,

Q0-(c):r-(z,w) = gagzazﬂ —ww+c=0.

Each M € {Qq, Q+(c)} is a real hypersurface in C"**1.

Definition 1.35. Let M be a nondegenerate CR manifold (of hypersurface type). Let
6 be a pseudo-Hermitian structure on M. We call (M, 0) a pseudo-Hermitian space
form if kg = const (where kg is defined by (1.101)). O

Let r be one of the defining functions {rg, r+} and set
0= j*[i(@—o)r]
(where j : M C C"*1). We shall show that

Theorem 1.12. (S.M. Webster [422])
(M, 0) is a pseudo-Hermitian space form, for each M € {Qgp, Q+(c)}.

Let us consider the biholomorphism

Ve C).

F:C™\ {w =0} > "\ (w=0}, Flz.w)= <—z, —

w o w
Note that F maps Q_(c) \ {w = 0} onto Q+(c) \ {w = 0}. Hence Q_(c) \ {w = 0}
and Q4 (c) \ {w = 0} are CR equivalent. However, the induced CR transformation f

is not isopseudo-Hermitian. Let j1 : Q+(c) C C"*! and set 1 = Ji [i @ — 8)ri].
The identities

F*dz® = ﬁdz“ — sz“dw, F*dw = —%dw,
w w w
yield
c
0y = ——6_.
f + |w|2

A transformation mapping Qg onto Q4 (c) minus a point was devised in [99]. Let G
denote the group of all matrices
1% b
a=|0Bf by | € Mu(C)
00 1

satisfying
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_ ' ) ; ) )
ngy,aBg =8 ba =2iB{gpyb", 0= E(b —b) +8a5b°‘bﬁ,

where Bg = Bf and b = b®. There is a natural action of Go on C"*! given by
Gox C"' — " (@@, (z,w)) > a- (z,w) = (&, w),
J" = By + b,
w' = w+bﬁz’3 + b,
for any

168 b
a= Onga € Gy, (z,w)eC™
00 1

A short calculation shows that ro(a - (z, w)) = ro(z, w), for any a € Gy, (z, w) €
C"tl je., the action of Go on Ccntl preserves ro. Hence it descends to an action of
Goon Qg. Eachright action R, : Q9 — Qo is a CR map (because (z, w) > a-(z, w)
is holomorphic). Moreover, the identities

R}dz" = BydzP, Ridw =bpd’ +dw
yield R}6y = 6, i.e., R, is isopseudo-Hermitian. Here
b0 = Jjg [i(d = d)ro]
and jo : Qo C C"*!. The isotropy group at (0, 0) € Qo is given by

1 00
faeGo:a-0,00=0,0=10BSo|:BSlcUw. )} ~Up, 9,
001

where by U(p, ¢) one denotes the unitary group of the Hermitian form g, 5. Hence
Qo =~ Go/U(p, q). Letus set 6% = jidz* and 6% = 0%. Then

dfy = 2ig, 6% A 6P;

hence {#*} is admissible. Next d0* = 0 yields Q% = 0 and % = 0. Thus (Qy, 6y)
is Tanaka—Webster flat. In particular, C = 0; hence Qg is locally CR equivalent to
§2+1 Let ()4 be the Hermitian form given by

(@ w), €. )y = 8,52°T +wQ
for any (z, w), (¢, Q) € C"*!. Let U(p + 1, ¢) be the unitary group of ( , ). Then

U(p + 1, q) acts transitively on Q. (c) and preserves 6. On the other hand, the
isotropy group at (0, \/c) is U (p, q); hence
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0+ ~U(p+1,9)/U(p,q)-

Similarly, if U(p, g + 1) is the unitary group of the Hermitian form

(W), (€ )= = g,52°T — we,

then it may be shown that

Q- (©)=Up.q+1D/U(p. 9.

We wish to compute the curvature Rz, ; of Q+(c). We do this in a slightly more
general situation, as follows. Note that both defining functions r+ are of the form
r(z, w) = p(z) + g(w). Let us compute the torsion and curvature of M = {r = 0} on
the open subset U = M N {q,, # 0}. We adopt the notation

_ op - ap o ¥p _0q _0q
pCt - azav pot - azav paﬂ - azaazﬁs Qw - awy qw —_ 81;).

A pseudo-Hermitian structure on M is given by the (pullback to M via j : M c C" !
of the following) form

0 = i(padz” — pedz® + qpd — gudw).
Hence
do = 2i(p,zdz* AdZP + quiadw A di). (1.103)

‘We shall make use of the following lemma:

Lemma1.6. Let M = {r = O} and let j : M — C"t1 be the inclusion. Then
(i) j*(3r A 0r) = 0 and (ii) j*or = —j* or.

Using the identities
r = pedz® + qudw, r = pgd7® + qadw

and (i) of Lemma 1.6 we may compute the (pullback via j : M — C"*! of the) form
dw Adw as

dw Adw =

(papgdz“ AdzP —or A pgdzﬂ — padz® A §r> .

quwqw

Next (by (i) of Lemma 1.6) 6 is expressed both by 6 = 2ij*3r and by 6 = —2ij*dr;
hence

dw Adw =

1 1
(pap-dza ANdZP 4+ —0 A prd7P — — padz® /\9). (1.104)
B 2i B 2i

qJwqw

Let us substitute from (1.104) into (1.103) to obtain



1.5 The Chern tensor field 65
d0 = 2ih,zdz" A dZP + nodz® A6 + nadZ® A6,

where

q
0= e , ha,§=pa/§+QPaP&, Ne = —QPo» Na =Ta-
Jwqw

Finally, set
i
0% =dz" + Ju"0, 0" =h""ng.
Then
d6 = 2ih 56 A 6P, (1.105)

The characteristic direction T of df is given by

Tl Ll 8+.(1+ « i<1+5‘-)8
=315 3" 5z 1P%) 5~ g L1 ) 5

S 1

A local frame of T1,9o(M) (on U = M N {qy, # 0}) is given by

d 1 d

9% quw p“aw

o
At this point, we may compute the connection and torsion components (of the Tanaka—

Webster connection of (M, 6)). To this end, we differentiate 6% = dz* + (i /2)n“6 to
get

do® =07 Aoy +0 A (— %Tﬁ(n“)eﬁ), (1.106)
where
a)(g = —r;“’h,c;y@’7 + %Tﬂ(ﬁa)a
Thus, on one hand, the pseudo-Hermitian torsion t% = A%@B is given by

o __ _i (A
AB_ 2Tﬂ(n ). (1.107)
On the other, a comparison between (1.106) and (1.65) yields

0P A (a)/(g — a)g) =0;

hence (by successively applying this identity to (7}, Tjz), respectively to (T, T))

i
0 = —n"haa, Tg = ETA(na)-
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The same identity applied to the pair (7}, 7;,) gives only as much as yf‘u = sz
Therefore, to compute I" “ﬂ, we recall the identity (1.51), that is,

o5 = h7{Ty (hps) — go(Tp, [Ty, T5 D).
The bracket [T, T5] may be computed directly from

d 1 d

- — Py—

Ty = — .
T8z gy T ow

However, to avoid lengthy computations, we may exploit the identity (1.37) (since the
Fg ,, are already determined). This procedure yields

[Ty, T51 = hys (nTo = n° Tz = 2iT)
and therefore
T8 = 8%np + h®*T, (hps).

Finally, by collecting the identities expressing the Christoffel symbols, we derive
G P

For the rest of this section, let = denote the congruence relation mod 6“ LN /\9/§ s
0% A 60, 0% A 0. Differentiation of (1.108) furnishes

dof = —{[Sgnﬂ + T, (hps)In" sz
+ 85 Ta(p) + h* TaTohps + Tu(h®*)Tu(hps)
+ To" g + 0T lip) + 1t b + Ty (s }6* A OF.
Also (again by (1.108))
a); A a))‘)j =
{= (87ms + 17 Tuhpe) ) nhy g + (850, + W7 Ti(hyo) ) 17 g | 6% A 67
Next (by (1.107))
O ANTP =0, 1, A0F =0.
Recall (cf. (1.90)) that
Hg = da)g — ) /\wf,
Qf =118 —2i0, A TP + 2ity A 6P,
Qf = RaP3:0" A 0T+ WE 6P no— Wt ap.



1.5 The Chern tensor field 67

Hence, by collecting the various identities established above, we have

Rg®; 5 = —185mp + W Ty (hgs) I hog
— 8 Tu(ng) — h* TaTahps — Ta(h**) Ty (hps)
— T.(nhga — n*To(hgp) — n*hgpn’hys; — Tg(™ )i
+ (8 g + Y Ty Chgo) ) nhy = 0" (85, + 7T ys) )
or (after some simplification)
Rger = —TnTahge + ho T (hae) To(hpe) — hopn” Tp(hge) + haan®Tp(hae)
— heTa(np) — hpaTi(ne) — hyaTe(ne) — nenpha — nyn” hgphye. (1.109)

See also S. Webster [422], p. 38. Let us return now to M € {Q+(c)}. Because Q4 (c)
are homogeneous, it suffices to compute their torsion and curvature at points where
z = 0. To fix the ideas, let M = Q4 (c). Then

hoj = 8uj + W *haph, 52", qrie = —|w| *gapz",

0 1 0

Ty = — — —Qui
¢ 0z% wgwZ ow

Then (1.107) shows that A% = 0 at z = 0. Also, substitution into (1.109) shows that

Rpera = lw| > {hpahae + hahpe}

at z = 0. Finally (0, w) € Q.4(c) yields lw|> = c. Similar computations may be
performed for M = Q_(c). We may conclude that

€
Rapii = _{haihyp + hiihagp). (1.110)
at any point (0, w) € M, M € {Q4(c)}, where

1 iM=0.0.
T itM =0 (.

Leto € Gi(H(M)) and X € H(M)y such that {X, Jy X} is a basis of o. Let us set
X=Z+4+27Z, Z=E"T,. Then
1 _\—2¢€ _ _
— _sazf h A A Bgh
k@(a) = 4 (haﬂéa‘i: ) c <hauhkﬂ + h)‘//*haﬁ) Saé é Sﬂy

that is, kg, (o) = £1/(2¢). O

As another consequence of (1.110), we have the following:

Corollary 1.1. The Chern tensor vanishes for each M € {Q+(c)}.
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Properties of the pseudo-Hermitian sectional curvature of CR submanifolds (e.g.,
CR analogues of Proposition 9.2 and 9.3 in [241], vol.II, p. 176, regarding the holo-
morphic sectional curvature of Kihler submanifolds) are not known. A theory of
pseudo-Hermitian immersions is presented in Chapter 6, yet no applications to CR
submanifolds of pseudo-Hermitian space forms are known so far (while CR subman-
ifolds of complex space forms are known to be rich in geometric properties, cf., e.g.,
[446], pp. 76-136).

1.6 CR structures as G-structures

Consider the group G consisting of all (2n 4+ 1) x (2n + 1) matrices of the form

v 0 O
az agab(% , (1.111)
b —bﬂ ag

where v € R\ {0}, a%, P eR,1 <a <n,and [ag +ibg] € GL(n, C). Then Gy is a
Lie subgroup of GL(2n+ 1, R). At this point, we need some notation and terminology.
If E — M is areal vector bundle of rank r over a C* manifold M, then we denote
by L(E) — M the principal GL(r, R)-bundle of all frames in the fibers of E, i.e., if
x € M then u € L(E), is an R-linear isomorphism « : R — E,. We also adopt the
notation F(M) = L(T (M)) (the principal GL(m, R)-bundle of linear frames tangent
toM, m = dimgr M).

Definition 1.36. Given a Lie subgroup G C GL(m, R), a G-structure on M is a prin-
cipal G-subbundle of F(M) — M. ]

The theory of G-structures is a classical, yet central chapter of differential geometry.
See S. Sternberg [388], P. Mollino [314], for a treatment of the main themes of this
theory.

Let M be a real (2n + 1)-dimensional C*° manifold and Bg,(M) — M a Go-
structure on M, where Gy is the Lie group of all matrices of the form (1.111), as
before.

Proposition 1.13. Any Go-structure determines an almost CR structure on M and
conversely.

Indeed, let x € M and set
H(M)x = p(j(R*™)

for some p € Bg,(M),, where j : R¥ — R j(£) = (0,&) e RxR?, £ € R¥.
Any g € G preserves j(Rz”); hence H (M), is well defined, i.e., its definition doesn’t
depend on the choice of linear frame p at x, adapted to the Go-structure. Then H (M)
is a rank-2n subbundle of T (M). If {eg, e1, . .., e2,} is the canonical basis in R2n+1
we set
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Xy = plea), Yo = pleatn)
for p € Bg,(M), fixed. Next, define J, : H(M)y — H (M), by setting
S Xo =Yy, JiYo=—Xq.

Then J, is a (well-defined) complex structure in H(M),. Extend J to H(M) ® C by
C-linearity and note that Spec(J) = {%i}. Then T7 o(M) = Eigen(i) is an almost CR
structure on M. In a moment we shall investigate under what conditions this almost
CR structure is integrable, i.e., a CR structure. Conversely, any almost CR structure
T1,0(M) determines a Go-structure on M, for we may set

By = {u: R = Ty (M) : u(ey) € HM)y, u(eqin) = Jyu(ey), 1 <a <n},

for any x € M. To see that B (the disjoint union of the By, x € M) is a Go-structure
on M we may use the following standard criterion (cf., e.g., M. Crampin [107]):

Theorem 1.13. Let G C GL(2n+ 1, R) be a Lie subgroup and B C F (M) a subman-
ifold. If

(i) the projection m : F(M) — M maps B onto M,
(ii) given p € B and q € F(M) such that g = pg for some g € GL(2n + 1, R) then
g €B gegG,
(iii) for any x € M there is an open neighborhood U and a C*® section o : U —
F(M) such that o (U) C B,

then B is a G-structure on M.

Clearly (i) holds. Let p, g € By such that g = pg, g € GL(2n + 1, R). We wish to
show that g € Gy. Indeed

qlea) = (pg)(ea) = plej)gl = pleo)gd + plep)gh + plepin)gl™.

Yet g(eq) € H(M), = span of p(ey), p(eq+n), | < o < n; hence we may conclude
that

=0, Il<a<n (1.112)
Similarly, from
G (Catn) = P08y + Pep)8h i + Peprn)ghin
we get
0o _
8ain = 0. (1.113)
Moreover, from Jq(eg) = q(eg+,) we deduce

+
gl =ghin. b =gl (1.114)
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The identities (1.112)—(1.114) show that g € Gy. Finally, we need to check (iii). Let
{X&, J Xq} be alocal frame of H(M) on U. Let 6 be a nowhere-zero real 1-form on U
such that Ker(8) = H(M) |y (as we showed previously, & may be chosen to be global
if M is oriented). Let T be a tangent vector field on U such that 6(7") = 1 (for instance,
fix a Riemannian metric g;; on U and set T = ||6||’2gij0j). Then {Xy, J Xy, T} is
a (local) frame of T(M) on U (giving rise to a C*™ section o : U — F(M) with
o(U) C B). O

1.6.1 Integrability

Originally, S.S. Chern and J.K. Moser, in their paper [99], regarded almost CR struc-
tures as principal subbundles of the principal GL(2n + 1, C)-bundle L(T*(M) ® C)
(rather than Go-structures on M). Let us see how the two points of view match. Con-
sider the group monomorphism z : Gog — GL(2n + 1, C) given by

v 0 O v 0 0
h:la® ag g — | a* +ib* ag—i—ib% 0
b¥ —b‘l’s‘ ag a% —ib” 0 a%‘ - ib/"s‘

Also set Gg = h(Gy) (so that GOC is a Lie subgroup of GL(2n+-1, C)). Let B, (M) —
M be a Go-structure on M and let p : Rt 5 T.(M ) be a linear frame adapted to
Bgy(M).If {e;} = {eo, ey, x4} is the canonical basis in R2+1L get X;=ple),0=

j < 2n, and let {Q/} be the dual basis in T} (M), i.e., @/ (X;) = /. Think of {e;} as
a linear basis (over C) in CZ*+! and let {¢/} be the dual basis in (C"11)*. Define

pC (CTHY* — T*(M) ®r ®C, pCe)) =@/ @ 1.
Next, let us consider BGO(M)S = {pC 1P € Bgy(M)y}.

Proposition 1.14. Bg, (M)C isa principal Gy-subbundle of L(T*(M) ® C) isomor-
phic to Bg,(M).

Let us address now the question of integrability and formal (Frobenius) integrability.

Definition 1.37. A G-structure Bg(M) - M is integrable if for any x € M thereis a
coordinate neighborhood (U, x") such that og(y) € Bg(M) for any y € U, where

0
o0(y) : R* — T, (M), oo(y)(ej) = 57| - 0
y

Let 71 0(M) be an (almost) CR structure on M and B — M the Gy-structure on M
deduced from 7,0(M), as before.

Definition 1.38. We say (M, T1,0(M)) is Levi flat if the Levi form of M vanishes, i.e.,
L = 0 (equivalently, if H(M) is integrable). ([l
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Let us look at the following example. Let z; = x; +iy;, j = 1, 2, be coordinates in
C? and let

M={zeC?:y, =0} (1.115)

be a real hyperplane in C. In his well-known 1907 paper, H. Poincaré pointed out
(cf. [350]) a natural exterior differential system H (M) on a real hypersurface M C C?
(generated by the tangential holomorphic cotangent vectors and their complex conju-
gates) possessing the property that H (M) is completely integrable if and only if M is
locally CR equivalent to the example (1.115). The obstruction to the integrability of
H (M) turns out to be the Levi form, and Poincaré’s result was later reformulated by
B. Segre [368], in the form that a real hypersurface in C? is locally CR equivalent to a
hyperplane if and only if the Levi form vanishes. This was shown to be true in C" for
arbitrary n > 2 by F. Sommer [376].

If B is integrable (as a Go-structure) then (M, T} 0(M)) is Levi flat (indeed, since
oo(x) € B for any x € U, it follows that {9/0x%, 3/3x%"} is a (local) frame of
H (M); hence H (M) is involutive), so that for a generic (almost) CR structure 77 (M)
the Go-structure B is not integrable. Consequently, it would be useful to study (com-
pute) the structure functions® (cf., e.g., S. Sternberg [388], pp. 317-318) of B (an open
problem, as yet).

To understand for which Gg-structures the corresponding almost CR structure is
integrable, let 0 : U — B be a section and define X; : U — T(M) by X;(x) =
o(x)(ej),x € U.Next, let o/ : U — T*(M) be the dual 1-forms and define 6¢ :
U— T*(M)®Cby 0% = o® +iw*™, 1 < a < n (hence o (x)C(e¥ + ie*™") =
6%(x), x € U). Alsoset T = X and 6 = w”. We may prove the following theorem:

Theorem 1.14. Let (M, T1 o(M)) be an almost CR manifold. The following statements
are equivalent:
(1) The almost CR structure is formally integrable, i.e.,

[T°°(T1,0(M)), T°(T1,0(M))] € T*(T1,0(M)).
(2) For any (local) section o : U — B one has
do =0mod 6, 6F,

d6® =0mod 0, 6°.

Proof. For instance, let us prove the implication (1) = (2). We have
d6 = Bugt® A 6P + B 56% A 6P + By50% A 6P + Bob A 6% + Bsb A 67,

for some C* functions By, Bug, B,j : U — C, where B = Ba, Byj = By (since
6 is real). Let us set

8 For example, ¢ : B — Hom(RZ”"'l A R2”+1,R2”+1)/8H0m(R2”+1, L(Gyg)) (the first
structure function [388], p. 318), carrying information about the nonintegrability of B, where
9 : HomR*'t L(Gy)) - Hom(@R2'+T! A RZHL R21+1Dy s the map 3T)(E A 1) =
T(&)n— T(E.
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1 .
To( = 5 (Xa - lXa+n) S roo(Uv TI»O(M))’

Then 6(T,) = 0. Also, since T7,0(M) is formally integrable, (d6)(Ty, Tg) = 0 hence
Byg = Bgy and dO may be written as

do =0 AD+60%A D,
where ® = B,6% + Bz60* and &, = Bageﬁ. The proof that d0% = 0 A ®* +6F A %,
for some 1-forms ®¢, dD‘g, is similar and thus left as an exercise to the reader. O

Let (M, T1,0(M)) be an almost CR manifold (of hypersurface type) and B — M
the Go-structure corresponding to 77,0(M). Let o : U — B be a (local) section and
0, 6% (respectively T, T,) associated with o, as before. Let &, k; (o) : U — Cbe
defined by

hop(0) = —2id0(Ty, Tp),

so that haB(G) = hga(o).
Theorem 1.15. If T} o(M) is integrable then
d6 = ih,;5(c)6% A 6P mod 6.
Proof. As seen above, df = 0 A & + 0% A &, for some real-valued 1-form & and

some 1-form &, = Ba};Q’S. Then
Baﬁ = 2d0(T,, TB) = ihag(a). (]

1.6.2 Nondegeneracy

Consider the complex line bundle ¥ — M constructed as follows. Let x € M and
o : U — B a(local) section in B with x € U. Let 6 be associated with o, asAbefore,
and set Fy = CO(x) C T.)(M) ®g C. To see that Fy is well defined, let6 : U — B
be angther local section, x € {} . Then t}lere isg:UN U — G such that 6 = ogon
UﬂU.Inparticular,G=g890nUﬁU. ]
Note that F is the annihilator of H(M) ® Cin T*(M) ® C.
Theorem 1.16. Let (M, T1,0(M)) be a CR manifold (of hypersurface type). The fol-
lowing statements are equivalent

(i) (M, T1,0(M)) is nondegenerate.

(ii) det [ha/g(o)] # 0 on U for any sectiono : U — B.
To prove the theorem, one considers the bundle morphism
TIM)®C
"HM)®C
for any x € U, and observes that

(@o)y L (v, w) = (g (@) )0 wF ) 6

lv = Flu, (Po)y (v+ H(M)x ®C) = 0x(v)by,

o

hence L, is nondegenerate if and only if det [h o B(a)(x)] # 0. ]
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1.7 The tangential Cauchy—Riemann complex

The tangential Cauchy—Riemann operator (on functions, i.e., (3, f)Z = Z(f), Z €
T1,0(M)) of an almost CR manifold admits a natural extension to forms of arbitrary
type (0, q), g > 1, thus giving rise to a pseudocomplex (in the sense of I. Vaisman
[416]) satisfying the complex condition (1.119) below precisely when the almost CR
structure is integrable. We give a detailed proof of (1.119), an elementary but rather
involved matter (our discussion is based on the monograph by G. Taiani [394]).

When M is a nondegenerate CR manifold (of hypersurface type) the sections of
ATy 1(M)*, g > 1, may be identified with ordinary differential forms and the 3
operator admits a useful reformulation (due to [271]) in terms of a fixed contact form.
We only hint at the problem of holomorphic extension of CR objects (functions, forms,
etc.), a subject that is not within the purposes of this book. The reader may find a
precise account of the matter in the recent monographs by A. Boggess [70], and M.S.
Baouendi, P. Ebenfelt, and L.P. Rothschild [31].

As another topic of this section we present CR-holomorphic bundles, and the dis-
cussion is based on the monograph by N. Tanaka [398]. Moreover, we show how a fil-
tration of the de Rham complex leads to the Frolicher spectral sequence of a CR mani-
fold, which in turn may be used to study the Kohn—Rossi cohomology. Our discussion
relies again on [398] and is confined to the nondegenerate case (where an explicit
relation among d, the exterior differentiation operator, and 9y, the tangential Cauchy—
Riemann operator, is available). We establish a CR analogue of a result by R. Bott
and P. Baum [76], in the theory of holomorphic foliations. The proof of Theorem 1.18
relies on the formal analogy between a connection in f(M ) =[TM)®C]/Th.1(M)
extending the 5f (m Operator and the Bott connection of a holomorphic foliation. The
last section is technical and provides the explicit expression (1.146) of the Kohn—Rossi
Laplacian (on forms of arbitrary type) of a nondegenerate CR manifold, in terms of
covariant derivatives and curvature (of the Tanaka—Webster connection). Applications
of (1.146) are given in Chapter 4.

1.7.1 The tangential Cauchy—Riemann complex

We start by defining the tangential Cauchy—Riemann operator on forms. Let
(M, T1,0(M)) be a CR manifold of type (n, k). We define a differential operator

0y TO(AYT) (M) — DA Ty (M)*), g = 0.

Here FOO(AOTo,l(M)*) = I'*®(M x C) consists of the C* functions f : M — C.
For g = 0 we set

O f)Z =Z(f). (1.116)

for any C* function f : M — Cand any Z € I'*°(Ty o(M)). In general, if ¢ > 1,
we set
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_ _ _ 1 g+l Lo _ -~ _
(aZ¢>(zl,...,zq+1>=m{Z(—l)l*‘zi(w(zl,...,zi,...,zqm)
i=1
+ > (—1)"+f<p([7,~,7j],71,...,7,~,...,7j,...,7q+1)} (1.117)
I<i<j=q+1

forany ¢ € I'*°(A9Ty, 1 (M)*) andany Zy, ..., Zs41 € T'°(T1,0(M)). As usual, a hat
denotes the suppression of a term. By the integrability of the CR structure [Z;, Z il €
['°°(Tp,1(M)), so that the term

A ~

‘/’([71',7/'],...,7[,...,Zj,...)

makes sense. It is an elementary matter that 5: @ is skew-symmetric and C*°(M) ® C-
multilinear. Then 55 is referred to as the rangential Cauchy—Riemann operator. We
obtain a sequence of C*°(M) ® C-modules and differential operators

- =1 =2
M x C) N (T, 1 (M)¥) i) F°°(A2T0,1(M)*) i) cee (1.118)

The central result of the present section is the following theorem:
Theorem 1.17. The sequence (1.118) is a cochain complex, that is,
3 @) =0 (1.119)

Sforany ¢ € T®°(A9Ty 1 (M)*) and any q > 0.
Consequently, we may consider the cohomology

H(M) = HY (T (A To,1 (M)*), 3)

 Ker{d, : T®(AYTy 1 (M)*) — T°(ATT! Ty 1 (M)*)}
3y TR (A1 Ty 1 (M)

of the cochain complex (1.118). This is the Kohn—Rossi cohomology of the CR mani-
fold (M, T1,0(M)). See J.J. Kohn and H. Rossi [252]. The proof of Theorem 1.17 is a
rather lengthy exercise in multilinear algebra (cf. also G. Taiani [394], pp. 23-26).

Proof of Theorem 1.17. We start with the following lemma:

Lemma 1.7. For any ¢ € T®(APTy 1(M)*) and € T®(A1Ty,1(M)*) the follow-
ing identity holds:

W@ AY) = @09) AP+ (—1)Pp AT (1.120)

As to multilinear algebra, we adopt the notation and conventions in [241], vol.I,
pp- 26-38. It is an elementary matter that
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((p A I)//l)(717 e »7q+1) =
1! . _ _ ~ —_
mﬂ—l)’“w(znwzl,...,Zi,...,zqm, (1.121)
i=1

for any
9 € I®(Toa(M)"), ¥ € T®(AYTo, 1 (M)"),

and any Zy, ..., Z441 € I'°(Tp,1(M)). To prove Lemma 1.7 we look first at the case
p = 0, that is, we need to show that

By (f) = @ f) AV + O,

Using (1.121) for ¢ = 3, f we may perform the following calculation:

_ _ _ 1 q+1_ -~
0y (fVZ1, .., Zg1) = —{ D ZifY( . Zis )
q+1 =

+ Z (—l)i+jf’ﬁ([7i,7j],...,?i,...,%j,...)}

l<i<j=q+1

1 g+l . _ 2 — 2
= ?{ STEDTHZ OV Zi )+ fZiW (L 2 )
q i=1

+ SO YAZLZ. T 2, )}
i<j

= (@AY Z1y ooy Zgr1) + FOLVNZA, . Zgr1).

Next we examine the case p = 1. Given ¢ € I'**(Tp 1 (M)*) note that

—1 — —
@+ 1D(q+2(@p0) ANVIZ1, ..., Zgy2) = Si + S2 + Ss, (1.122)
where
q+2 . J— J— e 2
Si=) (=D 3" Ziw@Z (... Zi, ., Ziy ),
i=1 1<k<i-1
q+2 . i — Z e
=) > O Zip@Ziy V(. Zis o a0,
i=1i<k<q+1
Ss= Y (=DYoUZi. ZDWW(... Zi..... Z}....).
I<i<j<q+2

We may perform the following calculation (by (1.121)):
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q+2 R

=Y DT Zillo AV @0, Zis o Zg )
i=1

+ > D @AWIZiZ) o Zis e )

I<i<j=<q+2
q+2 1 q+1 N o
=Y (-1)*'Z (F1 Z( D eWip)y (Wirs .., Wijs ... Wigi1)
i=1
A | q+1 _ _ 2 —
+ > (—1>'+fq+1Z(—l)"+1<p<vi,»k>w<vm,...,v,-jk,...,vi,-,ﬁl),
I<i<j<q+2 k=1

where

wo_ | %z iflsisi-,
YVolzi ifi<j<q+1,

foranyi € Iy42, j € 1541, and

(Z:.Z;] ifk=1,

Zi_1 if2<k<i,

Zi  ifitl<k<j—1,
Ziyr ifj<k=<qg+1,

forany 1 <i < j <g+2andanyk € I,41. Then

(@ +Dg+23 @AW, 7q+2)

q+2 N
=3 > DM ZieZ (.. s Ziy )
i=11<j<i
q+2 N
+Y Y EOYZieZ )V Zi Zjgrs )
i=li<j<q+1
+ > DU Zi ZDv s Zjsees Zg42)
I<i<j=<q+2
+ Y DTN o(Z DV (Zi, Z)), 20
I<i<j=<q+2 2<k<i

~

~

.,7k_1,...,Zi,...,ZJ
+ Y DTN o(Zi )V Zi, Z4), 20

I<i<j=<q+2 J<k=q+l

cnZivoo s iy Zggns o ZLga2),s
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that is,
=q+1 — = 8
@+ D(qg+23, (@AYNZ1..... Zg42) = ) _Si. (1.123)
i=1
where
q+2 P JRE— el [l
Ss=Y Y DY @ZNZiW(... Zj, ..., Zi,...)),
i=11<j<i
q+2 PN R — el Z
Sa=Y Y, VTG @NZi(.. Zis . 2,
i=li<j<q+2
Se= Y, (=D 0@y
I<i<j<q+2 1<k<i

~ A

><W[Z,Z],Z,...,7k,...,Zi,...,7,~,...,Zq+2),
S1= Y (=DHTENT 0Z)

I<i<j=q+2 i<k<j

le'([fl,?]],il,,71,,7](,,7],,Zq+2),

Ss= Y (=D o(Zy)
l<i<j=q+2 J<k=q+2

~ A~ A

X1#([7,’,7]],71,...,Z,‘,...,?j,...,7k,...,7q+2).

Next

@+ ALV ZL, . Zgt2)

q+2 ) L N
=Y =D"Me@ZD@ ) Zin )
i=1
q+2 ) . 1 q+1 o . T~ o
=Z(—1)'+1¢(Zi>{m S DWW Wi W)
i=1 j=1
1 . [ — 2 - —
t— Z DI (Wi, Wi, Wity oo, Wajs oo, Wik, Wi,q+1)},
q+ I<j<k=q+1
so that

@+ D@G+D@ARYNZ1. ... Zg12) = S3+ Sa+ Se + S7+ S3. (1.124)

Comparing (1.123) with (1.122) and (1.124) we may conclude that (1.120) holds for
any
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@ e T®(To 1 (M)*), ¢ € T®(ATTy 1 (M)").

The proof of (1.120) for arbitrary p is by induction over p. Let us assume that (1.120)
holds for any ¢ € T'*°(A?Ty,1(M)*)). Any (0, p + 1)-form ¢ may be written as a
sum of terms of the form A A u with & € I'*°(Tp 1 (M)*) and u € T (AP Ty 1 (M)*).
Since both sides of (1.120) are C-linear in ¢ it suffices to prove (1.120) for ¢ = A A p.
We may perform (by (1.120) with ¢ = A, respectively with ¢ = w) the following
calculation:

p+q+1 Fp+q+1

(A AY) =30 T (A (e AY))
=@M A WA = AATY (@A)
= @) A AP = AA @) AV + (=DPp AT )
:[(ﬁik)Au—A/\g,fu]Aw+(—1)1’“(k/\u)A§fw.
Finally (by (1.120) for ¢ = X and ¥ = u)),

WA Ay =TT OA W A Y+ (EDPT A ) AT

and our Lemma 1.7 is completely proved. At this point, we may prove Theorem 1.17.
To this end, we consider the operators

Zq+1

P AT Ty (M)) s T (AT Ty (M)F) s T8 (A2 (M),

We shall prove that 52“ o 52 = 0 by induction over g. First,letg = 0,1i.e.,¢ = f €
I'*°(M x C). Then

1 _ _
@95 1)(Z1, Z2) = (Zl(sz) Zy(Z\f) - Z\, Z21f) =0,
forany Z;, Z; € T'°(T1,0(M)). Next, let ¢ € I'*°(Tp 1 (M)*). Then
__ . 11— _ . _ _ .
@0p9)(Z1. 22, Z3) = §{21 (@0 (Z2.22) = 22 (@49) Z1. 7))
+73 (@,0)(Z1.22)
- (5;@([71, Z5),Z3) + (5;90)([71, Z31, Z»)

— @) (Z2. Z31, 70}
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1= = = —  — —
= g{zl (Z2(9Z3) — Z3(9Z2) — 9([Z2. Z3)))

— Z2(Z1(9Z3) — Z3(9Z)) — 9((Z1, Z3))

+ Z3(Zi(9Z2) — Z2(9Z)) — 9((Z1, Z2)))

—[Z1, 2209 Z3) + Z3(9lZ1, Z2)) + ¢([Z1, Z>]. Z3))
+1Z1, Z310Z3) — Z2(9lZ1, Z3) — 9([Z)1, Z531, Z2))

— 122, Z3W(@Z1) + Z1(9lZ2, Z3)) + ¢(([Z2, Z3], 71)}
=0,

by Jacobi’s identity. Assume now that the identity (1.119) holds for any ¢ €
' (A9Tp,1(M)*). As noticed above, it suffices to check (1.119) for ¢ = A A pu,
where L € I'*®(Tp 1 (M)*) and u € I'*°(A9Tp,1(M)*). We have (by Lemma 1.7 and
by (1.119) for ¢ = A, respectively for ¢ = )

=q+279+1 912

_1 —
35 A ) =37 ((ab,\)Au—,\/\a;’u)

= @) A+ @A) AT — @) AT+ A AT B
=0
and (1.119) is completely proved. ]

We proceed by discussing the reformulation of the 3, operator on a nondegenerate
CR manifold. Let (M, T1,0(M)) be a nondegenerate CR manifold, of CR dimension
n, and 6 a pseudo-Hermitian structure on M. Let T be the characteristic direction of
deé.

Definition 1.39. A complex-valued g-form ¢ on M is said to be a (0, g)-form if
ThoM)le=0and T o =0. O

Let A%9(M) be the bundle of all (0, q)-forms on M. Clearly A%O(M) = M x C,
the trivial line bundle over M. Let {7y} be a local frame of 77 o(M) and {6} the
corresponding admissible local coframe, i.e.,

TMG“:(S/‘;, TBJQ"‘ =0,T]6%=0.
We define a differential operator

3y : DA (M) — 1A%+ (M)
as follows.

Definition 1.40. Let ¢ be a (0, g)-form on M. Then, by definition, 51,(,0 is the unique
(0, g + 1)-form on M that agrees with d¢ when both are restricted to 7o | (M) ® - - - ®
To,1(M) (g + 1 terms). O
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For instance, given a C* function f : M — C, then (locally)

O f = Ta (/)0
Also, let ¢ be a (0, 1)-form (locally) given by

¢ = a6

Let V be the Tanaka—Webster connection of (M, 0) and let us set

Vaps = (Vap) T
(so that Va,fp/g = T&((pﬁ) — Fgg‘/’ﬁ)- Then

e = (Vawp) 0% A 07,

Moreover,

@+ D@9)Z1,.... Zg41) =

q+1
Y DMZi(9Zh, o Zit, Zigas s Zgi))
i=1
+ > DYe(ZiZ) Zi e )
l<i<j<q+
forany Zi,..., Zy41 € I'®°(T1,0(M)). In other words, modulo the identification (in

the presence of an admissible local frame {6“}) of Ty 1(M)* with a subbundle of
T*(M) ® C, the differential operator 9, is precisely the tangential Cauchy—Riemann
operator of (M, T1,0(M)) as previously introduced. We obtain a sequence of I'*°(M x
C)-modules and differential operators

P (A% (M) 25 1A% (M) 25 1A% (M) s
oy poo A0t ) Py (1.125)
satisfying
=2
3, =0, (1.126)

that is, (1.125) is a cochain complex. The alternative approach to 3, on a nonde-
generate CR manifold (of hypersurface type) through the use of the given pseudo-
Hermitian structure, rather than as a CR-invariant differential operator (cf. also J.M.
Lee [270], p. 165) has the advantage that since elements in (A% (M)) are genuine
differential forms on M, the properties of 3, may be easily deduced from the corre-
sponding properties enjoyed by the exterior differentiation operator d. Indeed, for any
@ € T®(A%(M)) and any Z\, ..., Zy42 € (T 0(M)) we have
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q+2 o ~
@ +D@P)Z1. ... Zgs) = YD Zi(@o0) (- Zi )
i=1
+ Y DM @OZLZ e L 2 ),
I<i<j=q+2

Since (by the integrability of the CR structure) [Z;, Z;] € I'™(Ty,1(M)), it follows
that

~ ~

Op)UZis Zi)y o Zio s Zjy o) = @O Zi, Z)j), oo Ziy o 2y
(by the very definition of 3, on a nondegenerate CR manifold). Then

q+2 P g — i —
i=1

~

+ Y DYARZi Z)). . L 2y )
I<i<j=q+2

=(q+2(d*0)Z\, ..., Zgs2) =0

and (1.126) is proved. Similarly, one may check that

Ap(p AY) = (@) AV + (=D A dpyr (1.127)

for any (0, g)-form ¢ and any (0, p)-form ¢ on M. ]

We wish to make a few remarks on the tangential CR equations on functions. Let
(M, T1,0(M)) be a CR manifold (of arbitrary, but fixed, type).

Definition 1.41. A function f € I'**(M x C) is CR-holomorphic (or simply CR) if
0pf =0 (1.128)

and (1.128) are the tangential Cauchy—Riemann equations. |

We do not discuss CR functions (and the holomorphic extension problem) in this
book. Excellent monographs treating the argument are those of A. Boggess [70], M.S.
Baouendi, P. Ebenfelt, and L.P. Rothschild [31]. Let us look, however, at a couple of
simple examples.

(1) Let U < C be an open subset and F : U — C a holomorphic function. Let
M C U be an embedded CR manifold. Then f = F o is a CR-holomorphic function
on M (where : : M — U is the inclusion). The converse is not true in general. That
is, given a CR-holomorphic function f : M — C and a point x € M, then in general,
f may not extend to a function that is holomorphic in a neighborhood of x in CV. For
instance, let

M={(z,7% e C?:Im(z") =0}
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Then To,1(M) is spanned by T = 9/ 97 and the tangential Cauchy—Riemann equa-
tions may be written

af
=L —o. 1.129
372 (1129

Letus set z! = x 4 iy. Then any C* function f(x) is a solution of (1.129); yet f(x)
may not extend to a holomorphic function in C? unless it is real analytic in x to start
with. See A. Boggess [70], p. 141. (]

(2) Let F : H, — H,, be a C°° map, where H,, is the Heisenberg group. Then F
is a CR map if and only if Fi 1< j <n,and |F|2 — if are CR-holomorphic. Here
we have set F = (F!,..., F", f)and |F|* = 8, F/ Fk. O

The problem whether (or under what assumptions) a given CR function on an em-
bedded CR manifold extends (locally or globally) to a holomorphic function occupies
a large amount of literature (cf. [70] and references therein). For instance (by a clas-
sical result of F. Severi [370], and G. Tomassini [403], who extended Severi’s result
to the case of CR manifolds of arbitrary CR codimension), if M is a real analytic
embedded CR manifold then any real analytic CR-holomorphic function extends to a
function that is holomorphic in some neighborhood of M.

A generalization of the Cauchy—Riemann equations (in one complex variable) has
been proposed by I.N. Vekua (cf. [418]), who studied solutions to the PDE d;w =
aw + bw (generalized analytic functions), where a, b are C? functions on a domain
in C. The ideas of I.N. Vekua were carried over to the case of several complex vari-
ables by A. Koohara ([253]) and L.G. Mikhailov and A.V. Abrosimov ([301]), who
considered systems of the form

dw=ajw+bjw+c;, 1<j=<n (1.130)
(and Y. Hayashi ([195]) extended their work to nonlinear equations of the form dz, w =
aj fj(w)). The problem of studying traces of solutions to (1.130) on a smooth real
hypersurface in C" (generalized CR functions) is open.

1.7.2 CR-holomorphic bundles

Let (M, T1,0(M)) be a CR manifold and E — M a C* complex vector bundle over
M. Let

dp 1 T™(E) — I (To1(M)* ® E)
be a differential operator satisfying the following requirements:

Ap(fu) = fagu+ @pf) u, (1.131)
Z,Wlu=ZWu—-WZu, (1.132)
forany f € C*(M)®C, u € I*°(E), Z, W € I'*°(T1,0(M)). As to the notation

in (1.132), we have set Zu = @Qpuw)Z. Following N. Tanaka [398], we make the
following definition:
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Definition 1.42. A pair (E, ) consisting of a complex vector bundle (over a CR
manifold) and a differential operator satisfying (1.131)—(1.132) is said to be a CR-
holomorphic vector bundle. O

Let us look at a few examples of CR-holomorphic vector bundles.

(i) Let V be a complex manifold. Let M C V be a CR submanifold (carrying the
CR structure (1.12) induced on M by the complex structure of V). Assume that M is
regularly embedded in V as a closed subset. Let 7 : ' — V be a holomorphic vector
bundle over V. Then the portion E = 7~ !(M) of F over M is CR-holomorphic.
Indeed, since F' is holomorphic, there is a natural differential operator

F : T(F) — (1" (V)* @ F),

where 701 (V) is the antiholomorphic tangent bundle over V. Given u € I'*®(E)
let i € T°°(F) be a C* extension of u as a cross-section in F and set (51514))C =
(9Fi), for any x € M. The definition of (9 gu) does not depend on the choice of
extension i of u because (5f)|T0,1(M) = 5b(ﬁM) for any C* function f : V — C.
Let {®, : 7 HQy) > Qo xC" € I} be a trivialization atlas for F' and Gg, :
QpNQy — GL(m, C) the corresponding transition functions. Let us set Uy = Q,NM
and ggy = G Bt U, (U Since the G gy are holomorphic, it follows that £ — M is a
peculiar type of CR-holomorphic vector bundle (called locally trivial by C. Le Brun
[268]) in that its transition functions are matrix-valued CR functions on M. U

(i1) Let (M, T7,0(M)) be a CR manifold and consider the quotient bundle

TIM)®C

T(M) = Tp,1 (M)

and the canonical bundle map 7 : T(M) ® C — f(M ). We define a differential
operator

B D@ (M) — T=(To 1 (M)* @ T(M))

as follows. For any u € Foo(f"(M)) thereis W € I'®(T (M)®C) such that 7 (W) = u.
Then we set

(372(M)M)7 = 7[[77 w1,
for any Z € I'™°(Ty,0(M)). The definition of 5f ot does not depend on the choice
of W with (W) = u because of the formal integrability property (1.6) of the CR
structure T o(M). Then (T (M), Bf( M)) is a CR-holomorphic vector bundle. It is in-

teresting to note that the construction of §f ) is very similar to that of the complex
Bott connection of a holomorphic foliation (compare with R. Bott and P. Baum [76]).
This analogy is further exploited in the next section. ]

(iii) The CR structure 77 (M) itself may be organized, when M is nondegenerate,
as a CR-holomorphic vector bundle over M. Indeed, if € is a contact structure on
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M and V the corresponding Tanaka—Webster connection, then we may consider the
first-order differential operator

A7, oy : T(T1,0(M)) — T°(To, 1 (M)* ® Ty 0(M)),

O1 0 Z)W :=VwZ, Z, W € Ty o(M).

Then the pair (T1,0(M), 5T1_0(M)) is a CR-holomorphic vector bundle because the

curvature Ry of V satisfies Ry(Z, W)V = 0, for any Z, V, W € Ty o(M) (cf. H.
Urakawa [412], p. 569). U

(iv) The canonical bundle K (M) is organized as a CR-holomorphic vector bundle
in Chapter 8 of this book (in connection with the solutions to the inhomogeneous
Yang-Mills equation). ]

Let (E, 3£) be a CR-holomorphic vector bundle. We define a differential operator

3% T®(ATy, 1 (M)* ® E) — I°(AY Ty 1 (M)* ® E)

by setting
Q) (Z1, ... Zgr1) =
#{‘f(—l)"“ (350 @1, Z1 o Zg40)) Zi
71| i Zie i) Zs
+Z(—l)i+j<p([7i,7j],71,...,?i,...,?j,...,fqﬂ)}
i<j

forany ¢ € I'**(A9Tp1(M)*® E) andany Z; € I'*°(T10(M)), 1 < j <g+1.]Just
as in the case of the Cauchy—Riemann operator 3, one may show that 5?;@ isaC*®
section in A‘”‘lTo,] (M)* ® E and that 5%“ o 5% = 0forany g > 0.

Proposition 1.15. {I'*°(A9Tp 1 (M)* ® E), 5(115},120 is a cochain complex.

Let H1(M, E) be the corresponding cohomology groups.

1.7.3 The Frolicher spectral sequence
We start by introducing a certain filtration of the de Rham complex. Let
(Q4(M) == T(A'T*(M) ® C), di=0

be the de Rham complex of M with complex coefficients and H*(M, C) the corre-
sponding de Rham cohomology groups. Let x € M. Let FPQK(M), consist of all
¢ € A¥T*(M), ®g C such that

(p(er"'a Wp*lavlv "‘9vk7}7+1) =O’
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forany W; e T,(M)®@rCandany V; € T1 o(M),,1 <i < p—1,1<j<k—p+1.
Then FPQ*(M) is a subbundle of AXT*(M) ® C satisfying the following properties:

FPQX (M) o FPHIQk My, FPHIQP (M) = 0.
We also set FOQK(M) = A*T*(M) ® C. Note that
dT®(FPQE(M)) c T®(FPQ 1 (m)).

Hence

Proposition 1.16. {I"°°(F? Qk (M)} p k>0 is a (decreasing) filtration of the de Rham
complex

!

{
k) o rowFlQkM) > TOFIXQkM) >---
L d L d 1 d
Qk+1(M) 5 FOO(FIQk+1(M)) ) FOO(FZQk-‘rl(M)) 5.

¥ i -

Let {E,(M)},>1 be the spectral sequence associated with this filtration. In analogy
with [158] we make the following definition:

Definition 1.43. {E,.(M)},> is referred to as the Frolicher spectral sequence of the
CR manifold M. O

Precisely, we set
CP9 (M) = T®(FPQPYI(M)) Nd~ T (FPH QPtatl(m)y),
and
DY (M) = T®(FPQPY (M) Nd T®(FP~"QPH—1(M)).
Note that
DMy =ac? " .
Finally, we set
E(M) = {E (M)} p.4>0,
(M)

EPIM) = )
1,g—1 s
Ny + DY (M)

We shall be particularly interested in E{’ (M) and E§’0(M ), which are denoted by

HP9(M) and Hé‘ (M). This is consistent with our previous notation, since, as will be
shortly shown, E ?’q(M ) are precisely the Kohn—Rossi cohomology groups. CR ana-
logues of Theorems 1 and 3 of L. Cordero, M. Fernandez, L. Ugarte, and A. Gray [106]
(describing the Frolicher spectral sequence of a complex manifold) are not known,
so far.
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Next, we express 9 in terms of covariant derivatives. For the rest of this section,
we assume (M, T7 o(M)) to be a nondegenerate CR manifold (of hypersurface type) of
CR dimension n. Let 0 be a fixed pseudo-Hermitian structure on M. Let {Ty, ..., T,}
be a (local) frame of 77 ¢(M), defined on some open set U € M. Let 0, ..., 6M
be the corresponding dual admissible coframe. As a useful consequence of our non-
degeneracy assumption, we may express dp, in terms of covariant derivatives, with
respect to the Tanaka—Webster connection V of (M, 6). Any (0, g)-form ¢ on M may
be represented locally as

1 N N
0 = —0a,q O A NG,
q! !

The covariant derivatives V4¢g, ..., of ¢ with respect to V are defined by
Vava-a, = (Vr,0)Tg,, ..., Ta,),

where A € {0,1,...,n,1,..., 7} and Ty = T. Explicitly,

1 N 7
Vi, = ;{Tm&l...&q) =" Gor-aiai-a Cha, |- (1.133)
. 2

If T is the torsion tensor field of V, we recall that Ty (Tg, TB) = 0, that is,
1 (r* I _
(s, Tgl = (T = T8 ) T (1.134)
We may perform the following calculation:

I = _
G+ 1! (ab‘p)&1'~~&q+l = (Bbfp)(T@I ey T&q+l) = (dw)(T&l e, T5‘q+l)

1 q+1 ) .
= m{ Z(—l)l_lT&i((ﬂ(‘ e T&,- )
i=1

+Z(—1)i+j</>([T&,-, T&_,-],-u,fa,-,---,f&,,n-)};

i<j
hence (by (1.134))

q+1
_ -
@@)aay0 = ) D a0y, 4a,,)

i=1

q+1 B
_1HIiTHR D .
+ 21: Z( D 1—‘D‘ic“j (pll-al"‘ﬂtimotjmaqﬂ
1=11<j
q+1 .
_ _1HITRE D . .
Zl Z( D Fo‘jaiw#'“ﬂtr~-a_;-~-otq+1 :
j=li<j

Finally (interchanging i and j in the last sum), by the skew-symmetry of ¢g,..q, we
obtain the following result:
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Proposition 1.17. Let M be a nondegenerate CR manifold. For any (0, q)-form ¢
on M,

by @5@)ar--ag 0% A -+ A G,

1
S (g+ 1)
@@)ar-ay =4 Y (=D Vag

i=1

(1.135)

o Qg

Next, we wish to establish an explicit identity relating the exterior differentiation oper-
ator d and the tangential Cauchy—Riemann operator d,. Precisely, we relate dg to 95 ¢,
for any (0, g)-form ¢ on M. Let m, : Q9(M) — QY4 (M) be the natural projection.
Then

0pp =14 41de.
Another way to put it is that
do = dpp + 1V,
for some uniquely defined (¢ + 1)-form v such that ¥ (Z1, ..., 7q+1) = 0 for any

Zj e I®°(T10(M)),1 < j < q+1.The (g + 1)-form ¢ may be explicitly computed
in terms of covariant derivatives of ¢. Indeed, using the identities

df = T ()0 + Ta(£)0* + T ()0,
do” = 0P nowf +0 AT,
_ B pii o B
o) =Th,0" + 5,0 +T¢,0,
o __ A0 f}
™= AﬂG ,
we may perform the calculation
q'de = (dga,..q,) NO™ A~ AO%
q _ _ o _
+ @ag, Y (—DITION A A OB A DO AT A A 9%
i=1
= Ta(Qa-a,)0" ANOY A AO%
q — —-
+va,-a, Z(—l)”le"” A AGHELA
i=1
(1“5"'_95 AO" +T% 0P A of £ T 0P Ao 4 A%ig A 9“) I LN
uB np 0p K

hence (by interchanging § and «;)
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q'de = q'9p¢ + Ty (@a,..q,)0" AO A AO%

9.
_ B

_©O- -  z- _Q* ap A ... 0y
M“i(pal"'ai—lﬁai+l"'0‘q0 AOTLA N0

i=1

+ T (@g).a,)0 NO™ A~ A O%
q _
5 ] ]
- Z T 08, Pay ity Bty g O 0% A ... A Q%
i=1
q . D - - - -
+Y DT AL 0s g e, 0T A AT A B AGF) AT A A 6%
i=1
Finally (by (1.133)),
do = 3pp + [ (Vi -a,) 0" + (Vova.-a,) 9} AOT A A G

1 & - 5 5 5 5
FOA =D a1, 0% A 0T AT AT AL A 6% (1.136)
Ci=l
Next, we look at the Kohn—Rossi cohomology groups.

Proposition 1.18. (N. Tanaka [398])

EY (M) ~ H> (M)
(an isomorphism).
First, note that

c(m)
Co ™ (M) + DY (M)
) =g e QM) : @) Zi, ... Zgs1) =0,

0,
E (M) =

VZjeTioM),1<j<q+ 1},
o™ M) + DY) = {9 +dp g e TN (M) ® ©), ¥ € Q1(M),

Y71, Z) =0,¥Z; € TioM), 1< j < q.

We build an isomorphism @ : H% (M) — E?’q(M) as follows. Let  be a 9),-
closed (0, g)-form on M and [w] 0.4 (5s) its Kohn—Rossi cohomology class. Then w is
a complex g-form and (dw)(Zy, ..., Zﬁ_ 1) = 0 by the definition of 35, so that the

of w (modulo C147 (M) + Dg’q(M) ) is well defined. We set

class [w] 0

EYY (M)

cD([CU]HO-q(zvj)) = [w]E?’q(M)'
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The definition of @ ([w]yo.q4(pr)) doesn’t depend on the choice of representative be-
cause

3,207 (M) € ¢y (M) + Dy (M).

Indeed, if ¢ is a (0, g — 1)-form on M then (by_(1.136))_d<p = 5b€0 -y fo_r some
uniquely determined g-form v such that ¥ (Zi,...,Z;) = O0; hence dpp €
Cé’q_l (M)—l—Dg’q(M). To prove that @ is one-to-one, assume that ® ([w] 0.4 (7)) = 0.
Then = ¥ + dg for some ¢ € Q4(M), ¢ € Q=1 (M) with y(Zy, ..., Z,) = 0.
Yet we may write ¢ = m;_1¢ + 1 for some uniquely determined (¢ — 1)-form 7

such that n(Z;, ..., Z4—1) = 0. Thus dn)(Z,, ...,7q) = 0, as a consequence
of the formal integrability property of 77 0(M). Finally, o = ¥ + dn,_1¢ + dn
yields = 0pmy_19, that is, [w] o4 My = 0. To check the surjectivity of @, let
[n]E?,q(M) € E?’q(M). It suffices to observe that n — 7;n € C(;‘q71 (M) + Dg’q(M)
(indeed, set v = n — myn and ¢ = 0). |

Our next task is to look at the cohomology groups H?-9(M). Let (M, T1 o(M)) be

a CR manifold and set

FPQPTI(M

AP M) = #
FrHiQr+a(M)

In particular,
AIT*(M) ® C _
{p e NT*(M)®C: ¢(Z1,...,Z4) =0,YZ; € Tio(M), 1 < j <q}’

A% (M) =
hence, if M is a nondegenerate CR manifold (of hypersurface type) then A%4 (M) is
the bundle of all (0, g)-forms on M. Let us set

QP9(M) := T (AP1(M)).

Since the filtration {I"®° (F PQK(M ))} is stable under d (the exterior differentiation
operator), there is a naturally induced differential operator

T PaM) — QPITH (M)
such that 5;’q+] 03y =0,1ie.,
{QP"(M),EZ’"}

is a cochain complex. Clearly, for p = O this is the tangential Cauchy—Riemann com-
plex (1.118).

Proposition 1.19. (N. Tanaka [398])
H (@ (M), 317 ) = HP9 (M)

(an isomorphism), i.e., HP9(M) are the cohomology groups of the complex
Q- (M), 35"},
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Proof. We have

cyi
HP1(M) = EPY(M) =
1 cythet 4 ppe
_ T(FPQPY(M)) Nd T (FPHQratt(p))
C D(FPHLQPYa(M)) 4+ dT O (FPQrra—1(M))

We define a homomorphism
W HPY(M) — HY(QP (M), d,)
by setting
V(lelgra) =l + FrHiQr+a)

for any ¢ € I®(FPQPT4(M)) such that dp € I (FPHIQPTa+1 (M), Here [¢] g
is the class of ¢ modulo

O (FPHLQPT (M) + dT®(FPQPTI1(M)).

Also

@ + FPHIQPTd ¢ poo(QP1)
and [¢ + FPTIQPH4] is the class of ¢ + FPH1 QP4 modulo

ara=peo(ratpy) .

Since dg € T®(FPHIQP+a+1(p)) it follows that

3, (9 + FPYIQPH) = 0;
hence ¢ + FP1QPT4 does define a cohomology class in

HY(QP (M), 95).

To see that the definition of W ([¢] Elp.q) doesn’t depend on the choice of representative,
it suffices to check that given ¢ € Cé’“’q*l + D{"? one has ¢ + FPTIQr+a ¢

5{7’*’1‘191’#—1(1&4). Indeed ¢ = a + dB for some a € I'®(FPTIQPa(M)) and
B € T®(FPQPTI~1(M)); therefore

¢ + FPHIQrta = ap 4 preiQra = 297 (g 4 prigrta-t)

The reader may check that W is an isomorphism. |
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We shall need the complex vector bundle
EP = APT(M)*.

We organize E” — M as a CR-holomorphic bundle by considering the differential
operator

dgp : T®(EP) — T°(Ty 1 (M)* ® EP)

defined by

((ng‘P)a Wy, ..., up) =

p
Z(w(l't]’ "'7“[7)) _Zw(ula "~7ui719zuiaui+la -"71/[1])’
i=1
forany ¢ € F‘X’(Iil’) and any Z € I'*°(T1,0(M)), u; € Foo(f"(M)), 1 <i < p.Here
Zu,- = (8f(M)ui)Z.

Proposition 1.20. (N. Tanaka [398])
APU(M) ~ ATy (M)* ® EP
(a complex vector bundle isomorphism).
Proof. Define
fPaFPQPYI(M) — ATy (M)* ® EP
by setting
((fPU)(Z1, ... Z) s oo sup) = (Wi, .o, Wy, Z1, .. Zg),

forany ¢ € FPQPTI(M), Zj € T1,o(M),1 < j < q,and u; € f"(M), 1 <i<np.
Here W; € T(M) ® C is a lift of u;, i.e., m(W;) = u;. The definition doesn’t depend
on the choice of lifts W; of u; because ¢ € FPQPT4(M). Note that

pHloptqg pPOP+q g * p
0 — FPHIQPHaMy — FPQPHaM) L5 ATy (M)  EP -0 (1.137)

is a short exact sequence of complex vector bundles and complex vector bundle ho-
momorphisms. It is not difficult to check that Ker(f77) = FPT1QPT4(M). However,
the surjectivity of f7°¢ is somewhat trickier. Let v € AT 1(M)* @ E?. To build
aq@ € FPQPTI(M) such that f79(p) = ¥ we choose just any complement F of
To,1(M) in T(M) ® C (e.g., if M is a nondegenerate CR manifold of hypersurface
type and T the characteristic direction of (M, 6), then we set F = T1 o(M) @ CT) and
letmo 1 : T(M) ® C — Tp,1(M) be the natural projection (associated with the direct
sum decomposition T(M) ® C = Ty 1 (M) & F). Next, we define ¢ € QPT4(M) by
setting
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(p(le L} Werq) =

(=1)re
—_— Z €@V (0,1 Wo1)s - -» 01 Wo () T Wo(g41)s -+ » TWo(g4p))s

1g!
prq: OETp4q

forany W; e T(M) ® C, 1 < j < p + q. Clearly ¢ so defined is an element of
[ (FPQPT4(M)). For the convenience of the reader we compute f7-4(¢p) explicitly.
Given f € 0y and g € 0, leto (g, f) € op14 be defined by

_ 1 q qg+1---qg+p
G(g’f)_<p+g(l)~" p+sglg fA) .- f(l’))'

Then e(o (g, f)) = (—1)P9€(f)e(g). Finally, one may perform the calculation

(p(Wl""a Wpaflv"~77q)=
(=14
— D €@ DY@ Wpigt)s - 101 Wpig@) TWrays - T W)
p:q: feop, geoy
=VY(Z1, ..., Z)@Wy, ..., TW)),
where Wy ; =Z;,1<j<gq. O

Finally, from (1.137) we have

FPQPYa(M)
ATy (M) Q EP =1 Pay~ — = API(M). O
()T ® EP =Tm(f") = = (M)

Let g9 : AP9(M) — A9Tp1(M)* ® E? be the isomorphism furnished by the
preceding proposition. If f : E — F is a complex vector bundle homomorphism
then we denote by f; : [°°(E) — I'*°(F) the induced map of sections. Consider the
diagram

gP"I
QPIM) —> T®(AITy (M)* ® EP)
L3y L 3%

P.q+l1

QP (M) “s TRATHITy (M) ® EP)
Then
3%y 0 gl = (—)Pgl Mt o), (1.138)
The proof of (1.138) is left as an exercise to the reader.
Corollary 1.2. (N. Tanaka [398])
HP9 (M)~ H1(M, E)

(an isomorphism).
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Proof. By (1.138) the map géy 1 induces a map (g”7), on cohomology. Finally, we
inspect the diagram

HPA(M) ~ HY (QPv(M),ﬁf")
(@)«
HY(M, EP) = HY (A-To,l(M)* ® E”,5'E,7) . O

Let(E,dg)bea CR-holomorphic vector bundle (over the CR manifold (M, T1,0(M))).
Definition 1.44. A cross-section u € T'°°(E) is CR-holomorphic if d gu = 0. ([l
The purpose of the present section is to establish the following result:

Proposition 1.21.
EYO(M) = Ker(@p). H(M) = HHE{* (). ).

That is, E]f’O(M ) is isomorphic to the space of CR-holomorphic sections in EP =
APT (M) and Hok (M) are the cohomology groups of the complex {Ef’O(M), d{"o}kzo
(where d]f’o is naturally induced by d).

Proof. Since F¥Q*~1(M) = 0 it follows that
EFO) = 1% (Fretan ) na='r (P18 ().
Hence
d : T®(F*Q*(M)) — T (FFQ (M)
descends to a differential operator
a0 BNy — EFTO
such that
dit 0o dp? = 0.

Note that Elf’O(M) consists of all ¢ € I (Q¥(M) ® C) with

oW1, ..., W1, Z) =0
and

do)(Wi,...,Wg, Z) =0
forany W; e TIM) ® C,1 <i <k,and any Z € T1 o(M). Let us define

(O3 Ker(gEk) — Elf’O(M)
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by setting

(PYYW, ..., W) =Y (@aWy, ..., mWy).
Since

(DY) (Wi, ..., Wiy, Z) =0,
(@YW, ..., Wi, Z) = (=D (@) Z) (eW1, ..., e Wi) =0,

it follows that ®v is well defined. The reader may check that @ is an isomorphism
with the (obvious) inverse

@) i, .. uk) = (W, ..., Wi,

where W; € T(M) ® C is some lift of u; € f(M), 1<ic<k.
To prove the second statement in the proposition, note that
cOm)
ity + DO
50 (M) = {p € T®(FXQ* (M) : dp =0},

HE M) = EXO(m) =

CE T + DEO ) = (P2 Q) nar= (P15 (),
Also

‘ , Ker(d"")

HNEY (M), 4y = oo

d, E] (M)

Let ¢ € I®(F*¥QK(M)) be such that dp = 0. The reader may check that
[ oy F— @ + d{‘*l,OE{cfl,O(M)

is a (well-defined) isomorphism. U

1.7.4 A long exact sequence

Let d”9 be the restriction of d to ' (FP QP14 (M)). Since
dT®(FPQPTI(M)) C T®(FPQPTati(m))

it follows that {T'°(F?QP* (M)), d”'} is a cochain complex. Let us set

HP (M) = HY (T(FPQPY (M), dP) .



1.7 The tangential Cauchy—Riemann complex 95

Proposition 1.22. (N. Tanaka [398])
There is a natural exact sequence of cohomology groups

0 — HYM) — HFYY(M) — BN (M) - HEY(M) —
— HY2 (M) > o > HYP (M) —>
— =M oy > BN ) > BEOT ) -
Proof. Consider the short exact sequence
0 — F*Q Py — FF1QM M) — it ) — o,

for any g > 0. An inspection of the diagram

0 0
\ i

co = T (FRQM (M) 4 (FrQktatlm)) — ...
\ \

oo o T (FR 194 (ar)) d' T (F1QM 1 () = -
b —k—1,g+1 ¢

e s T© (Qkfl,q+l(M)) b, ° (Qkfl,q+2(M)) ...
\ \
0 0

furnishes the cohomology sequence

—1,q+1

k
HE My > HEVT ) > RN ) P S BRI (),

where all but the connection homomorphism 8¢~ 1-4*! are naturally induced maps.
As to 8k~ 1441 it is defined by the following considerations. Let ¢ + FFQkta ¢

Ker(@, "*"). Then

—k—1,q+1

hence dg € T (FFQ*9+1(M)). Therefore the class [d@],ka+1 4y, of de (modulo
dkare (Fk Qkta (M))) is well defined. Note that in general d¢ is not d*9-exact (be-
cause one only has ¢ € I'®(FK1QKt4(M)), rather than ¢ € TP (FKQKTI(M))).

Finally, we set

k—1,g+1 . k ok
ST e + PR v gy > (4] gran -

It is a standard exercise in homological algebra that the definition doesn’t depend on
the choice of representative. For ¢ = 0 one obtains the sequence

k—1,1
HYOM) — HEY oy > BNy = HE (M) > -
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This is exact at all terms, except at H,f ’O(M ). Finally, the sequence in the statement of
the proposition may be obtained from the identities

HEOM) = (9 € T (FFQt () ) < dp = 0),
Ker(Hf’O(M) = Hf’”(M)) = DM,

HEO (M)

HYM) ~ H* (E;°(M), d;°) = =2,
( ) DY (M)

1.7.5 Bott obstructions

Let (M, Ty oM)) be a CR manifold of type (n, k). Recall the (CR holomorphic) vector
bundle 7' (M) = (T (M) ® C)/To.1(M).

Definition 1.45. A connection D in f"(M ) is said to be basic if it extends the 5f M)
operator, that is,

Z|DnW =n[Z, W]

forany Z € T o(M) andany W € T(M) ® C. O

For instance, if (M, T1,0(M)) is a nondegenerate CR manifold of hypersurface type
and 6 € Q'(M) is a fixed pseudo-Hermitian structure on M then let T be the char-
acteristic direction of d6 and o : f"(M ) — T1,0(M) & CT the natural isomorphism
(associated with the decomposition T (M) ® C = T1 o(M) & To,1(M) & CT). Let V
be the Tanaka—Webster connection of (M, 6). Then the connection D in f"(M ) given
by

alV,o)] ifV eTo1(M),

Dyu = .
aVyo(u) itV eTioM)eCT,

is clearly basic. The reader may note the analogy with the transverse Levi-Civita con-
nection of a Riemannian foliatAion (cf. (5.3) in [408], p. 48).
Let D be a connection in 7 (M) and

K(D): T(M) — [A*’T*(M)® C]® T(M)

its curvature 2-form. The aim of the present section is to establish the following result:

Theorem 1.18. Let M be a nondegenerate CR manifold (of hypersurface type) of CR
dimension n and 6 an arbitrary pseudo-Hermitian structure on M. Let D be a basic
connection in T (M). Then

K(D) =0 mod 6%, 0

for any admissible frame {0, . .., 0"} of TioM)onU.
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Proof. As we shall see shortly, this is similar to the P. Baum and R. Bott vanishing
theorem (cf. (0.51) in [76], p. 287). To prove Theorem 1.18, let {0*} be an admissible,
ie., 0%(Tg) = 6%, 0“(T}§) = 0%(T) = 0, frame of T} o(M)* on U. Next, let I (U)
be the ideal of Q*(U) (the de Rham algebra of U) spanned by {61, ...,0" 0} We
organize the proof in several steps, as follows.

Stepl dI(U) € I(U). To prove Step 1, let n = Z'}:O 07 A nj,» where 69 = 0.
Then (by (1.64))

n

dn =" (d67 nnj— 6 ndn;) =
=0
= 2ih,56% AOP Ao+ (6P A +6 AT Aty =0,

All congruence relations are mod 7(U). Let D pe a basic connection in f"(M ). Note
that {7 T1, ..., nfn, T} is a (local) frame of T (M) on U. The corresponding con-
nection 1-forms y; of D are given by

DnT; = y} QnT;.

Here0 <i,j<nand To=T.
0 _ 0—»;3 -pB — B — B
Step2 y) =0, y) =2ih,;6”, y{f:A%eﬂ, yg=rg#9ﬂ.

Since D extends the 5f( M)

operator we have
yi(Z)nT; = 7(Z, Tj),
for any Z € T1,0(M). Then (by (1.37))

vAZ) = 2iLo(Ty, Z),
vE(Z) = V5T,
W@y =0, vy @15 =22,

and Step 2 is proved. Let K j be the curvature 2-forms of D with respect to {7 T}, that
is,

K(D)nTj =K ®@nT;.
Then
i _ i i k
K; _dyj—i-yk/\yj .

It remains to prove that K ; = 0. Using Steps 1 and 2 and the symmetry of Ayg (cf.
the proof of Lemma 1.4) we may perform the calculation
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KQ=dyd + v AvE = yO Ayg =2ih, ;67 A A%R =2iA5:608 A 67 =0,
hence Kg = 0. Next, by Vgg = 0 and (1.64), and again by Steps 1 and 2, we have

KO =ayl + y0 AvE =2id(hy,56P) + y) A yE
= 2i{dh,; A OF + h,5d6P) + 2ihg;6% AT 67
= 2i{ oty + 0lih, ) AP + g O A +0 A Th) + 21k T, 0% A OF
= 20{(han 56" + I, 5T,07) A 68 + hoz6™ ATE 67 £ T8 6% A 67} =0;
hence K = 0. Similarly

K§ = dy + 70 Ay = d(A%9°) + vg A vl

= (dA9) A 0P 4 A%d@ﬁ + 1‘%39X A ALgR
= T5(A9)67 A 0F + A%(6 A Wl +6 AP+ re, ALO™ A 0%
= (T5(AS) + +T%; A% — ATTE 07 A 6F = h7 (V;A5,) 07 A 0P,
Yet
VoApy = VgAay; (1.139)
hence K§ = 0. The proof of (1.139) is left as an exercise to the reader. See also (2.6)
in [270], p. 163. Finally (by (1.89)),
K§ =dy§ + v Avg =dT30" +y5 Avg +yi AvE
= do + ALO" A 2ihy;0" +T8,07 AT 0
= dof} + o Aol + 2ih g5 A%OF A 6F
=15+ 2i7% A O = Qf == Ry, + W§,0" A0 — W 0™ 7 6;
hence K g = (. Theorem 1.18 is completely proved. ]

We close the section with the following remark. Let V be a complex manifold, of
complex dimension n, and let F be an involutive, that is,

[[°(F), D™ (F)] € T>(F),

complex subbundle of the holomorphic tangent bundle T1:°(V) of V. Assume
dimc Fy = k, x € V. Moreover, let ¢ € C[X{,..., X,] be a symmetric homo-
geneous polynomial of degree £ < n. Let o1, ..., 0, be the elementary symmetric
functions of X1, ..., X,. Clearly ¢ may be written as a function ¢(o1, ..., o) of the
first £ elementary symmetric functions. Define ¢(T-9(V)/F) € H*(V, C) by setting
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o(T V) F) = @i (TH O (V)/F), ... ce( V) F)),

where cj(T]’O(V)/F) are the Chern classes of 71-9(V)/F. Then the P. Baum and
R. Bott vanishing theorem is that

p(T"OV)/F) =0, (1.140)

for any symmetric homogeneous polynomial ¢ € C[X1, ..., X,] of degree n — k <
£ < n. Let (U, z%) be local complex coordinates on V such that Fy is the span of
8/0z',...,8/3zF. Let I (U, F) be the ideal of Q*(U)®C spanned by dz5*!, ... dz".
Letw : TH0(V) — T19(V)/F be the projection. Let K be the curvature forms of a
basic (in the sense of [76], p.295) connection in T10(V)/F, with respect to the local

frame {d/9z5t!, ..., 18/8z"}. The proof of (1.140) is to show that Kg € I(U,F)

(hence, if the degree of ¢ is large enough (i.e., £ > n — k) the characteristic form’
@(01(K), ...,00(K)) vanishes because of wi,...,wp—t+1 € [(U, F) = w; A
co o A Wp—k+1 = 0). In this respect, the P. Baum and R. Bott vanishing theorem is
similar to our Theorem 1.18. However, Theorem 1.18 is the best one can get, for one
may not interpret Theorem 1.18 as a vanishing of <p(f(M )) = 0 for some ¢. Indeed, if
¢ € C[X1, ..., Xn] is a symmetric homogeneous polynomial with deg(¢) < n, then
one has only

W1y ey p2 €IU) = w1 A+ Awpy2 = 0; (1.141)

hence the degree of ¢ should be at least n + 2 (to allow the use of (1.141)). Yet, if this
is the case, the characteristic form vanishes in its own right:

@(01(K), ..., 00(K)) =0

(because it has degree > 2n + 2 and dimr M = 2n + 1). O

1.7.6 The Kohn-Rossi Laplacian

Let (M , T oM )) be a strictly pseudoconvex CR manifold, of CR dimension n. Let 6
be a choice of pseudo-Hermitian structure on M such that the Levi form Ly is positive
definite. Let {7 } be a local frame of T o(M) and {6} the corresponding (admissible)
dual frame. Given ¢, ¥ € Q%9(M) we define a pointwise inner product (g, ¥)g by
setting

@y
9

1
<(P, W)e = a%l-ﬂqlﬁ

9 Let D be a connection in TI’O(V)/F and K (D) its curvature form. Define 0 (K), 1 < j <
n, by det(l,_x +tK) = 1 +to1(K) 4+ - + " *o, 1 (K) and 64(K) = 0, n —k <
a < n. Patching together the local forms (i/(2n))(¢(01(1(), ...,0p(K)) gives rise to a
globally defined form (i/(2n))£¢(01 (K (D)), ...,00(K(D))) representing the cohomology
class (T1-0(V)/F).



100 1 CR Manifolds

where

1 _ _
¢ =—@g,.-@,0 AN AO%,
q! !

1 _ _
w = ;W&l...aqeal AR /\9“‘1,

waln-aq — wal..»aq’ wa1~-~aq — hoqu . 'hangl/fﬁ B .
1""Pq

As usual, we define an L? inner product by setting

(9, ¥)p = /M«P, Vo 0 A (dO)"

for any (0, g)-forms ¢, ¥ on M (at least one of compact support). The formal adjoint
9, ;, of the tangential Cauchy—Riemann operator 9, is given by

(551#, <p)9 = (V. 3p0),

for any (0, g)-form ¢, respectively any (0, g + 1)-form 1 on M. We shall need the
following definition:

Definition 1.46. The Kohn—Rossi Laplacian [J;, given by
Op :5;51, +§b§b*- O

The main purpose of the present section is to express Ll,¢ locally in terms of the co-
variant derivatives of ¢ (with respect to the Tanaka—Webster connection V of (M, 6)).
To compute 5; ¥ we recall the local expression (1.135) of 3¢. Therefore, we may
perform the calculation

(551//, w)e = (V. 0p0), = /MW, pe)o O A (dO)"

= (q T / w“l““‘”'(gb‘/’)alwaqﬂ 2N (d@)"

q+1

Z( D'~ 1/ YT NV, Oy gy O A (dO)

hence (by (1.133)),

q+1

(E)b‘/f <P)9 7 —il—l)' Z(—l)i—l /M Y (T, (‘pa1~-~&i~~aq+1>

— E N M
Py OO e Og ] FOliOCj
j<i

- Z(pal"‘&i"'aj—l/i"‘jJrl"'anrl oz,oz,} 0 A (do)".

i<j
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Letus define Z; € T10(M), 1 <i, j < q + 1, by setting
Zi = YN g g T
As we shall see
div(Zy) = To(Z8) + ZI T,

By Green’s lemma

/div(Z,-)GA(d@)":O
M
(Bv0), =5 +1)'Z(_ ', { VI g T

E ay-Qg 4l ( C‘l"'aq+1)
+ 1// (pal @ ) Ogt] a,aj+(p¢¥1"‘ax“'ﬁtq+1Taz Ip

i<j
1 q+1 )

[ _1 1 Toz- o]yt

PEP IRCIGEN

E QL U1 Oy T apOg 4] T
+ w J j+ q+ Fotiu + W q+ F/wti

j<i

+ Z wm...a,‘lll«otj+1¢..otq+1rgiiu}(palm&imaqﬂg A (dO)".

i<j

At this point we define the (0, g)-forms A;, 1 <i < g + 1, by setting

1 _ _
Ai = —(ADg,a, 0" Ao N O,
q!

(ADg,-a, = hap, - ha,p, A?lmﬁ[’ ,
« q+1
A?‘l...a,‘u.ﬂtqﬂ — Ta,- (wﬁtl‘"aqﬂ) + Zwalmaj_l/iaj-%—l‘”otq_,_ll—wgiju.
j=1
Therefore

q+1

<3bw (,0)0 ( n 1), Z(— )’/ al"'a'maqﬂ(pal---&,--~-aq+1 0 A (dO)"

q+1

q+1z( D /M<A,-,<p>99/\(d9),
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so that
1 !

= ——Y (=1)A;.
W q+1;( )

On the other hand, using the identities
dhop = hayol + 5. T,(07") = —hP RV T, (hyp),

and the expression (1.133) of the covariant derivative of a (0, ¢)-form, one may show
that

o ~~(5(,'~-0(q+1
i

A = (g + DIRP1 - p P (Vo5 5 )

1By
hence

q+1 - B B
0 = ) (D' (Va0 A A O,

i=1

or (by the skew-symmetry of ¥z, ~-Eq+1)
By = (=1 g + DI (Vv g0 A A6 (1.142)

for any (0, g + 1)-form ¥ on M. For simplicity, set ¢ = 5: Y. We wish to compute
dp@. Again by (1.135) we have

_ AL S _ _
pp = m Z(_l)l 1(Vai<pa]“_aim&q+l)9a1 Ao A Q%at
i=1

where (by (1.142))
vz, = (=D (g + DIV ¥, a,n
Hence we need to compute the covariant derivatives of ¢. To this end we define
VeViaVa,a, = (VTE(VKM) (T, Ty - - Tayyy)
for any (0, g + 1)-form ¥ on M. Explicitly
VaViva, @, =
g+l
TF(V)»WEl'“EqH) - ngvaal”‘aq+l - Z Fg&j V)Lwal"'&j—lﬁ&j+l"‘aq+l‘

j=1

Using this identity, we obtain

_ N — (—1)4t+1 AMUT_ R
Vai(p&l“‘ai“‘&qul - ( l)q (q + l)h MVO(,‘ kaal.“al‘.“&q+lﬂ
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and therefore

g+1 _ _
A0, ¥ = — Z WG oW, iy 0% A A ORI (1.143)
i=1

To compute 5; dp¥ we start from
3, 0¥ = (=g +2) (V@ )a, -, )0 A - A O,

q+2

@p)a-a,0 = (@ + DY (=)' Vg,

i=1

10 Olgyn’

First, we obtain

q+2

= 1 i—1
Vi@ ¥a, a0 = — 5 Z(—l) ViVa ¥y (1.144)
q+2 =

1Otgyn’

The proof of (1.144) is a rather lengthy computation in multilinear algebra. For the
more pedantic reader, we give some of the details below. Let us start with

q+2
Vi@ W)aaysn = {n((am/f)al..uw) DI CIS DI NS }
j=1

(g +2)!
and define the multi-index

(:lev-'-mgj,q+2) = (01, ey O, [, Qg ]y e s Ogy2).

Then

V)\. (5b¢)51 R PR}

q+2 ] q+2 o
i— R N - R H
q + 2 Z( D { w&l"‘&i"'&q+2) Z} (vﬂji ijl"'Eji"'Ej.quZ)FA&j }

q+2 1
q+22( l)l { wal @ th+2)

_ . v (v A "
- Z Va; wal'“O_lj—ll_w_lj+1“'ai“'&qul)F)“aj (V“wﬁl-“@'"ﬂqﬂ)r)ﬂf

j<i
_ r~
Z al ‘11 aj IMC‘JJrl anrl) )“aj

i<j
q+2

i—1
—5 1j(—l)‘ ViVa Vg, a3,
=

and (1.144) is proved. U
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We have obtained

a;abl// = hxﬂ{ 21: Vi Vg; 1//51.,,5(1.7”1&,.“..@(14“ — V)LVﬁlﬁal‘..aqH }9“1 A A Q%D
i=
(1.145)

At this point, using (1.143) and (1.145) we get

wa (DbW)&I”'&q_HGEI A 95q+1 i

- (g + 1!

where

V)@, a,.1 + WV Viva, ..

q+1
_ A AR _ _ L _
= Z h {v)»vai wal"'ai—lﬂaiJrl'“anrl - vﬂti V)twal"'ai—lﬂaiJrl"'anrl } .

i=l

(g + D!

Of course, as in Riemannian geometry (cf., e.g., [178], p. 78) the presence of the term
ViVa, Va, a1 1@y — Vai VaVa,a;_1jid -, 10 the above identity is an in-
dication that we may express [,y in terms of the curvature of the Tanaka—Webster
connection of (M, 8). Using the identities
(T3, Tl = Ty Ty — Thy Ty — 2ihs T,
V.o _ v i IR o 7
Ra" sz = Th(T) — Te(Tiy) + Tialis — Tialis
P Y L 17
—Tialsa + Tl g + 2ihaalog,

after some unenlightening calculations, which we omit, we obtain
q! (Vkvﬁ%l--ﬂq — Vﬁvk(pal...&q)

q
==2i q ! hkﬁvowalmaq - Z (p&y“&j,]);&wry“aq R&jykﬁ
j=1

for any (0, g)-form ¢ on M. Finally, one may observe that

Mp Y  _ _pY_
h Rﬁ = R” 7,

where
R = h*Y Rog,

to obtain the sought-after expression of the Kohn—Rossi Laplacian of (M, 6).
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Theorem 1.19. Let M be a strictly pseudoconvex CR manifold. Let 6 be such that Ly
is positive definite. Then

Opyr = { - hmvxvﬁlﬁal-»-aﬁ. —2i(q + DVoVa, .-,

1 q+1
E V= V_
|: A Qi1 Y &it] O+ R o

(q + 1!
q+1
- Z (Z Ry j I//al“'&j—l);&frl“'&i—lll‘iiJrl“‘anrl
j<i
+ Z Rajyuai 1//011'“051'1M0!i+1‘“ﬁtjlVaj+1“‘aq+l>] }90[1 A A% (1.146)

Jj>i
forany (0, g + 1)-form ¥ on M.

The reader should compare our (1.146) with its Riemannian counterpart (2.12.4) in
[178], p. 78. A combination of (2.12.4) in [178], Green’s lemma, and the fundamen-
tal theorem!® in [178], p. 76, is known to lead to the classical relationship!! among
curvature and homology (cf. Theorem 3.2.4 in [178], p. 88). It should be mentioned
that although a CR analogue (in terms of Kohn—Rossi cohomology groups and ;-
harmonic forms) of the fundamental theorem above has been known for quite some
time (cf. J.J. Kohn [246]) similar applications (based on our (1.146)) seem to be un-
known as yet. The very explicit identity (1.146) doesn’t seem to appear anywhere in
the literature (apparently only approximate formulas such as (A.5) in Appendix A,
modulo error terms, have been derived).
In particular, for g = 0 the identity (1.146) becomes

Oy = {—hmvkvwa —2iVoya + wR%} 67
for any ¢ € Q%!1(M). Also, if f : M — C is some C™ function then
O f = 9,95 f = WV fz,

where fr = Tz(f). Note the presence of the second-order differential operator
hmVAVﬁ in the expression of [J,,. Since we wish M to be positive definite, it is only
natural to employ a Riemannian background metric to define our L? inner product
on (0, g)-forms and the corresponding formal adjoint 5; of the tangential Cauchy—
Riemann operator. Hence, as shown above, when (M ,Ti.o(M )) is strictly pseudocon-
vex one may use the Webster metric gy (for some fixed choice of pseudo-Hermitian

10 et Mbea compact orientable Riemannian manifold. Then the number of linearly indepen-
dent real harmonic forms of degree p is equal to the pth Betti number of M.

Wifona compact and orientable Riemannian n-dimensional manifold M the quadratic form
F(a) = Rijai"z"".f’aj,-z...ip + prlR,-jkgoz"jiT‘ ip kel ~i,, 18 positive definite then b, (M) =
0,0 < p<n.
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structure 6 such that the Levi form Ly is positive definite). When (M, Ty,0(M)) is only
nondegenerate of signature (k, n — k) then (by Lemma 13.2 in [150], p. 469) there is
a Hermitian form (, ) on 77 o(M) such that for any x € M there is an open neighbor-
hood U of x and a frame {71, ..., T,} of T1,0(M) on U such that (T, Tg) = 845 and
(Ty, Tg)o = €qdq4p (i.e., a Hermitian, hence positive definite, form ( , ) such that (, )
and ( , ) may be simultaneously diagonalized). Here (Z, W)y = Ly(Z, W) for any
Z,WeT oM).Alsoe, =1if ]l <a <kandey, = —1ifk+ 1 <o < n.One then
uses ( , ) to build 5:.

Let (M ,Ti.oM )) be a CR manifold (of hypersurface type). A Levi metric is a
semi-Riemannian metric g on M such that (1) g(J X, JY) = g(X,Y) forany X, Y €
H (M), and (2) there is a pseudo-Hermitian structure & on M such that g*(0,60) = 1
and gC = Lg on Ty o(M) ® Tp,1(M). Here g* is the naturally induced cometric on
T*(M) and g€ is the C-linear extension of g to 7 (M) ® C. For any pseudo-Hermitian
structure 6 on a nondegenerate CR manifold M, the Webster metric gg is a Levi metric.

A Riemannian metric on a CR manifold M is compatible with the CR structure
of M if T1,0(M) and Tp,1(M) are orthogonal with respect to the Hermitian form in
T (M) ® C that is induced by this metric (and J.J. Kohn [248], employs such a com-
patible metric to build the L? closure of 9, and its L2 adjoint).

If g is a Levi metric and h(A, B) = gC(A, B), for any A, B € T(M) ® C, then
Tvo(M) L Tp 1(M) with respect to h. Hence any Levi metric is compatible with the
CR structure of M. However, when M is only nondegenerate the converse is not true
(for k # n). Hence it is unclear whether Bb and [, may be expressed in terms of
covariant derivatives (with respect to the Tanaka—Webster connection V) in this more
general setting (i.e., when a compatible Riemannian metric on a nondegenerate CR
manifold (with k # n) replaces the use of the Webster metric gg). Indeed, the proof of
(1.142) (and hence that of (1.146)) uses the fact that V parallelizes gy (rather than the
additional compatible Riemannian metric). On the other hand, at least a Levi metric
is needed in order to build intrinsic canonical connections (similar to the Tanaka—
Webster connection) on a CR manifold; cf. C.M. Stanton [378].

1.8 The group of CR automorphisms

We close Chapter 1 of this book by an informal discussion of the group Autcr (M) of
all CR automorphisms of a CR manifold. A fundamental result is the following:

Theorem 1.20. (J.M. Lee [273])

Let M be a compact, connected, strictly pseudoconvex CR manifold of dimension 2n +
1 > 3. Then the identity component of Autcr(M) is compact in the compact-open
topology unless M is globally CR equivalent to S*" ' with its standard CR structure.

When 2n 4 1 > 5 the result above follows from known results on biholomorphism
groups of complex manifolds with boundary (actually the full CR automorphism group
is compact unless M is globally CR equivalent to the sphere). Indeed any such M can
be realized as the boundary of an analytic variety whose biholomorphism group is
isomorphic to Autcg(M). Then, by results of B. Wong [434], J.P. Rosay [353], and
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D. Burns and S. Shnider [79], it follows that any such variety with a noncompact bi-
holomorphism group is biholomorphic to the unit ball, so M is CR equivalent to the
sphere. However, abstract 3-dimensional CR manifolds aren’t in general realizable as
boundaries, so the arguments above fail to apply. Previous to Theorem 1.20 it was
known only that a compact, connected, strictly pseudoconvex CR manifold M with
Autcr (M) noncompact is locally CR equivalent to a sphere (cf. S. Webster [423]).
By taking into account the analogy between conformal and CR geometry, J.M. Lee
conjectured (cf. op. cit.) that for any connected, strictly pseudoconvex CR manifold
M the full automorphism group Autcg (M) acts properly!? unless M is CR equivalent
to either S>"*1 or H,,. When M is compact the properness of the action implies the
compactness of Autcr(M). When M is noncompact it may be shown that Autcg (M)
acts properly if and only if it preserves some pseudo-Hermitian structure. The conjec-
ture of J.M. Lee was later' proved by R. Schoen [366]. The final result is our next
theorem:

Theorem 1.21. (R. Schoen [366])

The CR automorphism group of a strictly pseudoconvex CR manifold M acts properly
unless M is globally CR equivalent to the sphere or the Heisenberg group with the
standard CR structure.

The proof of Theorem 1.20 is imitative of that of results in conformal geometry by
M. Obata [330], and J. Lafontaine [265]. It was actually shown by S.M. Webster [423],
that except for one step the arguments in conformal geometry carry over easily to the
CR case. S.M. Webster’s result is (cf. op. cit.) that if M is a compact, connected,
strictly pseudoconvex CR manifold that is locally CR isomorphic to the sphere, and
for which there is a closed noncompact 1-parameter subgroup G; C Autcg(M) with
a fixed point, then M must be globally CR isomorphic to the sphere. The contribution
of J.M. Lee (cf. op. cit.) is precisely to show that a closed noncompact 1-parameter
group of Autcr (M) has a fixed point.

The paper by R. Schoen (cf. op. cit.) establishes first a result in conformal geom-
etry: the conformal automorphism group of a Riemannian manifold M acts properly
unless M is conformally diffeomorphic to the sphere or the Euclidean space with the
standard metric. R. Schoen provides a PDE-theoretic proof'* that can be adapted eas-
ily to give Theorem 1.21.

Bochner-type formulas for operators related to CR automorphisms and spherical
CR structures were obtained by J-H. Cheng [95]. Such formulas allow conclusions
about rigidity of 3-dimensional CR manifolds. Let M be a 3-dimensional strictly
pseudoconvex CR manifold and let Autg(M) be the identity component of Autcr (M).
One of the main results in [95] is as follows:

12 A Lie group G acts properly on the manifold X if the map G x X — X x X given by
(g, x) — (gcotx, x) is proper.

13 7M. Lee’s paper [273] was published in 1996 yet was available in preprint form since 1994.

14 Elliptic estimates for the (elliptic) equation satisfied by the dilation factor of a conformal
diffeomorphism f (the factor by which f stretches lengths).
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Theorem 1.22. (J-H. Cheng [95])
Let 6 be a contact form on M such that Lg is positive definite. If p < 0 and /3T (p) —
2Im(Ay, 17) > O then Auto(M) consists only of the identity automorphism. If p < 0

and «/§T(p) —2Im(A}; 17 =0 then Auty(M) has dimension < 1.

A spherical CR structure Jp is rigid if for any smooth 1-parameter family { J,ft)} of

0 =

spherical CR structures on M with = Jp one has

d
1 im0 = Ly dy

for some tangent vector field X on M. Another result in [95] is the following:

Theorem 1.23. (J-H. Cheng [95])
Let M be a closed spherical 3-dimensional CR manifold. Assume that there is a contact
form 0 on M such that p > 0 and

p* = 2plA;, 71177 = 25140 > 0,

3, 23 83 55
(z¢ —2p|A1m| — 25l | p? s v

3456 1152
5i
|A11| ——|A11 13+ 9(A11 T TT,H)}
15 2
D (S0 = 21a0aP)| 21500) —2iAry [ >0

Then the CR structure is rigid.
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The Fefferman Metric

Let Q@ € C"*! be a smoothly bounded strictly pseudoconvex domain. The Fefferman
metric is a Lorentz metric on (9€2) x S!, originally discovered by C. Fefferman [138],
in connection with the boundary behavior of the Bergman kernel K (z, w) of 2. This
is the metric g induced on (92) x § lasz — 09, by the nondegenerate complex
(0, 2)-tensor field on 2 x (C \ {0}):
PH 4
= gerpep e ©4 @.1)
H(z 0) = [c/"Vu(), u@) =K@ 2 /0.

Except from certain particular domains, such as Q = {(z, w) € C" x C" : ||z||2 +
|w]?” < 1} (for p = 1 this is the ball), cf. J.P. D’Angelo [111], or the complex
ovals of G. Francsics and N. Hanges [156], the Bergman kernel cannot be computed
explicitly, a fact that results in a lack of computability for g. As a remedy to this
difficulty, C. Fefferman replaced (cf. op. cit.) u(z) in (2.1) by a solution to the Dirichlet
problem for the complex Monge—Ampére equation

du )97k
Jw) = (=) det " 2“/?_,( =1 inQ,
du/dz) 0°u/dz’ 9z

u=~0 on 0<2,

2.2)

and showed that (2.1) furnishes, in the limit z — 02, the same Lorentz metric
g. The understanding of the fact that a solution u(z) to (2.2) does the same job as
K(z, Z)’l/ ®+1) \as based on heuristic arguments, e.g., C. Fefferman’s observation
that a solution to J(u) = 1 transforms, under a biholomorphism of €2, as a negative
power of the Bergman kernel (cf. Proposition 2.10 below). Also, for the case of the
ball, the Bergman kernel on the diagonal is n!7 ™" (1 — ||z]|?)~®*D and 1 — ||z||?is a
solution to (2.2).

Of course, the interrelation between the Bergman kernel, the Dirichlet problem
(2.2), and the geometric aspects associated with the metric g is interesting in itself.
By a theorem of S.Y. Cheng and S.T. Yau [97], the solution u(z) to (2.2) exists and
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is unique (u € C®(Q) N C*tG/2~¢(Q)). No explicit solution to (2.2) is available;
yet, as shown by C. Fefferman, the 2-jet, along the boundary, of a solution is actually
sufficient to produce g. The function u(z) = u@(2),

1—J®
u(2)={1+ (') u,

n+1 2.3)

m_ ¥ _
u —J(w)l/(n+1)v Q_{¢>0}1
in his approximation scheme, leads to g and bypasses the original lack of computabil-

ity of the solution to (2.2). However, even for explicit domains such as Qp = {¢ >
0} C C2, where

YV w) =z4+7—wi+i(z—D)ww, (2.4)

the computation of g, and subsequently of its null geodesics, based on the approximate
solution (2.3) to the solution of (2.2), turns out to be highly complicated (cf. [138],
pp. 410—415). On the other hand, 9€2 is a strictly pseudoconvex CR manifold and
it is a natural question whether g may be computed in terms of pseudo-Hermitian
invariants (of d€2). This is indeed the case, as demonstrated by F. Farris [137], and
J.M. Lee [271], on whose work we report in this chapter.

The Fefferman metric Fy, as rebuilt by J.M. Lee (cf. op. cit.), is well defined for
each (abstract) strictly pseudoconvex CR manifold M, lives on the total space of the
principal S!-bundle

C(M) :=[A"10) \ 0]/GL* (1, R) = M,

has a particularly simple expression (cf. also (2.28)—(2.29))

7T*G9 + n—j_z(y-[*e) (O} {d)/ + * (ia)g — %haﬂdhag — ﬁ@)} y 2.5)
and its restricted conformal class [Fg] = {€"°" Fy : u € C*°(M)} is a CR invariant
(cf. Theorem 2.3). Also, it may be characterized (in terms of curvature restrictions)
among all Lorentz metrics on C(M) (cf. C.R. Graham [182], and also G. Sparling
[377]) and its null geodesics project on S.S. Chern and J.K. Moser’s chains; cf. [99]
(a biholomorphically invariant system of curves in M) when M = 92 (of course,
COQ) ~ () x S! and Fy given by (2.5) is the metric g originally defined by C.
Fefferman, up to a conformal diffeomorphism). The fact that chains can be obtained
as projections of null geodesics of g enabled C. Fefferman to show that the boundary
9€2¢ of the domain (2.4) admits an infinite family of chains, which spiral in toward the
origin (cf. [138]), and more recently L. Koch to give a simple proof (cf. [243]) of H.
Jacobowitz’s result that nearby points on a strictly pseudoconvex CR manifold can be
joined by a chain (cf. [220]).

Among the most recent results on the Fefferman metric, it is known that the Pon-
tryagin forms of g are CR invariants of M (cf. Theorem 2.6). Also, if M ~ §2*+1,
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a CR isomorphism, then the first Pontryagin form of M vanishes (P; ($22) = 0) and
the de Rham cohomology class of the corresponding transgression form has integer
coefficients (cf. Theorem 2.7).

The Fefferman metric also leads to interesting new problems and geometric no-
tions, such as the CR Yamabe problem (the Yamabe problem for the Fefferman metric),
or the pseudoharmonic maps (coinciding locally with J. Jost and C.J. Xu’s subellip-
tic harmonic maps [234]). Finally, we should mention the work by H. Baum [49],
developing the spinor calculus in the presence of the Fefferman metric.

2.1 The sub-Laplacian

The scope of this section is to introduce the sub-Laplacian of a strictly pseudoconvex
CR manifold, a second-order differential operator A, in many ways similar to the
Laplace—Beltrami operator of a Riemannian manifold. A is a degenerate elliptic (in
the sense of J.M. Bony [73]) operator, which is subelliptic of order 1/2 (in the sense of
G.B. Folland [146]) and hence (by a result of L. Hérmander [213]) hypoelliptic. This is
the main common feature enjoyed by Aj; and the Laplacian of a Riemannian manifold.
It led to a considerable development of the theory of second-order subelliptic equations
on domains in R”, often by analogy with the elliptic theory; cf., e.g., G. Citti, N.
Garofalo, and E. Lanconelli [104], N. Garofalo and E. Lanconelli [165], N. Garofalo,
and D.M. Nhieu [166], D. Jerison and A. Sdnchez-Calle [230], A. Parmeggiani [339],
A. Parmeggiani and C.J. Xu [340], A. Sanchez-Calle [362, 363], C.J. Xu [438, 441],
C.J. Xu and C. Zuily [442, 443]. The authors believe that subelliptic theory is bound
to play within CR and pseudo-Hermitian geometry the strong role played by elliptic
theory in Riemannian geometry.

Let (M, T1,0(M)) be a strictly pseudoconvex CR manifold, of real dimension 2n 4
1 and CR dimension n. Let 6 be a pseudo-Hermitian structure and W = 6 A (d6)" the
corresponding volume form. As in Chapter 1, if X is a vector field of class C! the
divergence of X is meant with respect to W, i.e.,

LxV =div(X) ¥,

where £ denotes the Lie derivative.

Definition 2.1. The sub-Laplacian is the differential operator Aj; defined by
Apu = div(VHu),

for any u € C2(M). Here V2 is the horizontal gradient, i.e., VHy = 7y Vu, where
wy : T(M) — H(M) is the natural projection associated with the direct sum decom-
position T'(M) = H(M)@RT (T is the characteristic direction of (M, 6)). Also Vu is
the ordinary gradient of u with respect to the Webster metric, i.e., go(Vu, X) = X (u),
for any X € X(M). O

Let V be the Tanaka—Webster connection of (M, 6). Since VO = 0 it follows that
Vw = 0; hence we may compute the divergence of a vector field as in
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div(X) =trace{lY e T(M) — VyX € T(M)}.

This was explicitly proved in Chapter 1, though only for complex vector fields of type
(1,0). Let {X; : 1 < a < 2n} be a local Gg-orthonormal frame of H(M) (i.e.,
Go (X4, Xp) = 84p) defined on the open set U € M. Then

Apu = trace{lY € T(M) — Vy(VHu)

(since H (M) is parallel with respect to V)

2n
= trace(X, — Vx,Viu} = Z Go(Vx,Vu, X,)

a=1

(since Vgy = 0)

= > {Xa(8o(Vu, X4)) — go(VHu, Vx, X)),

or
2n

Apt =Y {Xa(Xqu) — (Vx, Xo)u} (2.6)
a=1

on U. Let (U, x!,...,x**+) be a local coordinate system on M. We set X, =

bl 3/dx', where b, : U — R are C™ functions. Then

2n 2 2n J
07U . 0by du
XoXau = a’ —— b ——,
; aftalt =d axioxi +; 4 9xt 9xJ

2n 2n J

. ou . 0b; Ou
> (Vx,Xo)u=a’Th— +> b ——.
a=1( X, Xa) I gxk = “oxt 9xJ

where we set by definition @’/ =Y, b;bé. Moreover, F; « are the local coefficients of

V with respect to the local frame {3/dx’ : 1 <i < 2n + 1}. Hence

2

.. 9%u .. u
— i _ ik 22
Apu =a axioxi ¢ Fij axk’
or
0 oo0u . 0u
A = — l]—. J—., 27
b ax! (a 8x1> te ax/ @7
where we set
o = _aiij ikpJ
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Let us observe that the matrix @'/ is symmetric and positive semidefinite; hence Ay, is
a degenerate elliptic operator (in the sense of M. Bony [73]). Let us consider the L?
inner product

(u,v) = / uv W,
M

where u, v € L?>(M). The formal adjoint X7 of X, is given by

(XZM’ U) = (uv XLIU) = /MXaU\I’ = /ub;;‘ll

forany u, v € C;°(U). Then, by the well-known identity div(f X) = f div(X)+X (f)
it follows that

= f [ o)~ 2 )
- f {div(uvxa) — uwbi div (%) - % (ub;) v}\v;

hence by Green’s lemma,

B : . 0
Ko = =g (thw) = tuiv (57
for any u € C8°(U ). Let us observe that
div(d;) = trace{d; > Vy,8;} =T,

where we set (for simplicity) 3; = 3/dx’. In the end

9 o
Xju = === (bhu) = blT}ju. 2.8)
Definition 2.2. The Hormander operator is defined by
2n
— Z XX qu. O
a=1
Let us substitute from (2.8). We obtain
-2 irk 22
Hu= (a - j) +arf o (2.9)

Let us write locally T = bf8/dx". It is not difficult to check that a”/ = g/ — bjb{,
where [g"/] = [g;;]7" and g;; = go(3;, 3;), and consequently ¢/ = a/T¥.. The
verifications are left as an exercise to the reader. Therefore, if we compare (2.7) and
(2.9) we come to

Apu = Hu (2.10)

on U. Let us recall the following definition:
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Definition 2.3. A formally self-adjoint second-order differential operator L : C*° (M)
— C*®(M) is said to be subelliptic of order € (0 < € < 1) at a point x € M if there is
an open neighborhood U € M of x such that

l? < € (1L, )] + )

for any u € C3°(U). Here ||lul|¢ is the Sobolev norm' of order €. L is subelliptic (of
order €) if it is subelliptic (of order €) at any x € M. O

Definition 2.4. Let L be a differential operator with the formal adjoint L*. If T €
Ccye (M)’ is a distribution on M then the distribution LT is defined by (LT)(p) =
T (L*¢p), for any ¢ € C3°(M). We say that L is hypoelliptic if LT € C*°(M) yields
T € C®(M). O

Theorem 2.1. The sub-Laplacian Ay, is subelliptic of order 1/2. Consequently Ay is
hypoelliptic, and more generally, for any x € M there is an open neighborhood U of
x such that

2 = € (g2 + l?) s =0,
foranyu € C3°(U).
Proof. Let us start by checking that A is formally self-adjoint. For any u,v € C°(M),
(Afu, v) = (u, Apv) = /uAbv\Il = /u div(vAv)w
= / {divviv) — (Vo)) }w

(by Green’s lemma)

= —/gg(Vu, VAT W = —/gg(VHu, Vo) U = —/(vHu)(v)w
= —/div(wﬂu)\wr/div(v”u) TV = (Apu, v). |

We accept now (without proof) the following result:

Lemma 2.1. (E.V. Radkevic [351])

Let K € M be a compact set and let {Z1, ..., ZN} be a system of complex vector
fields on M such that (i) the space spanned by {Z1, ..., Zn} (over C) is closed under
complex conjugation and (ii) {Z1 x, ..., Znx} U {[Zi, Zj)x : 1 <i,j < N} span
T, (M) ®r C, for any x € K. Then there is a constant C > 0 such that

N
2 = (D 0Zjul + ul?),
=1

forany u € C3°(K).

L1f i is the Fourier transform of u € Cgo(Rzn'H) then ||u||g = [+ lE12)E 1) ? de.
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Letnow x € M and let {71, ..., T,,} be alocal orthonormal (Lg (T, TE) = Sup) frame
of T7,0(M), defined on an open neighborhood U of x. We set

1 i
Xy = E(Ta + Tx), XoH—n = E(Ta - Tz).

If Z is a complex vector field on M then for u, v € C3°(M) one has

(Z*u, v) = (u, Zv) =/uﬁ=f{7(uv) — Z(uw)7)

= / {div(uvZ) — uv div(Z) — Z(u)v);

hence
Z*u = —Zu — u div(Z).

Therefore

1 [

Xiu = ﬁ (T;u + TE*M) . Xpau= —E (T;u — Taiku) )
Then (2.10) implies (on U)
n
Aput = — Z(T;Ta + TETH)u. (2.11)

a=l1

The fields {7}, T} satisfy the hypothesis of Lemma 2.1 because by the purity property
of Ty,

Ty (Ty, TE) = 2i80{/3 T,
it follows that
[Ty, Tgl = 1“O%T7 - F%aTy —2i84pT

and {Ty, Ty, T} is a local frame of T (M) ® C. Thus there is a constant C > 0 such
that for any u € C§°(U) one has

n
Il < € (Z(HTaun2 + 1 Toul®) + ||u||2> :
a=1
On the other hand,
(Apu, u) = /(Abu)ﬁ =— Z/(T;Tau + TETyu)u
o

== (I Toul® + | Tgul*}:
o
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hence
2 = € (1A, ] + Nul?)

for any u € C§°(U). To justify the second statement in Theorem 2.1 we recall that by
aresult of J.J. Kohn and L. Nirenberg [250], any subelliptic operator L (of order ¢€) is
hypoelliptic and satisfies the a priori estimates

e = C (ILul? + ul?) . 5 0,

for any u € C§°(U). Hence the second statement in Theorem 2.1 follows from the
first. ([l

Another approach to the sub-Laplacian (on a strictly pseudoconvex CR manifold)
on C? functions is as the trace of the pseudo-Hermitian Hessian. Let M be a nonde-
generate CR manifold and 8 a pseudo-Hermitian structure on M. Let V be the Tanaka—
Webster connection of (M, 6). Let f € C2(M).

Definition 2.5. The pseudo-Hermitian Hessian of f is defined by

(VPAOX,Y) = (Vxdf)Y = X(Y(f) — (VxV)(f). X.Y € X(M). U
Let B be a bilinear form on 7' (M). We denote by g B the restriction of B to H(M) ®
H(M). Moreover, if ¢ is a bilinear form on H (M), we make the following definition:

Definition 2.6. The rrace of ¢ with respect to Gy is the C* function traceg, (¢) :
M — R given by

2n

traceg, (¢)x = Zéj P(Xj, X)),
j:l

for some (local) orthonormal frame {X; : 1 < j < 2n} of H(M) (with respect to
Gy, ie., Go(X;, Xj) = € dij, el.z = 1), defined on an open neighborhood U of x,
x eM. O

The definition of traceg, (¢), does not depend on the choice of (local) orthonormal
frame at x.

Proposition 2.1. Let M be a strictly pseudoconvex CR manifold and 0 a pseudo-
Hermitian structure on M. Then

Apu = traceg, {y V:u) (2.12)

for any C? functionu : M — R.

Proof. Let{X,: 1 <a < 2n}bealocal orthonormal frame of H (M), i.e., Go(Xq4, Xp)
= 84 (€2 = 1). Then (by (2.6))

2n
traceq, (i V2u) = Y (V) (Xa, Xa) = Y _{Xa(Xa) = (Vx,Xa) ()} = Apu.
a=1 a

Proposition 2.1 is proved. O
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To obtain yet another useful expression of the sub-Laplacian on functions we
need a few remarks from linear algebra. Let us consider a local orthonormal frame
{(Xa, JXo 1 1 < a < 1} (Go(Xo, Xg) = Sap) of H(M), defined on U € M. Next,
let us set Z, = %(Xa —iJXy). Then Ly(Z, ZE) = Jup. If @ is a bilinear form on
H (M) then

traceq, (9) = Y _{¢(Za: Za) + ¢(Za, Za)} - (2.13)

a=1

If, in turn, {7y} is just any local frame of T} o(M) defined on U then T, = Uf Zg for
some C* function [UQ’,3 ]1: U — GL(n, C) satisfying

n

wyrh _ g
S UEUE ~ g
n=1

(where haﬁ = Lg(Ty, Tg)). Let [Vf‘}] = [Ug]_l. Then ) 5 _, %y VXB = h“ﬁ; hence
(by Zy = VI Tp and (2.13))
traceg, (¢) = h*Po(Ty., Tg) + h*Po(T5, Tp) (2.14)
or, if ¢ is real, i.e., m = go(?, W) forany Z, W € H(M) ® C, then
traceg, (¢) = 2 Re{h* o (T, Tj)).
At this point, by Proposition 2.1

Apu =Y (hP(V2u)(T,. T5) + h™ (VPu) (Tz. Tp))

hence we have proved the following result:

Proposition 2.2. Let M be a strictly pseudoconvex CR manifold and 6 a contact form
on M. The sub-Laplacian Ay of (M, 0) is locally given by

Apu = u"y +u%g,
foranyu € C2(M).

Here we have adopted the notation usp = (V2u)(Ty4, Tp). In particular, if {7} is
chosen so that 4, j= 3 then

At =) (Uaz + Uda). (2.15)

a=1

The sub-Laplacian was first introduced by G.B. Folland [146], in the special context
of the Heisenberg group. Precisely, G.B. Folland established (cf. op. cit.) the following
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Theorem 2.2. The differential operator Ly on the Heisenberg group H,, given by

" 92 92 9 9 9
Lo = _ _ ot2_+~_ a ¥ o T
0 ;I R R T G O

is left invariant and is subelliptic of order 1/2 at each x € H,.

Proof. Let us observe that
1 n
Lo=—3 2 (ToTs + TaTa)

where T, = 9/3z% + iz%0/0t, i.e., Lo is the Folland—Stein operator obtained for
a = 0; cf. Chapter 1 of this book. Thus the left invariance of Ly follows from that
of T,. On the other hand (by (2.11)), Ly = %Ab (where Ay is the sub-Laplacian on

H, with respect to the canonical contact form 6y = dr +i )i, (z/dz/ —7Z/dzl)),
whence the last statement in Theorem 2.2. U

The Laplace—Beltrami operator (on functions) on a Riemannian manifold is often
viewed as the differential operator —d*d, where d denotes the exterior differential
operator and d* its formal adjoint (with respect to the given Riemannian structure). To
derive a similar expression for A, we need to introduce the operator dp,. Let

r:T*(M) - HM)*
be the natural restriction map @ — | g -

Definition 2.7. For any C* function u : M — C we define a section dpu €
' (H (M)*) by setting

dbuzroduzdu|H(M). O

Let{T, : 1 < a <n}bealocal frameof HM)onU C M andlet {#% : 1 < a < n}
be the corresponding admissible frame. We extend the Levi form Ly to a (pointwise)
inner product L} on (H (M) ® C)* by merely requiring that

L3©0%,6%) =hP | L306%, 6F)=0, L3067 6F) =0,
Then we may consider the L? inner product

(. 7) = / Li(w.7) ¥,
M

for any C* sections w, n in (H(M) ® C)* (i.e., for any 1-forms w, n on M such that
T]lw=0and T | n =0).

Proposition 2.3.
(Abua v) = _(dbu7 dbv)’

for any C* functions u, v : M — R, at least one of compact support.
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Proof. Locally, we may write
dpu = ug6% + ugb®,
where uy = Ty (1), ug = Tg(u). Thus
Lj(dpu, dpv) = uavﬁho‘g + M&Uﬁh&ﬁ.
Consequently
(dput, dyv) = / (uauEh“E + uavﬁha’g> w
M
= / (TE(MEU) — vTB(uE) + Tﬂ(uﬁv) — vT,g(zw)) v,
M

Thus, we may perform the following calculation:

(dyt, dyv) = /

M
+ divPuTy) - uEvFgE - ng(uﬁ)) w

(div(uﬁvTﬁ) - uﬂvFgﬂ - vT,g(uﬁ)

(by Green’s lemma)
_ /M (uﬂrgﬂ + uPTZ + Ty + Tﬁ(uﬁ)) v

= —/ (U + u®z)v ¥ = —f (Apu)v .
M M

Proposition 2.3 is proved. O

2.2 The canonical bundle

Let (M, T1,9(M)) be a strictly pseudoconvex CR manifold (of CR dimension n) and
6 a pseudo-Hermitian structure on M such that Lg is positive definite. Let K (M) =
A" L0 and 7y : K(M) — M the natural projection.

Definition 2.8. C — K (M) — M is called the canonical bundle over M. O
Let KO(M) = K(M) \ {zero section}.Let Ry x K%(M) — K°(M) be the natural
action of R4 = (0, +00) on K%(M) and

cM)=K'M/Ry S M
the quotient bundle. Note that C(M) — M is a principal S'-bundle.

Definition 2.9. S! — C(M) — M is called the canonical circle bundle or the Feffer-
man bundle over M. |
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A local frame {6*} of T o(M)* on U C M induces the trivialization chart
-1 1 A
7 (U)-UxS, |[w]l— x,m ,

where w € K9(M), mp(w) = x € U, and

w=A (9 A 91“'”) ,

X

with A € C, A # 0. We shall need the following definition:
Definition 2.10. The tautologous form & € Q"L (K (M)) is defined by
E(Z1, ..., Zny1) = 0((dpm0) Z1, . .., (dwT0) Znt1),
forany Z1, ..., Zy+1 € Tp(K(M)) and any w € K(M). (|

Lemma 2.2. For any o € T'®(K°(M)) there is a unique C*® function  : M —
(0, 00) such that

10 AT ) AT | @) =260 A (dO)".

Proof. Let {8%} be a (local) frame of T, o(M)* on U € M. Then w € I'™®(K°(M))
may be represented as

oy =fOA0"
for some C* function f : U — C, f # 0 everywhere on U. Then
Tlo=— g 1)5= 1
n+1 n+1

g,

Let us set, by definition,

1 |fI? -
T (n+1)2 det(h,5)

Then (cf. the local expression of the volume form W in Chapter 1)

P

) plml= — 3 9 A (dO)".
n

i O AT Jo) AT | @) =2"i" n

Finally, it is easy to see that A is invariant under any transformation
0" = U§oF, detflU§1#0, on UNU".

Lemma 2.2 is proved. O
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Proposition 2.4. There is a natural embedding ip : C(M) — K(M).

Indeed, let [w] € C(M) with mp(w) = x. By Lemma 2.2 there is a unique A €
(0, +00) such that

2" 10, A (T, | ) A (T, | @) = A,
Then we set

ig([w]) =

w.

-

If o’ is another representative of [w] then ' = aw for some a € (0, +00); hence
A = a?x, such that ip ([w]) is well defined. O

Another way to put it is that (by Lemma 2.2) within each class ¢ = [w] € C(M)
there is a unique representative n such that

2" " 010, A (T | ) A (T | 7) = Wy

(where x = m(c)) and then iy(c) = n by definition.

Using the embedding ip we may define the form ¢ € Q"tI(C(M)) as the pullback
of the tautologous (n + 1)-form & on K (M):
Definition 2.11.

1
n+1

Let {6!,...,0"} be a frame of T1,0(M)* on U. Let us define the (local) form & €
I'*° (U, K(M)) as follows.

Definition 2.12. Let M be a strictly pseudoconvex CR manifold, {T, : 1 < a < n}
a local frame of T190(M) on U € M, and {#* : 1 < a < n} the corresponding
admissible local coframe. We set

£o = det(h,z)'/?0 A 0" "

¢ = ij &. |

on U. Also, let us consider ¢g € Q"T!(C(U)) given by ¢y = m*& on U. O
If c € C(M) is fixed, we define the C*° curve a. : R — C(M) by setting
ac(0) = eiec, 0 € R.
Next, let S be the tangent vector field on C (M) given by
et

S is a vertical vector field for the principal S!-bundle C(M) — M, in the sense
that S € Ker(dn). Indeed, a, lies in the S'-orbit of ¢ so that 7 o a, = const. and
consequently

0).

d
(dem) S = do(w 0 ac) [, = 0.

Let {* : 1 <« < n} be alocal frame of T7 o(M)* defined on U, as above.
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Definition 2.13. Let us define y : 77! (U) — R by setting

v ([w]) = arg (%) ,

where
wo=f @AM, mw)=x, feC, f#0.
We call y alocal fiber coordinate on C(M). (|

Here arg : S! — [0,27), sothatif w = ¢ € S then® € Arg(w) = {arg(w) + 2k :
kelZ}.

Lemma 2.3. Let M be a strictly pseudoconvex CR manifold and S' — C (M) M
the canonical circle bundle over M. Let y be a local fiber coordinate on C(M) and S
the tangent to the S -action. Then (1) ¢ = €'Y ¢o and (2) (dy)S = 1.

Proof. Both ¢ and S are thought of as restricted to 7 ~! (U). To prove Lemma 2.3, let
w= fOA glm), e KO(M)X. Since mp o iy = m we may perform the following
calculation:

| B 1 .
bl = 77 (15€) ) = PR (diwiis)
1 . f
=ar 119([60]) o (di (o)) T0) © (diwiis) = mfo,x(d[w]ﬂ)
= ¢ arg(f/lf\)(n*%-o)[w] — elV([w])é-O’[w]
and (1) is proved. To prove (2) note that
7@ @) _ iO+y (@)
Differentiation with respect to 6 then gives
e (yoan) =1
— (y oapwy) = 1.
dg \V ° e
Lemma 2.3 is proved. ]

2.3 The Fefferman metric

Let (M, T1,0(M)) be a strictly pseudoconvex CR manifold and 6 a pseudo-Hermitian
structure on M such that Ly is positive definite. Let T be the characteristic direction
of (M, 0).

Lemma 2.4. (J.M. Lee [271])
There is a unique complex n-form n on C(M) such that

Vin=0, ¢=(@"0) An,
foranylift V of T to C(M), i.e., forany V € X(C(M)) such that 7,V =T.
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Proof. Let V be alift of T to C and let us set
n=@m+DHV ]

First, we check that the definition of 1 doesn’t depend on the choice of the lift. Indeed,
if V/ is another vector field on C(M) with 7, V' = T then V' — V € Ker(ry), that is,

Vi=V4+fS
for some f € C°°(C(M)). On the other hand (by Lemma 2.3),
S1¢="581("¢0) =e7S] (") =€ (m.8) ] & =0.

Clearly V | n = 0 (because ¢ is skew). To establish the second requirement we per-
form the calculation

(T An= @+ D@ AV ]C)
=+ D (@) A (V] 0) = (n+ De'” (7°0) A (V ] &)
=+ D x* (O A(T | &)).
On the other hand,

T & = det(hyg)' /20" A+ A 6"

n+1
and the proof is complete. ]

Next, we need to establish the following proposition:

Proposition 2.5. (J.M. Lee [271])
There is a unique real 1-form o € QY (C(M)) such that

di =i(n+2)o NE,
o Andn AT =trace(do)io A (T 0) A AT,

where the 1-form n is given by Lemma 2.4.
Proof. First, we make use of the identities

d6 =2ih50% AOP, do% = 0P Aok +6 AT,
to compute the exterior derivative of @011 that is,

n
doot " =do A0V — 9 A Z(—l)“—lel Ao AdOYA - AO"

a=1

= 2ih,56% AOP A O

n
FOAY (=D A A O AR HOATY A A"

a=1

n
=AY (D' A AO A A A"
a=1



124 2 The Fefferman Metric
We obtain
doot " = —¥ A O, (2.16)
Letus set H = det(hag)l/ 2 for the sake of simplicity. Then (by (2.16))
d& =dH A" + Hd"" = (dH — Hol) A"
hence
d&) = (dlog H — w3) A &. (2.17)
Letus set h = log H € C°°(M). Define the local form w € QI’O(M) by setting
w=(hg —T§)0". hp=Tg(h).
Then (by (2.17))
dép=w A& = (0 —w) A&

(since w A & = 0). Since ® — w is purely imaginary we may define a real 1-form
o9 € Q' (M) by setting

w—w=1Ii[n+2)oyp;
hence
d& =i(n + 2)oy. (2.18)
At this point, we may differentiate ¢ = ¢! ¢y and use (2.18) to obtain
dt=i(n+2)o N, (2.19)

where o € Q!(C(M)) is the real 1-form defined by

o= dy + m*0y. (2.20)

T n+2

We proceed by introducing a notion of trace of a 2-form. As before, let (M, T1,0(M))
be a strictly pseudoconvex CR manifold, of CR dimension #n, and let 6 be a pseudo-
Hermitian structure on M such that the corresponding Levi form Ly is positive defi-
nite. For any differential 2-form » € Q2(M), perhaps real, there is a natural concept
of trace, defined as follows.

Definition 2.14. Let & : T1 o(M) — T1,0(M) be the bundle endomorphism naturally
induced by the (1, 1)-component of w, that is,

dOBZ, W) = w(Z, W),
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forany Z, W € Ty o(M). Locally, with respect to some (local) frame {7}, } of 77 (M),
we may write

® = wapt” A 0P + w507 AOP + w08 A O + w500 A+ i w,50% A 6P
It is also customary to write
w =i w50% AP (mod 6% A 6P, 0% AP 6% A 6,67 AO).

Therefore, we have 0T, = a)g Tg, where a)g = %hf’?a)ay. Finally, by definition the

trace of w is the trace of the endomorphism @, i.e.,

. 1 g
trace(w) = trace(®) = Eh Y wgy. |

Let 2 be a 2-form on M. Then by definition,
trace(m*Q) = trace(2) o

where trace(£2) is taken in the sense of Definition 2.14. Since (by (2.20)) do = n*doy
and dog € Q%(M) the above definition may be applied to make sense of trace(do).

Let f € QO(M) be a real-valued C* function and define of € Ql(cm)) by
setting

of =0 +7*(f0).

Let n be the n-form on C (M) furnished by Lemma 2.4. Let us take the exterior deriva-
tive of

F=@ O A
to get
dt = (w*do) A — (7*0) Adn;
hence (by (2.19))
T*) Adn = (*dO) An—i(n+2)o AL.
Consequently
o Adp AT =0 Adp AT+ f(("dO) An—i(n+2)0 AL) AT
hence
of/\dr]/\ﬁ:d/\dn/\ﬁ—i(n—i—Z)fa/\(rr*O)/\n/\ﬁ (2.21)

because of
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(T*dO)y An A =0.

Indeed, to see that this is true it suffices to look at the explicit expression of 1, that is
(cf. the proof of Lemma 2.4),

n = e a*(det(h,g) 0" ™).
Let us take the exterior derivative of
of =0 +x"(f6)
to get
doy =do +n*(df A6+ fdF).
We wish to compute trace(do r). Since
df A0+ fdO = (f40* + fz0%) A6 +2fiha§9°‘ N
(where f, = Ty (f) and fz = Tx(f)) it follows that
trace(df A6 + fdO) =nf;
hence
trace(doy) = trace(do) +nf om. (2.22)

During the following calculations, for the sake of simplicity, we do not distinguish
notationally between f and f o 7, respectively 6 and 7 *6. Using (2.22) we obtain

trace(doy)iof ANO AN AT =trace(do)io AOANAT+nfioc NO AR AT.
(2.23)

We wish to determine f € Q°(M) such that
or Adn AT = trace(doy)ior ANO AN AT (2.24)

(then oy would be the real 1-form on C (M) we are looking for, because of (f0) A¢ =
0). To solve (2.24) for f we substitute from (2.21) and (2.23). We obtain

ondnnn—trace(do)ico AOANATT =2+ 1)ifo AO AR AT, (2.25)

which uniquely determines f because 0 A O A n A 7 is a volume form on C(M).
However, we need to check that f (determined by (2.25)) is real-valued. Since o A
dn A7isa (2n + 2)-form on C (M), there is a C* function u : C(M) — C such that

oNdN AT =uic NGO AN AT. (2.26)

Lemma 2.5. u is real-valued.
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Proof. Note that

0 AT = det(h,z)0 ",
or (by taking into account the explicit expression of (d6)")

dO)" = 2" i" nin AT;

hence (by differentiating both sides)

0=dnAn+(=D"nAdny,
which may be written as

dn AT = (=) dq A . (2.27)
Finally, it is easily seen that (2.26)—(2.27) yield u = u. Lemma 2.5 is proved. (]

Let us substitute from (2.26) into (2.25). Since 0 A6 A1 A7 is a volume form, we
obtain

u — trace(do) =2(n + 1) f;

hence f is real-valued. The proof of Proposition 2.5 is complete. (]

The following remark is in order. In the proof of Proposition 2.5 we made use
several times of the fact that o A (7*0) A n A 7 is a volume form. This follows by
observing that

Wi pl(n+2)0 AT A AT =dy A (TFW). O

We extend Gy to a degenerate (0, 2)-tensor field Gy on M by setting (by definition)
Go(X,Y)=Gyp(X,Y), X,YeHM), (2.28)

Go(T,W) =0, WeTM) (2.29)

(in particular T is null, i.e., Gg(T, T) = 0). At this point, we may define the semi-
Riemannian metric Fy on C(M) by setting

Fy = %Gy +2(7%0) O o, (2.30)

where 0 € Q'(C(M)) is the real-valued 1-form furnished by Proposition 2.5. It is
easy to see that Fy is a Lorentz metric on C(M). Set

WZ, W) = Fy(Z, W)

forany Z, W € T(C(M)) ® C. Since {7*0, m*0%, m*0%, o'} are pointwise indepen-
dent, we may consider the dual frame {V, V,, Vg, X}. Set Z, = m.V,. Then Z, €
T1,0(M). Hence h is represented (with respect to the chosen frame {V, V,, Vg, X}) as
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0
gai
0 gap
0

— o O O
(=R )]
SO O~

where 84 = L¢(Zy, Zg). The characteristic polynomial is

2
(1 —1%) det(g,5 — 18ap)| =0;

hence Fjy has signature (+--- + —). The proof is an exercise in elementary linear
algebra. Indeed, let r € R and let us set

—t 0 0 1
0 85— 1ap 0 0
0 0 8ap — t(Saﬂ 0
1 0 0 —t

pt) =

Clearly p(0) # 0, so that Fy is nondegenerate. Let C;, 1 < j < 2n + 2, be the
columns of p(¢). To compute p(¢) one performs the elementary transformation C; —
C1 + tCoy42 and applies (twice) the Laplace theorem to the resulting determinant.

Definition 2.15. The Lorentz metric Fp (given by (2.30)) is the Fefferman metric of
the (strictly pseudoconvex) CR manifold M. (]

The main result in [271] is the following:

Theorem 2.3. (J.M. Lee [271])

Let M be a strictly pseudoconvex CR manifold and 0 a contact form on M such that Lg
is positive definite. If 6 = €0 is another contact formon M, and F is the associated
Lorentz metric, then Fy = €27 Fy. Thus the set {€**°" Fy : u € C®(M)} is a CR
invariant of M.

We relegate the proof of Theorem 2.3 to Section 2.4. The metric (2.30) was firstly
discovered by C. Fefferman [138], for the case of a strictly pseudoconvex hypersurface
M in C"t1 If this is the case, then M x S! carries a Lorentz metric whose conformal
class is invariant by biholomorphisms (cf. op. cit.). Moreover, the null geodesics of this
metric project on the biholomorphically invariant system of curves on M called chains
(cf. S.S. Chern and J.K. Moser [99]). Throughout this section we have followed the
line of J.M. Lee [271], in order to find a description of the Fefferman metric in terms
of the (intrinsic) CR structure of M, thus making the Fefferman metric available on an
abstract (i.e., not necessarily embedded) CR manifold.

Other attempts at building an abstract version of the Fefferman metric belong to
D. Burns, K. Diederich, and S. Schneider [81], who showed how the Fefferman metric
may be obtained from the Chern connection of the Chern CR structure bundle of M,
and to F. Farris [137]. The construction of the Fefferman metric by F. Farris (cf. op.
cit.) makes use of a closed (n + 1, 0)-form on M. As we shall see in Chapter 5 of this
book, closed (n + 1, 0)-forms do exist when M is embedded, yet they may fail to exist
for an abstract, nonembeddable CR manifold; cf. H. Jacobowitz [222].
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Our next goal is to express the Fefferman metric (2.30) in terms of the Tanaka—
Webster connection. We prove

Theorem 2.4. (J.M. Lee [271])
The real 1-form o € Q1(C(M)) in (2.30) may be expressed as

o= Nay+m(iw =L nPan . — —1_p0 2.31)
n+2 ) B A4m+1) ’ ’

Proof. Here p = h"‘ERaB is the pseudo-Hermitian scalar curvature. Note that (due to
the identity wyg + gy = dh «B) the 1-form

i w® — %h“gdhaﬁ

is real. Hence o given by (2.31) is a real 1-form and (by the uniqueness statement
in Proposition 2.5) to prove Theorem 2.4 we need to check only that o satisfies the
relations

dt =i(n+2)o AL, (2.32)
o Andn AT =trace(do)io A (T 0) A AT, (2.33)

where 7 is the complex n-form furnished by Lemma 2.4. Let us differentiate in § =
e'’ ¢y to get

dt =idy NE + €7 d.
Recall that
Lo=7n"€, En=HOANO'A---AO", H= det(hag)l/z.
Moreover
déo =dH A 6" + H do® "
and (by (2.16))
4o — —w® A gOL-n
Hence
déo = (dH — Hwg®) A6,

On the other hand, note that

(-
dH = > HW'"dh;z. (2.34)
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Indeed, let A be the algebraic complement of haE- Then (2.34) follows from the
identities

det(hag) = hozTAaT + o+ herAgs

9 A
— (deth 7)) = Ay, HWHF =2
ahm( e aﬁ)) M det (h5)
9
d (deth,p) = e (dettr,)) dhs
m

Finally, we obtain
de =ie (Hom){dy + 7% (i wg® — ’5 h*Pdh, )y AT O AOY A A O,
so that
i(n+20 AC =
i’ {dy + (i wg® — %hagdhaﬁ — ﬁp@)} AT*HOTMY = de,

that is, o (given by (2.31)) satisfies (2.32). Next, we recall (cf. the proof of Lemma
2.4) that

n=eVg*(HOo"M).

Then
dnp=ieVdy Ax*(HO"™) + eV n*d(HO"™),
n
AoV = —w, 201 — 9 A Zel A ATV AT A QT A A"
a=1
so that

) . U
dn =i {d)/ + 7% we® — Ehaﬁdhaﬁ)}
X n
/\n—eW(Hon)n*(e/\Zel A AOTEATY A 9eT] /\~-~/\0").
a=1

Note that T A5 = 0. Thus

_ 1 : i .3
O'/\d?”]/\n: m{dy +7T*(la)aa—§haﬂdhaﬁ—mp0)}

. . U _
A {dy + 7% we® — 3 h"‘ﬁdhaﬂ)} ADAT
i(pom)

=—— 0o A@OANAT.
4(n+1)0 (T"0) An AT
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Finally, to see that o (given by (2.31)) satisfies (2.33), it remains to check that

pom
trace(do) = ———.
4n+1)
Note that
d(h*Pdh,z) =2d* log H = 0;
hence
. o 1 1
do = a*{idwy®* — ——pdd — —dp NG ¢ .
n—+2 4n+1) 4n+1)

Taking into account (1.62) we get trace(df) = n. Also trace(dp A 0) = 0. Let us
contract & and 8 in (1.89) and note that wy” A w,* = 0. Also, using the symmetry
Agp = Agq, We obtain

dwy® = Rupd™ A O% + W 0% A6 — W07 A 6;

hence
. o 1 AL 1
trace(i dwy”) = 2 YRy = Ep.

Therefore

trace(do) = —— | trace(i dar,®) f(pom) = 22T

race(do) = ——{ trace(i dwy*) om — ——(pom){ = ———.

n+2 * ant+n” 4(n+1)

Our Theorem 2.4 is completely proved. (]

As an example, let us look at the boundary of a pseudo-Siegel domain

n—1
Sp = !z e C": leaIZP" +Im(zi") -1 < O},
a=1
p=p1,....pn) €Z", p;j>1, 1<j<n
Let us set

1 n—1
— (. Pn _ =Pn 2pa
Y()=-1+ % (zn" —Zn )erE:l |z |7P*,

so that Sp = {¥(2) < 0}. Then

oy 2(pe—1)= oY Pn_p,—1
— = palz ey T = Tn
920 DalZal o 9z 2 1

93% = pllza PP Ddz® A d7

’
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where z/ = zj. The CR structure T} ,0(3Sp) is locally spanned by the complex vector
fields Z = z/0/0z/ satistying Z(y) = 0, i.e., T1,0(0Sp) admits the local frame

P 2(pa—D7 g
Ta:__zipalza| Za

m P — l=<a=n-1
9z PnZn" dz

defined on the open set U = 95 \ {z, = 0}. Therefore, the Levi form of dSp, is
h - = lp2|z |2(17a—1)3 5
of ol o ofs
hence

1 n—1 B
det(h,g) = T l_[ Pelzg|*Pe D,

a=1

Let us consider the set A = {« € {l,...,n — 1} : p, > 2}. Then det(haﬁ) =0
precisely on

w(@Sp) = | (08p) N {24 = 0}

aEeA

(the weak pseudoconvexity locus of 9Sp), while det(h aﬁ) > 0 on
My = (05p) \ w(9Sp)

(an open subset of 0Sp), i.e., My is a strictly pseudoconvex CR manifold. Note also
that

Let us set

for simplicity, so that

d . d
T, = ﬁ — Zlfa(z)azn .
The real 1-form
0= pnznn_ldzn + pnznn_ldzn + 2ipa|Za|2(pa71)ZadZa - 2ipa|Za|2(pu71)ZadZa

is a contact form on Mp and

df = —4ipk|ze|*Pe=Ddz% A dZ®.
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Then

S S (P R )
2pn|zn 2P =D " az" " 7"
is the characteristic direction of d6. We have the following commutation relations:

[Ta, T] :O3 [TCmTﬂ] =07

M{ po=1 9 _py—1 9 }
n ’

[T, Tﬁ] = 2iap Pn|Zn|2(p"_1)

which may be also written
[T, Tgl = 4idap pylzal P« DT.

The commutation formulas and the identity

289(VxY, Z) = X(go(Y, 2)) + Y (g0(X, Z)) — Z(go(X. Y))
+ 80 (X, Y], Z) + g0 ([Z, X1.Y) — go(IY, Z], X)
+80(Iv(X,Y), Z) + go(Tv(Z, X), Y) — go(Tv (Y, Z), X)

give the expressions of the Christoffel symbols (of the Tanaka—Webster connection)
of (My, 0):

p(x_l

Y
Lop =

Yy _ vy o _
Supdl . Faﬁ =0, FO,B =0.
Hence the connection 1-forms
o __ pa gl a g o
wp = Fuﬁé’ + FWQ + FOﬁH
are given by

Pa— 1
Za

a)% = SO,g@a,

where 0% = dz%. Then
R(X. )T, = 2{dof + o A L)X, V)T,

shows that R = 0, i.e., the Tanaka—Webster connection of (Mp, 0) is flat. Finally, we
wish to compute the 1-form

1
T n+1

{ay +m* (it - %h"‘ﬁdhag - ﬁe)}

o

on C(Mp). To this end, note that

1 _ _
dhyg = 5 Pa(Pa = Dlzal* P 8up (Zadz® + 2dZ%).
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Then

o% = —_19“ heBdh - = p“—_l{z 0% + 74,60}
- ) - o o £

Z(x aﬁ |ZOl|2

lead to the following corollary:

Corollary 2.1. The Fefferman metric Fy of (Mp, 6), the strictly pseudoconvex part of
9S8y, is given by (2.30), where the 1-form o is given by

1 i 1 . 1 5
o_n+l{dy+2(pa Dr (Zaé? Za@ )}
As previously mentioned, S.S. Chern and J.K. Moser have constructed (cf. [99]) a fam-
ily of CR-invariant curves on each nondegenerate CR manifold M embedded in C"*!
as a real hypersurface, the chains of M. For any X € T,(M) transverse to H (M),
there is a unique chain of initial data (x, X). S.S. Chern and J.K. Moser also showed
(cf. op. cit.) that along a chain, M may be represented in a normal form that osculates
M to maximal order by the holomorphic image of a quadric (an excellent exposition
of these ideas is given by H. Jacobowitz [221]). Chains, thought of by S.S. Chern
and J.K. Moser as several-complex-variables analogues of geodesics in Riemannian
geometry, carry a significant amount of information about the CR structure. For in-
stance, by a result of Jih-Hsin Cheng [94], a chain-preserving diffeomorphism of two
nondegenerate CR manifolds is either a CR or a conjugate CR isomorphism. While
the precise definition of chains is not needed through this text, let us mention that
by a result of D. Burns, K. Diederich, and S. Shnider [81], on a strictly pseudocon-
vex CR manifold —the case of our main concern in this book — a chain is precisely
the projection of a nonvertical® null geodesic of the Fefferman metric Fy. Therefore,
when the Levi form Ly is positive definite, this may be taken as a definition for chains.
However, when M is only nondegenerate of signature (r, s), with r # 0, s # 0, and
r+s = n, the Fefferman metric makes sense (it is a semi-Riemannian metric on C (M),
of signature (2r + 1, 2s + 1); cf. C.R. Graham [182]) and there exist nonvertical null
geodesics whose projections on M are not chains (cf. L. Koch [242]). The character-
istic direction T of a nondegenerate CR manifold M, on which a contact form 6 has
been fixed, and thus the flow obtained by locally integrating T', are transverse to the
Levi distribution of M, as well as the chains of M. An interesting question, raised by
M.B. Stenzel [386], is whether the two are related. M.B. Stenzel’s finding (cf. op. cit.)
is that given a compact connected real analytic Riemannian manifold (N, g) and the
tube T*N := {a € T*(N) : g*(a, @)'/? < €}, which for € > 0 sufficiently small
carries a canonical complex structure (by a result of M.B. Stenzel and V. Guilemin
[387], or L. Lempert and R. Szoke [280]), if the integral curves of T on the boundary
M€ := 0T* N of the tube are chains of M€ then (N, g) is an Einstein manifold. A
partial converse, due to the same author, is that the integral curves of T are indeed
chains when (N, g) is harmonic (in the sense of A. Besse [60]). The fact that M€ is
indeed nondegenerate (actually strictly pseudoconvex) was proved in [387] (and inde-
pendently in [280]). When Q = {z € Ctl o (z) < O)isa strictly pseudoconvex

2 That is, not tangent to Ker(dm) at any of its points.
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domain, C.R. Graham and J.M. Lee considered (cf. [185]) the foliation F by level sets
of ¢. The foliation F is defined on a one-sided neighborhood U of M := 0€2. Then
they built a connection V on U such that the induced connection on each leaf of F
is precisely the Tanaka—Webster connection of the leaf. Here the notion of an induced
connection is similar to that appearing in the Gauss formula within the theory of sub-
manifolds in Riemannian manifolds. V is the Graham—Lee connection; cf. [129] for a
new axiomatic description. It is interesting to note that the C.R. Graham and J.M. Lee
construction carries over to the case of the boundaries M€ = dT*N (¢ > 0 small)
and that an important technical ingredient in M.B. Stenzel’s proof of his result is the
possibility of expressing the Fefferman metrics of the leaves M€ in terms of V.

In view of the H. Jacobowitz theorem (cf. [220]) and, in general, in view of the
philosophy, mentioned above, that chains should play in several complex variables the
role of geodesics in Riemannian geometry, it is a natural question whether a variational
theory of chains may be developed. Yet chains are projections of light rays of the
Fefferman metric, hence one may ask for a variational theory of null geodesics. This
indeed exists for certain classes of Lorentzian manifolds, as developed by F. Giannoni
and A. Masiello [170, 172]. For instance, F. Giannoni and A. Masiello have studied
(cf. op. cit.) the relation between the set of light-like geodesics joining a point p to
a smooth time-like curve y on a Lorentzian manifold and the topology of the space
of light-like curves joining p and y. The result by F. Giannoni and A. Masiello states
the existence of a formal series Q(r) = ZZ‘;O a,r™ with positive cardinal integer
coefficients such that

D =Py, K)r) + (1+71)0() (2.35)

z€Z7t

holds. Here £+ is the set of smooth light-like future pointing curves joining p and
y, while Z7 is the set of light-like geodesics joining p and y in the future of p. Also,
given z € Z7, one denotes by j(z) the index of z, i.e., the number of points z(s)
conjugate to z(0), counted with their multiplicities. Finally,

PX.K)(r) =Y Bg(X, K)r? . By(X, K) = dim Hy(X, K),
geN

is the Poincaré polynomial of X = E;;y and K is an arbitrary field. The beautiful
finding (2.35) by F. Giannoni and A. Masiello (cf. op. cit.) cannot be applied directly
to the case of C(M) with the Fefferman metric. Indeed, in view of Theorem 1.6 of
[172], p. 858, one should investigate whether (C (M), Fp) admits some time function,
whether p and y may be chosen such that E;V # ) and such that £;y is c-compact,
for any ¢ € R, etc. We leave this as an open problem.

2.4 A CR invariant

We wish to prove Theorem 2.3, i.e., show that the restricted conformal class [Fyp] =
(€247 Fy : u € QO(M)} of the Fefferman metric Fj is invariant under a transformation
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6 = &0

with u € C°(M). If Fy is the Fefferman metric of (M, é) then we are going to show
that

F; =" Fy (2.36)

(hence [Fy] = [Fé], i.e., [Fy] is a CR invariant). At first, we need to derive the trans-

formation law of the connection 1-forms wg® under a transformation § = ¢*'6. We
establish the following lemma:

Lemma 2.6. Let & ﬁ“ be the connection 1-forms of the Tanaka—Webster connection of
(M, é). Then

wp ¢ =wp” + Sgdu +2(upgf” — u®0p) + (u, 0" — u“Gﬂ)%‘

i
+ E(V“uﬁ + Vgu® + 4ugu® + 4uuuﬂ8g)9. (2.37)

Proof. Define the tangent vector field T by setting
T =e (T +iuTy —iu'Ty).
A calculation then shows that
OT)=1, T]dd=0;

hence 7 is the characteristic direction of (M, é). Letny : T(M) — H(M) (respec-
tively 7 : T(M) — H(M)) be the natural projection associated with the di{ect sum
decomposition T(M) = H(M)®RT (respectively with T (M) = H(M)@®RT). Then

=7 +i0Q u*T, — u*Ty). (2.38)

Let Vu be the gradient of u with respect to gg, i.e., gg(Vu, X) = X (u) for any X €
T (M). Then (2.38) may be written also in the (index-free) form

g =ng +0Q JrgVu,
where J is the complex structure in H (M). Let us recall that (by (1.51))
T = h7 (T, (hpz)ge(Tp, [Ty, oD} -
On the other hand,
85 (Tp, W) = e {go(Tp, W) — i ugd(W)}, (2.39)

forany W € T(M) ® C. Using (2.39) and
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0Ty, T5]) = —2i hyz
one easily shows that
Py =T%5 + 2(uy, 85 + ugdd). (2.40)
Next, let us recall that (by (1.52))
T8s = h* g ([ Ty, Tgl, To)-
Again by (2.39), a calculation leads to
F%ﬁ = F%ﬁ —2u®hgy . (2.41)
Moreover, we have
My, =07 {Tp) + 0 (T 175 TD} (2.42)
This may be obtained from the identities

_ y Y 17
(T (h,5) = h@l“oﬁ +h,500, . [T, Tl = FogTy - A%TM

(and the reader may check that the expressions (2.42) and (1.53) are equivalent). Using
(2.39) and

[T, T5] = F%Tﬁ ~T% T, = 2ih,5T,
[T, T]= e\ =2ug(T +i uF Ty — i uw'T,)
+[T5, Tl +i uﬁ[TE, Tl +i Tg(uﬁ) Tz
—i u“[TE, T,0—i Tg(u“)TM},
a calculation yields
eZ"fga =T, + 208} +i{V" uq — 2uqu” +ulTr, —u’T7.}. (2.43)
Here we adopt the following notation for the second-order covariant derivatives

VVuy = hVﬁVELta . Vg = Tglug) — F%a““'

Consider the 1-forms 6% on M given by

6% = 6% + i u®0.
Then 6% (Tp) = 8%‘, é"‘(Tg) = 0and 6%(T) = 0, that s, {6*} is an admissible coframe.
At this point we may use the transformation laws (2.40)—(2.41) and (2.43) of the con-
nection coefficients to prove Lemma 2.6. Indeed
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Ao o Ap o AL e A
wg = Fuﬁe ~|—Fﬁﬂ9 +F6,39
may be written as

é)ﬂa = a)ﬂa + 2(14,390[ — Maeﬁ)
+ 2u,0" 85 + 2u0dg0 +i(Viupg + 2upu® + 2u,u’55)6.

Finally, to see that this is equivalent to (2.37) one may use
Viuy, = Viug + 2i hygug .

Lemma 2.7. If Aaﬁ is the pseudo-Hermitian torsion of the Tanaka—Webster connec-
tion of (M, é) then

A~

Agp = Agp +iVoug —2i ugug . (2.44)

Proof. We recall (cf. (1.58)) that
A% =~ gy(T,. [T, T,
and use once again (2.39). O

Let us contract the indices & and B in (2.37) and use the expression of the sub-
Laplacian in Proposition 2.2. We obtain

@, = wa® + (n+2)(ua0% — u“y) + IE {4(n + Dugu® + Apul}d +ndu. (2.45)
Differentiation of (2.45) gives

do,” = dwy® + (n 4+ 2)d (ueb* — u®6y) + lz {4(n + Dugu® + Apu}dd mod 9.

Here we use the standard relation of congruence of differential forms:

Definition 2.16. Two g-forms ¢, ¥ on M are congruent modulo 6 (and we write ¢ =
Y mod 0) if ¢ = ¢ + 8 A n for some (g — 1)-form n on M. O

On the other hand, a calculation shows that
d(Uah" — u"0s) = —(Vauiz + Vzua)0% A 6P mod 6% A 0P 6% A 6P 6;
hence
dér,® = dwg® — (n+2)(Vauz + Vgua)6 A 6F
201 + Dugu® + Apu)dd mod 6% A 08, 6% A 0P, 6. (2.46)
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The trace function of a differential 2-form obviously depends on the choice of the
pseudo-Hermitian structure & on M. Since we deal with the effect of 6 = €26 on
various tensor fields (depending on 6) we refine our notation trace(w) to traceg(w)
(for the remainder of this section only). Let us recall that

1
traceg (i dwy®) = Ep.

Hence
traceq (i dd,%) = %hm(z’ dd, )z = e trace; (i d@,") = %e”‘ 2.
Let us apply the operator traceg to both sides of (2.46) to get
p=p—4mn+ DAy —4nn + Dugu® (2.47)
(since tracey(d6) = n). At this point we may derive the transformation law for o.

Recall (cf. (2.31)) that

1 ;-
- —{dy (i we® — %h”‘ﬂdhag —

T nt2 4(n+1)p9)}'

Using (2.37) one first obtains

LA iﬁagA P o

d —
) B Am+1)

—iwg — LnPap .- P S0+ 1+ 2){i (o — u6) — uqu6).

2 @B 4+ 1)

Let us see how the fiber coordinate y : 7~ (U) — R depends on the cpoice of 6. If
celw] e CM)thenw = f (0%, andw = f (6°""), lead to f = e 2™ f
hence f/|f| = f/|f| and y = 7. We may then conclude that

0 =0 +7"i (g8 — u“0y) — u u*}. (2.48)
At this point we are able to prove (2.36). To this end, let us note that
Lo =20% O 6y

on T(M) ® C. Here Z9~is the degenerate extension to the whole of 7(M) ® C of
Ly, obtained by setting Ly = Ly on T1,0(M) ® To,1(M) and Lg(T, W) = 0 for any
W e T(M) ® C. Clearly, the extension of Gg (by C-linearity) and Ly coincide. Then

Ly =e™Lo + 2e™{i "0 — ua0*) © 0 + uqu6?}
and
T*0) © 6 = P(T*0) O 0 + T i (ugh* — u%6y) © 0 — uqu®6?}

lead to i = ¢2°™j and Theorem 2.3 is completely proved. O
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2.5 The wave operator

Let (M, T1,0(M)) be a strictly pseudoconvex CR manifold of CR dimension n and 6 a
pseudo-Hermitian structure on M such that Ly is positive definite. Let Fp be the Fef-
ferman metric of (M, 0) and [J the Laplace—Beltrami operator, or the wave operator,
of (C(M), Fp). Then U is invariant under any isometry of (C(M), Fp):

Proposition 2.6. Let ¢ € Isom(C (M), Fp). Let us set v* = v o ¢~ and O%v =
Z1\ ¢
(vaf’ 1) , for any v € Q°(C(M)). Then 0¥ = [0,

Cf., e.g., S. Helgason [196]. On the other hand,
S' C Isom(C (M), Fp).
Indeed, if z € S! then
e'VoRe = 7617

where R, : C(M) — C(M) is the right translation by z. Hence d(y o R;) = dy. Then
(by (2.30)) Rg = 3.

Proposition 2.7. O is S!-invariant.

Given u € QO(M), by 7 o R, = 7 and by the S'-invariance of (] we obtain
d@om))oR, =0(uom);

hence [J(u o 7r) descends to a function on M, denoted by the same symbol [I(u o ).
That is to say, [] pushes forward to a differential operator

7.0: QM) - QM)
given by
(meDu = (o ),

for any u € QO(M). We shall need the following result:

Proposition 2.8. (J.M. Lee [271])
The wave operator U (i.e., the Laplacian of (C(M), Fy)) and the sub-Laplacian Ay
of (M, 0) are related by

= Ap.

Proof. The wave operator [ (on functions) of (C(M), Fy) is given by

O=—d*d,
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where d* is the formal adjoint of d with respect to the L? inner product

(v, w)g = / vw x 1
C(M)

for any C* functions v, w : C(M) — C (at least one of compact support). Here *
is the Hodge operator (with respect to the Fefferman metric Fy). To prove Proposition
2.8 we observe first that given a C* function f on M with supp(f) C U, where U is
the domain of a chart ® : 7~ (U) — U x S' of C(M), we have

f (fon)*l:Zn/ . (2.49)
C(M) M

Indeed, let {7} be a local frame of 77 o(M) on U, so that haB = dup- Then (by (1.66))

W =200 A0V A0
Let x’ : U — R be local coordinates on U. Then
W= 27" ) det(@)dx! A -+, dx?H!
where
6/ =0ldx", 0<j<n, 69" =97
Moreover,
1 = cpdy AT*Y

(for some constant ¢, > 0 depending only on n and on the orientation of M, cf.,
e.g., E. Barletta et al. [44]) and (x' o 7, y) are local coordinates on C(M); hence
/. con' f om) * 1 may be calculated by the theorem of Fubini. Finally (using (2.49)
twice),

Umom)) (Wom) *x1

/ ((r:0)u) vW
M

2w Jean
1
N — Fy(dwom),d@om))*1
2 Jeon

1
= —— LZ(d},u, dpv)om x1
27 C(M)

—f Lg (dpu, dpyv)W :/ (Apu)vW. O
M M

2.6 Curvature of Fefferman’s metric

Let K be the scalar curvature of the Fefferman metric Fy on C(M). By the S ! invari-
ance of Fy it follows that K is constant on the fibers of 7 and thus it descends to a
function on M, which will be denoted by 7, K. Define Dy € C°>°(M) by setting
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2n+1

Dy =, K —
6 * nt 1

0.

Let Fj be the Fefferman metric of 6 = ¢2“9. Then Fy = e24°T Fy - hence a standard

calculation (cf., e.g., T. Aubin [23]) shows that the scalar curvature K of Fy is related
to K by

K =e 2K +22n+ DOwo ) — 2n(2n + D F)(z*du, 7 du)}.  (2.50)
Let us observe that
Fjy(n*du, w*du) = Lj(dpu, dpu) = 2uqu®.
At this point, using (2.50) and (2.47) we get
Dy = ¢ > Dy.
This may be shown (cf. J.M. Lee [271], p.426) to yield Dg = O:

Proposition 2.9. (J.M. Lee [271])

2n +1

. K =
* n—+1

0.

The proof of Proposition 2.9 relies on the Chern—-Moser normal form (cf. [99]) and
falls beyond the purposes of this book. The reader may find an excellent account of
the Chern—Moser normal form in the monograph by H. Jacobowitz [221].

This relationship between the pseudo-Hermitian scalar curvature p of (M, 8) and
the scalar curvature K of the Fefferman metric Fy suggests several geometric prob-
lems on the given CR manifold M. An important example, to be discussed in detail in
Chapter 3 of this book, is the Yamabe problem for the Fefferman metric Fy on C(M),
i.e., find a representative ﬁg in the restricted conformal class of Fy such that its scalar
curvature K is a constant A. This may be reformulated as a nonelliptic problem, be-
cause the principal part of the relevant (nonlinear) equation is the wave operator, yet it
may be reduced to a subelliptic problem on M, known as the CR Yamabe problem; cf.
D. Jerison and J.M. Lee [226] [227]. Precisely, the Yamabe equation on C (M) projects
on M to an equation of the form

cnApu + pu = Pl (2.51)

As previously mentioned, the analysis of the solutions to (2.51) lies within the scope
of Chapter 3 of this book.

2.7 Pontryagin forms

By classical work of S.S. Chern and J. Simons [100], the Pontryagin forms of a Rie-
mannian manifold are conformal invariants. On the other hand, the restricted confor-
mal class of the Fefferman metric was shown (cf. Theorem 2.3) to be a CR invariant.
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This is evidence enough to ask whether the result by S.S. Chern and J. Simons (cf.
op. cit.) may carry over to Lorentz geometry. One finds (cf. Theorem 2.6 below) that
the Pontryagin forms P (%) of the Fefferman metric are CR invariants of M. Also,
whenever P (2¢) = 0, the de Rham cohomology class of the corresponding transgres-
sion form is a CR invariant as well. As an application, we shall show that a necessary
condition for M to be globally CR equivalent to the sphere $2**! is that P;(Q?) = 0
(i.e., the first Pontryagin form of (C(M), Fyp) must vanish) and the corresponding
transgression form gives an integral cohomology class.

We start with a brief review of Chern—Weil theory (cf. also S. Kobayashi and
K. Nomizu [241], vol. II, pp. 293-320). Let G be a Lie group with finitely many com-
ponents and let G = L(G) be its Lie algebra. Let { Eg, Bg} be a universal bundle and
classifying space for G. Its key property is that each principal G-bundle E over M
admits a bundle map into {Eg, Bg}, and any two such maps of the same G-bundle
{E, M} are homotopic. Since G has finitely many components,

H*"'(Bg,R) =0,

for all £. Also, E¢ is contractible. Next, if A is any coefficient ring and u € H*(Bg, A),
then with any principal G-bundle « = {E, M} one may associate the characteristic
class u(e) € H*(M, A), built by pulling back u under any bundle map.

LetussetG¢! =0®---®G (¢ terms). A symmetric multilinear map P : ¢t > R
is a polynomial of degree £. Let I(G) be the space of invariant polynomials of degree
¢, ie.,if P € IY(G) then

P((ad(9)A1) ® --- ® (ad(g)A¢)) = P(A1 @ --- ® Ay),

forany g € Gandany A; € G, 1 < j < £. Invariant polynomials multiply in a natu-
ral way; hence I(G) =) ;. ! (G) turns out to be a graded ring. These polynomials
give information about the real cohomology of the classifying space Bg. We recall the
universal Weil homomorphism

W I14G) — H*(Bg, R).

The Chern—Weil theorem is that P(Q%) ), € W(P)(a) for any P € I*(G) and any
principal G-bundle « = {E, M} with a connection 1-form w € I'*(T*(E) ® G).
Here Q = Dw is the curvature 2-form of w and Q¢ = Q A --- A € (£ terms). Also
P(Q%) € I®(AT*E) is given by P(Q¢) = P o Qf. The 2¢-form P(Q°) is closed,
invariant, and horizontal; hence it projects to a (closed) 2¢-form on M denoted by
P(QYHu.

Let €(G) be the category whose objects are triples {E, M, w}, where {E, M} is
a principal G-bundle and w a connection 1-form on E, and whose morphisms are
connection-preserving bundle maps. An object A € €(G) is n-classifying if (i) for any
a ={E, M, v} € €(G) with dim(M) < n there is a morphism ¢ — A, and (ii) any
two such morphisms are homotopic through bundle maps (not necessarily through
€(G)-morphisms). Then the M.S. Narasimhan and S. Ramanan theorem is that for
each n there is an n-classifying object A € €(G); cf. [325].
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Leta = {E, M, w} € €(G) and set
1
TP(w) = z/ P(w A QT Ydr,
0
where

t(t—1

[0, ]

forany P € IY(G). Then T P(w) is an invariant (2¢ — 1)-form on E (the transgression
form) and d T P(w) = P(Q2%). Let us set

18(G) = {P € I(G) : W(P) € H**(Bg, Z)}.

Building on the M.S. Narasimhan and S. Ramanan theorem, S.S. Chern and J. Simons
have shown (cf. Theorem 3.16 in [100], p. 56) that given « = {E, M, w} € €(G) and
P € I{(G) with P(Q%) = 0 there is U € H?**"!(M,R/Z) such that ¢[T P(»)] =
7*U. Here ¢ is the natural homomorphism H*-YE R) - H¥* YE, R/Z) and
w : E — M the projection.

Let O, € IY(GL(2n)), 1 < £ < 2n, be the natural generators of the ring of
invariant polynomials on gl(2n) = L(GL(2n)), where GL(2n) is short for GL(2n, R)
(cf. [100], p. 57, for the explicit expression of the Q). Let (M, T1,0(M)) be a strictly
pseudoconvex CR manifold of CR dimension n—1 and 6 a pseudo-Hermitian structure
on M such that Ly is positive definite. Let Fj be the Fefferman metric of (M, 0). Let
F(C(M)) — C(M) be the principal GL(2n)-bundle of all linear frames tangent to
C(M) and w € I'*®*(T*(F(C(M))) ® gl(2n)) the connection 1-form (of the Levi-
Civita connection) of the Lorentz manifold (C (M), Fy).

Theorem 2.5. The characteristic forms Q2@+1(§22e+1) vanish forQ < ¢ <n — 1.

Proof. Let L(C(M)) — C(M) be the principal O(2n — 1, 1)-bundle of all Lorentz
frames, i.e., u = (¢, {X;}) € LIC(M)) if Fp (X;, Xj) = €;6;j, where e, =1, 1 <
o <2n—1;and €, = —1 and ¢ € C(M). Here O(2n — 1, 1) is the Lorentz group.
Leto(2n — 1, 1) be its Lie algebra. By hypothesis

wu(Tu (L(C(M)))) € 0(2n — 1, 1),

ie, €ewy(X) +w,(X) e =0forany X € T,(L(C(M))),u € LIC(M)). Here € =
diag(eq, ..., €p). Let {Ej.} be the canonical basis of gl(2n) and set w = a)lj ® Elj We
claim that

Rl +elal =0, (2.52)

at all points of L(C(M)), as a form on F(C(M)). Here €' = ¢;. Since  is horizontal,
it suffices to check (2.52) on horizontal vectors (hence tangent to L(C(M))). We have

Q= ¢ (dwj. + ol A w’;) —d(—d o))+ Y (~) nok =~ Q!
k
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on T, (L(C(M))) for any u € L(C(M)), etc. Next, note that for any A € o(2n — 1, 1)
one has (i) trace(A) = 0, (ii) trace(AB) = 0 for any B € M>,(R) satisfying B =
€ B'e, and (iii) trace(A2¢+1) = 0. Then

trace(Aq - -- Axet1) =0, (2.53)

for any Aj,...,A241 € 0(2n — 1, 1) (the proof is by induction over £). Since
Q2041(2%*1) is invariant, we need only show that it vanishes at the points of
L(C(M)). But at those points the range of Q2 Jies (by (2.52)—(2.53)) in the kernel
of Q2¢+1. Our Theorem 2.5 is proved. O

By Theorem 2.5, the transgression forms 7 Q2¢+1(w) are closed; hence we get the
cohomology classes

[T Q2e41(w)] € H*TL(F(C(M)), R).
Let us observe that

[T Q2¢+1(w)] € Ker(j™), (2.54)

where the homomorphism
j* HY L (F (M), R) — H*(L(C(M)), R)

isinduced by j : L(C(M)) C F(C(M)). Indeed T Q2¢+1(w) may be written as

20

TQa41(®) = Y BiQai1(w Ao, o] A Q¥
i=0

for some constants B; > 0. Since j*w is 0(2n — 1, 1)-valued, the same argument as in
the proof of Theorem 2.5 shows that j*T Q241 (w) = 0.

A remark is in order. One has to work with j*w (rather than w at points of
L(C(M))) because w (unlike its curvature form) is not horizontal.

If g is a Riemannian metric on C (M) with connection 1-form wg and O (C(M)) —
C (M) is the principal O(2n)-bundle of orthonormal (with respect to go) frames tangent
to C (M), then orthonormalization of frames gives a deformation retract F(C(M)) —
O(C(M)) and hence (cf. Proposition 4.3 in [100], p.58) the transgression forms
T Q2¢+1(wo) are exact. As to the Lorentz case, in general (2.54) need not imply exact-
ness of T Q2¢+1(w). For instance R% is a Lorentz manifold for which the homomor-
phism

j*: H'(F(R}),R) — H' (LR}, R)
(induced by j : ,C(R%) CF (R%)) has a nontrivial kernel. Here we have set
N

N—v
RY = (RY, ()nvcuw) s (rdveww = o wivi= . xivi.
i=1

i=N—-v+1
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Indeed, since both F’ (R%) and E(R%) are trivial bundles, j* may be identified with the
homomorphism

*: HY(GL(2),R) — H'(O(1, 1), R)

induced by j : O(1,1) C GL(2). Now, the Lorentz group O(1, 1) has four compo-
nents, each diffeomorphic to R. Hence H'(O(1, 1), R) = 0. Moreover O(2) C GL(2)
is a homotopy equivalence; hence Ker(j*) = H'(GL(2), R) = H'(0(2), R) = R®R
(since O(2) has two components, each diffeomorphic to § h.

Theorem 2.6. Let M be a strictly pseudoconvex CR manifold of CR dimension n — 1
and P € T1Y(GL(2n)). Then P(Q2Y) is a CR invariant of M. Moreover, ifP(QZ) =0
then the cohomology class [T P(w)] € H*~Y(F(C(M)),R) is a CR invariant of M.
In particular [T Q2¢41(w)] € HAH! (F(C(M)), R) is a CR invariant.

Proof. Let ¢ € T®(T*(F(C(M))) ® R*") be the canonical 1-form and set ¢ =
@' ® e;, where {e;} is the canonical basis in R?*. Moreover, let E; = B(e;) be the
corresponding standard horizontal vector fields (cf., e.g. [241], vol. 1, p. 119). Let u :
M — R be a C* function and let 13"9 be the Fefferman metric of (M, ¢2“0). Let & be
the corresponding connection 1-form. Then

c?)’] = a)’] +duo p)ch- +Ej(mop)g’ —€Ei(uop)e;p’ (2.55)

at all points of L(C(M)), as forms on F(C(M)). Here p =mw o prand 7 : C(M) —
M respectively pr : F(C(M)) — C(M) are projections. The proof of (2.55) is to
relate the Levi-Civita connections of the conformally equivalent Fefferman metrics
Fy and Fy, followed by a translation of the result in principal bundle terminology. The
reader may supply the details. Consider the 1-parameter family of Lorentz metrics
g(s) = eBWME, 0 <s < 1,on C(M). Let w(s) be the corresponding connection
1-form and let us set

=4 {w(s)}
o =—{w —-0-
ds s=0
By (2.55) (applied to su instead of u) we obtain
o' =d(o P)8: + Ei(u o p)p' — € Ei(uo p)ejg! (2.56)

at all points of £L(C(M)), as forms on F(C(M)). Let P € I*(GL(2n)). We wish to
show that P () is invariant under any transformation 6 = 9. Note that a relation
of the form

T P(®) = T P(w) + exact (2.57)

yields P(SAZZ) = P(Q%; hence we need only prove (2.57). Since the Q, generate
I(GL(2n)) we may assume that P is a monomial in the Q,. Using Proposition 3.7
in [100], p.53, an inductive argument shows that it is sufficient to prove (2.57) for
P = Qy. Itis enough to prove that
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d
d_{T Q¢(w(s))} = exact. (2.58)
s

Since each point on the curve s > g(s) is the initial point of another such curve, it
suffices to prove (2.58) at s = 0. By Proposition 3.8 in [100], p. 53, we know that

%{T Qu(@($)}s=0 = £Qe(@' A Q1) + exact

hence it is enough to show that Q¢ (' A Q¢~1) = exact. Using (2.56) and the identity
o—1 ‘ i '

QAR = D0 U AQEA - AD
(cf. (4.2) in [100], p. 57) for any gl(2n)-valued form v on F'(C(M)), we may perform
the following calculation:

Ou(@ A QY = Zw”l ANQEA A QY
ZZd(uop)AQh/\-nAQx
+ Z (Eiz (o p)g" — € Ej\(uo p)eizfpiz) A Qg A A Qif .

Let us recall the structure equations, cf., e.g. [241], vol. I, p. 121. Since Fj is Lorentz,

w is torsion-free. Hence q)“ A Q" = 0. This and (2.52) also yield e,2¢’2 A le = 0.
Hence

Q@ AQY =d(uop) A Q1 (21 = exact

(because d Qy—1(2¢=1) = 0) at each point of L(C(M)), as a form on F(C(M)). This
suffices because both

Q@ A QY and (o p) Q1 (R

are invariant forms. O

2.8 The extrinsic approach

2.8.1 The Monge-Ampere equation

Let u be a function on a strictly pseudoconvex domain 2 C C". We set

T() = (—1y" det<;j ;";)
J

where u; = du/ 9z/ and ug = du/ 82", etc. Next, we consider the following Dirichlet
problem for the complex Monge—Ampere equation
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Jw)=1 1inQ,
u=0 onodQ. (2.59)

The Bergman kernel of €2 is closely related to the solutions of (2.59). For instance, if
2 is the unit ball in C" then its Bergman kernel on the diagonal is given by

Cn
(1 _ |Z|2)n+l >

where C,, = n!/n" (cf., e.g., S.G. Krantz [261], p. 50) while u(z) = 1 — |z|? satisfies
(2.59). Therefore, a natural question is, how closely is K (z, z) (the Bergman kernel
of an arbitrary pseudoconvex domain €2) approximated by C,,/ (u (2))"*!, where u is
a solution of (2.59)? Equivalently, is J(C,l/(”H)K_l/("H)) nearly 1? By a result of
L. Hormander [212], J(C,l,/("H)K’l/("“)) = 1 on 92. On the other hand, if for
instance @ = {z € C" : ¢(z'],...,|Z"]) < 1} (where pR* — R is a smooth
function) then

K(z,2) =

1 1 _
J(C/ DDy

hence the relationship of (2.59) to the Bergman kernel is only asymptotic. To further
investigate this phenomenon, we first show that the solutions of (2.59) transform like
a negative power of the Bergman kernel (cf., e.g., S.G. Krantz [261], p. 44)

Proposition 2.10. (C. Fefferman [138]) ~
Let F : Q — Q be a biholomorphic map and u a real-valued function on Q. Let us
set

u(z) = |det /()| /" i

(F(2)),
forany z € Q. Then

Jw)=J@)oF.
In particular, if J() = 1 then J(u) = 1.

Proof. Here F'(z) = (0F//dz"). To prove Proposition 2.10, let us lift F to the bi-
holomorphic map

F:CixQ— CyuxQ

given by

(¢
FG,2) = (—det et F(z)) ,

forany ¢ € C, and z € Q. Here C, = C\ {0}. On the other hand, let us define
U : Cy x 2 — R (respectively U : C, x 2 — R) by setting
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U, 2) =g Vu)

forany ¢ € Cy, z € Q (respectively U (¢, z) = |¢|*/ @t Vii(z) forany ¢ € Cy, z € Q).
One may check that

U=UoF, det(F'(¢,2) =1,
for any ¢ € Cy, z € Q. Consequently
det(U 4) = [det(U )] 0 F, (2.60)

where (U 43) is the complex Hessian of U. Finally,

2
8 []_ — 1 |§_|2/(VL+1)—2M(Z)’
3cdc  (n+1)?
’U 1 -,
_ /D=2, _
9*U 2
= 12Dy ().
S = P @
and hence
1
det(UAE) = mj(u)a
and (2.60) yields the statement in Proposition 2.10. ]

C. Fefferman has developed (cf. [138], pp. 399-400) a formal technique for finding
approximate solutions of (2.59). His goal was to produce smooth functions # on some
neighborhood of €, vanishing at 32, for which J (1) — 1 vanishes to high order at 4.
Precisely, let 2 C C” be a smoothly bounded domain, i.e., there is U open, Q C U,
and a smooth function ¥ : U — Rsuchthat Q = {z € U : ¥ (z) > 0} and Dy (z) # 0
for any z € Q. Let f be a function on a neighborhood of . We say that f = O (%)
if | f| < Cy* on Q, for some constant C > 0. Next, let us assume that Q = {y > 0}
is strictly pseudoconvex and define recursively

4 v
J(I/f)l/(nJrl) ’
_ (s—1)
NONES PR A CAol GO}
n+2—s)s ’

for 2 < s < n + 1. Then Fefferman’s result is that each u'®) satisfies
Ty =1+ 0.

For instance, let us look at the first approximation u‘". Clearly
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JuM)y =1
on 9<2 because

Jp) = "I W)
whenever ¥ = 0, for any smooth function 7. To see that
JuM)y =1+ 0®W)
it suffices to use

) = 1)y + o),
(1) J(I/f) l/(n+l)1/,

- ,,—+11<¢>"/("“H{w;zJ<w>j + U, W+ OW),

as a determinant is a multilinear function of its rows (columns).

To end this section, let us mention that by a result of S.Y. Cheng and S.T. Yau [97],
the solution u of (2.59) exists and is unique. Moreover, u is C* in the interior of
and belongs to C"+(3/2=¢(Q).

2.8.2 The Fefferman metric

In this section we present Fefferman’s original approach (cf. [138]) to the metric g
on C(M), as an induced metric. Let  C C” be a strictly pseudoconvex domain and
let u be the solution of (2.59). This exists and is unique by the S.Y. Cheng and S.T.
Yau theorem quoted above (cf. [97]). However, as we shall see shortly, the second
approximation u® to the solution u of (2.59) is actually sufficient for our purposes.
Define H : U x C, — R by setting

H(z, 0) = ¢ Du(z),
and consider the (0, 2)-tensor field G on U x C, given by

3’H
G = dz odz®
dzAaz8
Here0 < A, B, ... <nand 0= ¢. The restriction of G to Q x C, is a biholomorphic
invariant of €2, in the following sense. Let F : 2 — € be a biholomorphic map. Then,
by the proof of Proposition 2.10, F' lifts to a biholomorphism F of 2 x C, in itself
and H o F = H;hence F*G = G. Since det(H,5) = J(u)/(n + D2 and Q is strictly
pseudoconvex, it follows that G is nondegenerate. Let j : 9Q x S — U x C be the
inclusion. We wish to compute the pullback j*G of G to 9Q x S'. The metric G may
be written explicitly as
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_ (nu_‘(_Zi)z |§|2/(n+1)_2d§ ® dz
|€-|2/(n+1) 5 ld_ |;—|2/(n+l) J 5
-i-ﬁ( M)@(E §)+ﬁ(z ¢) © (3u)

+ ¢V pdz @ dZF . (2.61)
Lety : S\ {(1,0)} — (0,27), y(w) = arg(w), be a local coordinate on S'. Then
j*de = ie'dy:
hence

L IO e ik
J°G= J¥Ou —3u) O dy + j*(u zdz/ ©dz"). (2.62)
n+1 J

Letusset M = 92 and let: : M — C" be the inclusion. Then ¢y = t*dz' A--- AdZ"
is a global C* section in K%(M); hence C (M) is trivial. Then (2.30) and (2.62) agree
(via the isomorphism C(M) ~ M x S'). A calculation shows that ¢y satisfies the
volume normalization

2" 010 A (T | 20) A (T | Zo) = 6 A (dO)"

if and only if u satisfies J(u) = 1 along M (cf. Proposition 5.2 in [137], p.43). Let
ag, € QU(M) be defined by

d(T ] 50) A (T | o) = icttof A (T J §o) A (T ] Go).
Again by a result of F. Farris (cf. [137], p. 45) the Lorentz metric
7Ly + 2 0ody + loz 000
6 n+ 1 14 n 20 )

where 0 = (i/2)1*(d — d)u, agrees with (2.62). Hence, to prove that g = j*G it
suffices to show that

See J.M. Lee [271], p. 424, for further details.

2.8.3 Obstructions to global embeddability

Let M be a strictly pseudoconvex CR manifold. Assume that M is realizable as the
boundary of a smooth domain 2 in C". If ¢ : M — C" is the given immersion then
n = ¢*dz" A--- AdZ" is a nowhere-zero global (n, 0)-form on M; hence C(M) is
a trivial bundle. There is a smooth defining function y» of M satisfying the complex
Monge-Ampere equation J(y) = 1 to second order along M, so that F*h is the



152 2 The Fefferman Metric

Fefferman metric of (M, é),é = (i/2)¢*(@ — d)yr, where h is the Lorentz metric
given by

a2y
Jj -k
fazkdz 0dz ]

h= -0 =D ody + |5

n+1
and F : C(M) ~ M x S' is the diffeomorphism induced by 7. Also y is a local
coordinate on S' and j : M x §' ¢ C**!. Let 6 be any pseudo-Hermitian structure
on M (such that Ly is positive definite). Then 6 = ¢2"9 for some smooth function u
on M and F*h and g = Fy (given by (2.30)) turn out to be conformally equivalent
Lorentz metrics. On the other hand, 7 = j*G, where G is the semi-Riemannian metric
given by (2.61) with 4 = ¥. Summing up, we have the following result:

Proposition 2.11. If M is realizable as 92 then (C(M), g) admits a global conformal
immersion in (U x Cy, G), for some open neighborhood U of 2, where C,, = C\ {0}.

On the other hand, let us recall that given an n-dimensional Riemannian manifold
(N, g), anecessary condition for the existence of a global conformal immersion N —
R is that PH(Q%) = 0 and [AT PH(0)] € H¥1(F(N), Z) for any i > [k/2],
where P,.L € Igi (GL(n)) are the inverse Pontryagin polynomials; cf. Theorem 5.14
of S.S. Chern and J. Simons [100], p.64. Here w is the connection 1-form of (the
Levi-Civita connection of) (N, g) and €2 its curvature 2-form. In view of this result, it
is reasonable to expect that some of the CR invariants furnished by Theorem 2.5 are
obstructions to the global embeddability of a given abstract CR manifold M. While
we leave this as an open problem, we address the following simpler situation. Assume
M to be globally CR equivalent to S2"~! (that is to say M globally embeds in C”
as the boundary of the unit ball). Then C(M) is diffeomorphic to the Hopf manifold
H" = §?=1 x sl

Lemma2.8.1,. = {¢ € C : "' = 1} acts freely on C" x C, as a properly
discontinuous group of complex analytic transformations.

Proof. We organize the proof in two steps, as follows.

Step 1. Let z, 7 € C" x C, such that R,(z) # 7’ for any a € I,11. Then there exist
neighborhoods U and U’, of z respectively 7', such that R,(U) N U" = @ for any
ae In+1.

Let a; = 2™/t with k € {0, 1, ..., n}. Set zx = agz and s = minf{|z’ — zx| : 0 <
k < n}. Then 7’ # z; yields s > 0. Next, set » = min{s/2, sin n”?} and U = B(z, r).
Then for any a € I, 41 one has R,(U) € B(az,r).

Step 2. For any z € C" x C, there is a neighborhood U of z such that R,(U)NU =@
foranya € I 4.

To prove Step 2 let zx = axz and setr = min{|z—z| : | <k < n} = 2|z|sin ;75 > 0.
Finally, set U = B(z,r/2). Then R,(U) € B(az,r/2); hence R,(U) NU = @. O

By Lemma 2.8 the quotient space V11 = (C" x C,)/I,,+1 is a complex (n + 1)-
dimensional manifold. Consider the biholomorphism p : V1| — C" x C, given by
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Z
p(lz. 5D = (.6m41).
¢
for any [z, ¢] € V41, and let us set
¢po=p 'ojoF.
Next
n . . -
Go=)Y di/ ©d7/ —d; ©df (2.63)
j=l1

is I,41-invariant, hence gives rise to a globally defined semi-Riemannian metric of
index 2 on V1. Note that (V,.+1, Go) is locally isometric to R%"Jrz.

Lemma 2.9. ¢y : (C(M), g) = (Vy+1, Go) is a conformal immersion.

Proof. A calculation shows that Go = p*G. Indeed,
x 7 1 2 * n
prdz! = ZdzJ - gdC, prdt = (n+ 1)¢"dg;

hence
P*G = Z (dzf' - Z?jd;) © (dzf - %jdé) + ;zf (dzf - Z?jd;) © (%df)
( dc) © > “(azt - —d;) + (12 - |;|2>(§d;) © (%d&)

— Zdzj Odz —dr ©dt.
j=1

Finally, if we set ¥ (z) = |z|2 — 1 in the expression of & then it may be seen that
F : (C(M), g) — (H", h) is a conformal diffeomorphism. Lemma 2.9 is proved. [J

Let P; € I? (GL(2n)) be the invariant polynomials given by

1 ! .
det ()"12}1 — ZA) = E Pi (A R Q A))LG—zl + Q()\-Z}’l—odd)7
i=0

i.e., the P; are the invariant polynomials obtained by ignoring the powers A>"~°44 in
the expression of det(Alp, — A/(27)). We obtain the following result:

Theorem 2.7. Let M be a strictly pseudoconvex CR manifold of CR dimension n — 1
and 0 a pseudo-Hermitian structure on M such that Ly is positive definite. Let g = Fy
be the Fefferman metric of (M, 0). Let @ be the connection 1-form of g and 2 its
curvature 2-form. If M is globally CR equivalent to S*"~', then P(Q*) = 0 and
[T Pi(w)] € H3(F(C(M)), Z) provided n > 3.
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Proof. To prove Theorem 2.7, we study the geometry of the second fundamental form
of the immersion ¢ = p~loj: H" = (C" x Cy, G). Set C,, = /n + 1//2(n + 1).
The tangent vector fields &, given by

.0 . 0 -4
=Cn j_- 7/ — - — ),
31 (z iR +¢ +§a§)
;0 ; d - d
— J -J — N N
Ez—cn(z 7T a5 (n+2)(¢a§+;a€:)>,

are such that G(&1, &) = 0,G(§1,&)) = 1, and G(&,&) = —1, and they form a
frame of the normal bundle of ¢. Since p is a biholomorphism with the inverse

p_l(z, ;) — [ZCI/(n—H), é.l/(n+1)]

we have
0 _ ~—1/(n+1) 0
g = ¢ 02
0 1 .0 0
2 _ —/(n+1)<_ i 1 _).
P*ag ¢ b4 8Zf+(n+ )é’ag

Due to the identity (2.63), the Christoffel symbols of the Levi-Civita connection V° of
(Vut1, Go) vanish. The Levi-Civita connection V of (C" x Cy, G) is related to v by

p«(VxY) = Vp*Xp*Y

forany X, Y € T(V,+1). A calculation shows that

V.. I 0. v 9 n 19 v a 1 19
3/3ZJaZk_ ’ a/agag-_ n+1§a§’ a/agazf_n—l—l;azf’
Tangent vector fields on H" are of the form X + Y with X = AVd)az) + EB/BZ/'
and Y = B9/9¢ + Bd/d¢ satisfying A/Zj + Ajzj = 0, respectively B + B = 0.
Here z; = z/. It follows that

n—+2 C,
\Y/ =C X, V = — X, 2.64
x&1 v x& Y (2.64)
c, 9 — .9
Yy = {Y Bl -~ 1B f—} 2.65
23] ! + B¢z 8ZJ+ ’z 257 (2.65)
Vyky = <" { (1 +2)Y + Biz 2 + Bl } (2.66)
Ys2 I’l—‘rl Z le Z 32]

Let A, = Ag, be the Weingarten operator corresponding to the normal section &,. We
shall need the following lemma:

Lemma 2.10. The first Pontryagin form of (H", h) is

1
—Wi AWy,
472 12 12



2.8 The extrinsic approach 155

where (with respect to a local coordinate system (x) on H")

d
Vi = h(

3
S AlA ])dx Adx .

Proof. Let us recall (cf., e.g. [241], vol. II, p. 313) that

Pz(QM) =cy 28/1 “Joe Qll Ao A lez

- 122 iz’
where ¢, = 1/[(27)*(2¢)!] and the summation runs over all ordered subsets
(i1, ,iz¢) of {1,...,2n} and all permutations (ji, ..., jo¢) of (i1,...,12), and
8’11 i];f is the sign of the permutation. We need the Gauss equation (cf., e.g., (2.4)

in [446], p.21)
Rj;; = BY.AL — B AL,

where Rf B‘/.’k are respectively the curvature tensor field of (H”, &) and the second

kij )
fundamental form of ¢ (with respect to a local coordinate system (U, x*) on H"). Also
Ay0; = A ;0;, where 9; is short for 9 /dx'. The Gauss equation and the identity

R(X,Y)Z = u(RQ(X*, Y*)u(qu))
(cf. [241], vol.1, p. 133) forany X, Y, Z € T, (H") and some u € F(H"), furnish
20 = vy Xk (Bo AL - BGAD ) dx' A dx!
(where X; : p}l(U) — R are fiber coordinates on F(H") and (Y;) = (X;)_l).
Using
G = Agjhri

a calculation leads to

2N _ aj ko a ki _ pa k ap ki Pl
2P(Q7) = —c1 (B JIk1AG py By Ay py = By Ad B Aayps ) 4
Adx?U A dxP2 A dx)2;
hence

PP =c1 ) Wap A Wap,
a,b

where W, is the 2-form on F(H") given by
Wop, = h(Agd;, Apd;j)dx’ Adx’.

Finally, let us observe that W11 = Wy = 0 and W = —Wjp. Lemma 2.10 is
proved. (]
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Note that the proof works for any codimension-two submanifold of a flat Riemannian
manifold. At this point we may finish the proof of Theorem 2.7. Let us recall the Ricci
equation (of the given immersion ¢, cf., e.g., (2.7) in [446], p. 22)

G(R(X,Y)E &) = G(RT(X, Y)E, &) + h([Ae, Ag1X, ),

where R, R™ are respectively the curvature tensor fields of (C” x C,, G) and those
of the normal connection. As a consequence of (2.64)—(2.66), &, are parallel in the
normal bundle; hence the immersion ¢ has a flat normal connection (Rt = 0). On
the other hand, R = 0 (because (V,4+1, Go) is flat) and the Ricci equation shows that
the Weingarten operators A, commute. Then Wi, = 0 and our Lemmas 2.9 and 2.10
together with Theorem 2.5 yield P (Q?) = 0. ]
Letq : H3(F(C(M)),R) — H3(F(C(M)), R/Z) be the natural homomorphism.
By Theorem 3.16 in [100], p. 56, since Pj(22?) = 0 there is a cohomology class « €
H3(C(M), R/Z) such that pro = q([T Pi(w)]), where pr : F(C(M)) — C(M) is
the projection. Yet for the Hopf manifold, H 3 (H",R/Z) = 0 provided that n > 3;
hence [T P;(w)] € Ker(g) and then by the exactness of the Bockstein sequence

.o > H3(F(C(M)),Z) — H>(F(C(M)),R) —
— H3(F(C(M)),R/Z) - HYF(C(M)),Z) — - --

it follows that [T P (w)] is an integral class. O
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The CR Yamabe Problem

The scope of Chapter 3 is to present D. Jerison and J.M. Lee’s solution (cf. [226, 228])
to the CR Yamabe problem (cf. Theorem 3.4 below). We start with a brief presentation
of the Riemannian Yamabe problem. The reader less familiar with the Riemannian
counterpart of Chapter 3 may consult the expository paper by J.M. Lee and T. Parker
[275]. The high interest shown in the (Riemannian) Yamabe problem, over more than
twenty years,! by an ample portion of the mathematical community, is perhaps the
best motivation for introducing a CR version of the problem (in terms of the Feffer-
man metric). A parallel between the Riemannian and the CR Yamabe problems also
offers to the reader a lively comparison between the elliptic and subelliptic theories,
as applied to nonlinear problems arising from differential geometry.

Let (M, g) be an m-dimensional Riemannian manifold, m > 3. Let K be the scalar
curvature of the Riemannian metric

F=¢0% qi= 20

m—2"
By a standard calculation (cf., e.g., T. Aubin [24])
_Am—1)

K=0¢"9@awAp+Kp), an: —

s

where A is the Laplace-Beltrami operator of g and K the scalar curvature of g. Then
the Yamabe problem is to find a metric g, conformally related to g, such that K is a
constant. If § = ¢?~2g then the equation K = y = constant is

amAp + Ko = png?™",

This is the Yamabe equation. The Yamabe equation is the Euler—Lagrange equation of
the constrained variational principle

M(M):inf{/ (am||d¢||2+1(¢2)dvg:/ lp|?dv, = 1} (3.1
M M

L H. Yamabe’s work [444] was published in 1960. R. Schoen’s completion [365] of the solution
to the Yamabe problem appeared in 1984.
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provided that ¢ > 0. Exploiting the variational description of the Yamabe equation,
the following fundamental result may be established:

Theorem 3.1. (H. Yamabe [444], N. Trudinger [409], T. Aubin [24])
Let (M, g) be a compact Riemannian manifold, m > 3. Then

(a) w(M) is a conformal invariant.

(b) p(M) < pn(S™).
(c) If W(M) < w(S™) then (M) is attained for some positive C*° solution ¢ of the
Yamabe equation a, A + K¢ = ng?=".

Therefore § = ¢p?~2g has constant scalar curvature . = p(M).

Theorem 3.2. (T. Aubin [24])
If m > 6 and M is not locally conformally flat then u(M) < u(S™).

Theorem 3.3. (R. Schoen [365])
w(M) < u(S™) unless M is the sphere.

The theorem by R. Schoen completes the solution to the Yamabe problem. The proof
of (a) in the Yamabe-Trudinger—Aubin theorem relies on the observation that g =
19=2g implies that

(and+R) =" @d+ K¢, :=17"9,

where A, K are respectively the Laplace—Beltrami operator and the scalar curvature
of g =17 2g. Asa consequence, it may be shown that the integrals fM (am lde|*+
K¢>2) dvg and fM |¢|?dv, are unchanged if g, ¢, and K are replaced by g, é, and K,
respectively; hence (M) is a conformal invariant.

To prove (b) one starts with the special case of S”. By a conformal change of
variables one may convert the variational problem on S” into a problem on R,

M(s’")zinf{amf ||df||2dx:/ |f|qu=1}, (3.2)
Rln R”l

which is just the problem of finding the best constant and extremal functions for the
Sobolev inequality on R™

2/q
u(sm)(/ Iflqu> < an / \df |2dx.
Rm Rm

T. Aubin (cf. [24]) showed that extremals exist and are of the form

)*(*’1*2)/2

(a +bllx — xol? (3.3)

See also G. Talenti [396]. Now, given a compact Riemannian manifold M, one may use
normal coordinates on M and the dilation invariance of the problem (3.2) to transplant
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a suitable extremal (3.3) from R™ to a sufficiently small neighborhood on M and
conclude that (M) < u(S™).

To prove (c) one employs the Sobolev lemma for compact Riemannian manifolds.
Let W12(M) be the Sobolev space with the norm

12
I fllwizoan = <fM <||61’f||2 + |f|2) dvg) .

By the Sobolev lemma, there is an embedding

11
2 m’

Wb (M) — LY (M),

“ | =

>
and this embedding is compact if 1 > 7 — L 1f ¢; € W!2(M) is a minimizing se-
quence for the problem (3.1), then by the Sobolev lemma, {¢;} is uniformly bounded
in W1-2(M); hence there is a subsequence weakly convergent to some ¢ € W12(M).
Unfortunately, the inclusion W1*2(M ) — L9(M) is not compact; hence the constraint
/ y |9l7dve = 1 might fail to be preserved in the limit. One is led to consider the
perturbed equation

amAp+ Ko = usp* ™', 2<s <q.

Now, given a minimizing sequence (for the corresponding variational principle), due
to the compactness of W12(M) — L*(M), there will exist a sequence converging
strongly in the L®-norm to some ¢ € WI’Z(M ); hence ¢y satisfies the constraint.
At this point, an iteration procedure of the standard L? estimates for the Laplace—
Beltrami operator shows that ¢ is smooth, while the strong maximum principle
yields (]5(5) > 0.

To complete the proof, one should show that ¢y — ¢ as s — ¢, where ¢ is
smooth and > 0. This has been shown by T. Aubin (cf. op. cit.) as follows. Let u =
1 (S™). Then for any compact manifold M and any € > 0 there is Cps > 0 such that

2/
G=o [ 11a0)" <a [ 1asPave+ e [ 1Pan G4

for any f € W12(M). The inequality (3.4) is obtained by transplanting the inequality
from R™ to a normal coordinate neighborhood in M, and then to the whole of M by
a partition of unity argument. Let € > 0 be such that © — € > pug, for s sufficiently
close to g. Then (3.4) for f = ¢s) shows that ||¢s) [l 2(ss) is bounded away from zero
as s — ¢, and the proof is complete.

Next, we wish to discuss the following CR analogue of the Yamabe problem. Let
M be a strictly pseudoconvex CR manifold of CR dimension n. Let 6 be a pseudo-
Hermitian structure on M such that the Levi form Lg is positive definite. Let Fy be
the Fefferman metric of (M, 0). By a result in Chapter 2 of this book, Fjy is a Lorentz
metric on the total space C (M) of the canonical circle bundle S ' o 5 M. By
Theorem 2.3 of the same chapter, if 0 is replaced by 6 = uP=20, with p=2+4+2/n,
then Fyp goes over to
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Fy = (u OJT)p_zFQ,

so that the (restricted) conformal class of the Fefferman metric is a CR invariant of M.
The reason for representing the conformal factor as u? 2, u > 0, is that it simplifies
the transformation law (2.47). Indeed, due to the identity

1 1
Ap(logu) = —Apu + — gl
u u

the transformation law (2.47) (of the pseudo-Hermitian scalar curvature p, under a
transformation 6 = u”~26) may be written

p=u'"P (byApu + pu),

where b, = 2+ 2/n. Hence a necessary and sufficient condition for the contact form
6 = uP~26 to have constant pseudo-Hermitian scalar curvature 6 = A is that u satisfy

bpAput + pu = AuP . (3.5)

This is the CR Yamabe equation. It is the Euler—Lagrange equation for the constrained
variational problem

A(M) = inf{Ag(u) : By(u) = 1}, 3.6)

where
Ag(u) = / {bllwa Vull® + pu®}0 A (d6)",
M
Bg(u)=f lu|PO A (dO)".
M

Here Vu is the gradient of u (given by gy (Vu, X) = X (u) for any X € T(M)) and
g : T(M) — H(M) is the projection (associated with the direct sum decomposition
T(M) = H(M) @& RT). The purpose of Chapter 3 is to describe the following result
by D. Jerison and J.M. Lee (cf. [227]):

Theorem 3.4. Let M be a compact strictly pseudoconvex CR manifold of CR dimen-
sion n. Let 0 be a contact form on M for which Ly is positive definite. Then

(i) A(M) is a CR invariant of M.
(ii) M(M) < A(S?"t1)  (where the sphere S*'T1 ¢ C"*! carries the standard CR
structure).
(iii) If \(M) < MSZHY) then the infimum (3.6) is achieved by a positive solution u of
(3.5). Hence the contact form 6 = uP=20 has constant pseudo-Hermitian scalar
curvature p = A(M).

We refer to Theorem 3.4 as the Jerison—Lee theorem. S.S. Chern and R. Hamilton [88],
studying contact structures on 3-manifolds, proved independently a result equivalent
to (iii) in Theorem 3.4 in the case A(M) < Oand n = 1.
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3.1 The Cayley transform

We start by discussing the bundle of densities and the CR invariant Laplacian Aj. Let
M be a strictly pseudoconvex CR manifold and 6 such that Ly is positive definite. Let
us set

Ef = {0, : 1 e Ry},

for any x € M, where Ry = (0, 00). This furnishes an R, -bundle ET — M. Let
o € R and let us set

EY ={u: Ef - R:pu(by) = 2" %u®), YA > 0},

forany x € M.

Definition 3.1. The resulting bundle E* — M is referred to as the bundle of densities
of CR weight @ on M. O

Let us define g : M — E! by setting g (x) = ()., where (ug), : Ej — Ris
given by (ig), (A0x) = A~!. Then y € T*®(E"). Moreover, any C* section in E*
is of the form uug for some u € C*°(M).

We consider the differential operator

Az : FOO(EH/2) N FOO(EH/2+1)
given by

2 241
A (upg'®) = by Apu + puypy>*.

Note that A is invariant under a transformation 6 = ur—29.
Definition 3.2. A} is called the CR invariant Laplacian of M. a

The CR invariance of A(M) (i.e., the statement (i) in Theorem 3.4) follows from
son =it [ (si9)@o:occ @, o=0. [ or=1),
M M

Next, we need to recall a few facts regarding the Cayley transform. Let B"*! = {7 €
C™*1: |z < 1} be the unit ball in C"*!.
Definition 3.3. The Cayley transform is

é./ 1— §n+l
1+ é-n+l 1 1+ é-n+l

@) = ( ) =@ et g0, D

The Cayley transform gives a biholomorphism of B"*! onto the Siegel domain €, 1.
Moreover, when restricted to the sphere minus a point, C gives a CR diffeomorphism
(onto the boundary of the Siegel domain)
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C: 82N\ {(0,...,0, = 1)} > 0Qu41.
Let us recall (cf. Chapter 1 of this book) the CR diffeomorphism
fiHy = 01, @) = @t +ilz),

with the obvious inverse f‘l (z, w) = (z,Re(w)), z € C", w € C. We obtain the CR
equivalence

F:8$7\(©,...,0,-1)}—>H,, F:=f'ocC.

We shall need the following lemma:

Lemma 3.1. Let ) = j* [i @ —9)|¢ |2] be the standard contact form on the sphere,

where j : ST < C"*L s the inclusion. Let 6y be the canonical contact form on
H,,. Then
(F*@ ) = ;0
0); = |1+§-n+1|2 L¢o

forany ¢ € S\ {(0,...,0, —1)}.

To prove Lemma 3.1 we first carry out some local calculations for the sphere. The
standard CR structure Tl,o(SZ”“) admits the (local) frame

_ 3 I ey <
" e T p g SN

defined on the open set "1 N {¢ : ¢"T! £ 0}. Moreover, the characteristic direction
T of db is

73

l-n+1 .9 _. 9
__E: j 7
T = 2]-:1 (C a{j Is )

Next, let us note that

1 d
T 11 A~ 7 ) ,] Zﬂv
@ L] et 0 leq
8{1 ;— _ o " 2_ ] — 1
(1+§-n+1)2 ¢ aza+ law:|c(§)’ J n+1;
hence

1 z,cP 9 2it, B]
4OV, =_[5ﬂ a—]_‘ e 9|
(@O L+ gt +E”+1(1+§n+1) 82 le "M 4 g2z dwleo

where ¢; = ¢/, and
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i e 9 E“ ) )
d, 0T = - | ———— — -
( 14 ) ¢ 2((1+Cn+1)2 9z cw) (1+En+1)2 az¥ cw)
{n—t-l 9 E"'H 9

T o A + —_‘ .
(1 + é’"+1)2 Jw 'C(C) (1 + ;_n—&-l)z ow cw)

Let us set g := f~!. Taking into account

o) 3 oy 2 9
w8 — = — o dew8) — =35 —
U0z w92 e w07 | Reqw))
it follows that
1 [ }
A )Ty = ——| 8P4 —22° |7, v, 37
P e = |2 e [ 3)
i ic” 1 9
d,F)T, = —> 7 S R T —
T T T LR e T e

where Z, = 9/0z% + i7%d/0¢. At this point we may prove Lemma 3.1. The pullback
of g =dr +1i) ,_; (z%dz* —7%dz*) (the standard contact form of the Heisenberg
group) is of the form

F*0y = )\jd{‘j +1jdzj.

Then, on the one hand,

—a

¢
ho = S havt = 00, @) de F)To g =0
¢

(by (3.7)), and on the other,
—n+1

___ k¢

Ant1 = 00,F () (dc F) =——— 73
n (H\d¢ ¢ |1 +§-n+]|2

8{”“

ie.,

n+1

* _ i . _-__' j
F*6o = ”H—H]'z;{gd:’ £zl ],

and Lemma 3.1 is proved. ]
Let us consider the function
4
aizw)i=——, w eU:={z,w) eCt:w+i # 0}.
i +wl?
Note that 92,1 C U (hence we may restrict a to the boundary of the Siegel domain).
Let us set

b(z,1) :==a(f(z,1) = (z,1) € Hy.

|t +i(1+ [z
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Then (by Lemma 3.1)

F* (b6y) =0 .
Let us differentiate and take into account that b(F(¢)) = |1 + ¢! |2. We obtain
dé-rH—l dE’H’]

6, = ( ) NG+ |1+ F*agy;

[ N En-H
hence
01 A @)™ = |1+ "D E* (g A (d60)"].
Given a nondegenerate CR manifold M _endowed with the contact form 6, let us extend
the Hermitian form (Z, W) = Lo(Z, W), Z, W € T1,0(M), to complex 1-forms by
setting
0%, 6%) = h*F, (6%, 0F) = h°P,
0%, 0F) = 0= (0% 0F), (6%,0)=0=(6%0), (0.0)=0.

When we wish to emphasize on the choice of 6 we also write L; (A, 1¢) instead of

(A, ), for any A, u € Q(M). Also, we set |A]|2 = (A, 1). Note that |7y Vu| =
lldu|lp. Recall that (cf. Chapter 2)

/ (Apu)v 0 A (dO)" = —/ (du, dv)0 A (dO)",
M M

for any u, v € C*°(M), at least one of compact support. It is also useful to note that
forany u € C'(H,),

n
2 2
ldullg, =Y 1Zaul*.
a=1

The pseudo-Hermitian scalar curvature of (H,,, 6p) is zero; hence

A(H,,):inf{/ b,,Z|Zau|200/\(d90)":/
H,

lulPb A (d6o)" =14,
a=1 H,

with p = b, = 2 4 2/n. Consider the function
u(F(£))
U(C) = |1 + §n+l|n+1 :
Then

n
[ (ko + 00?) o1ty = [ 60 Y 1o oy
s n a=1

/ VP01 A (dO)" = / uP0y A (do)"

SZn-H Hn

(where p, = n(n + 1)/2 is the pseudo-Hermitian scalar curvature of the sphere
($2t1 01)) for any u € Cl(Hn), u > 0, and hence the extremal problems (3.6)
for H,, and S*"*! are the same. In particular A(H,,) = A(S>*t1). O



3.2 Normal coordinates 165

3.2 Normal coordinates

Let (M, T1,0(M)) be a strictly pseudoconvex2 CR manifold of CR dimension n, on
which one has fixed a contact 1-form 6 such that the Levi form Ly is positive definite.
Let T be the characteristic direction of (M, 0).

Definition 3.4. Let {7} be a local orthonormal (i.e., Lg(Ty, TB) = 0q4p) frame of
T1,0(M) defined on the open subset V. C M. Such a {7} is referred to as a pseudo-
Hermitian frame. ]

Following the ideas in [150], pp.471-476, we are going to introduce, for any xp €
M, local coordinates z!, ..., z", 1 at Xo, naturally associated with the given pseudo-
Hermitian frame {7} in the sense that T, = 9/0z% 4+ iz*d/dt and T = 9/dt modulo
suitably small error terms near xq (cf. Theorem 3.5 below).

Given a pseudo-Hermitian frame {7y } letus set X, = Ty +T5 and Yy, = i(T5—Ty).
When we think of {X, Yy, T} together we write {X;} (with0 < j < 2n and Xo =
T, Xqin = Yy). Let also {6/} be the dual frame with respect to {X} (here 09 = 6).
We shall denote by (§%, n*, 7) the Cartesian coordinates in R2"*+1 and we shall also
write (/) (with 0 < j < 2n and £0 = 7, €477 = %) when (&%, %, v) will be
thought of as together.

Let x € M be fixed. Given & € R¥"*!, let us consider the tangent vector field

Xe =E/X; € X(V).

For & sufficiently close to the origin in RZH let E, (£) be the endpoint C (1) of the
integral curve C : [0, 1] — M of X¢ issuing at x, i.e.,

dc
“2(0) = Xe(C)), (3.8)

C(0) = x.

By standard ODE theory E, is a smooth map of a star-shaped neighborhood U, of
0 € R**linto M. Also

d
(doEx) 97 |, =X (x);
hence E, is a diffeomorphism of a perhaps smaller neighborhood U, € U, of 0 €

R?>"*! (which may be assumed to be star-shaped, too) onto a neighborhood V; of x in
M. Then E 1. v, — U, is the local chart we were looking for.

Definition 3.5. The resulting local coordinates are referred to as the Folland—Stein
(normal) coordinates at x. O

2 The matters discussed in this section, i.e., existence of Folland—Stein normal coordinates and
Heisenberg-type order may be easily generalized to the case of an arbitrary nondegenerate
CR manifold (of hypersurface type).
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Next, we discuss the notion of Heisenberg-type order. For x € M fixed let
O, =E = @x/)=x%y% 1)V, - U CR"!

be Folland-Stein coordinates at x.

Definition 3.6. A function f on V, is said to be O' (and we write f = O') if
n
FO) = 0( D10+ 0 + 1))
a=1

asy — xin V. Fork € Z, k > 2, we define f = O inductively, i.e., f = O if and
only if f = 0(0'- O 1). O

Note that f = O? if and only if
FO =0 YOI + 1" 0P + 1))
a=1

asy — xin V,.

Theorem 3.5. (G.B. Folland and E.M. Stein [150])
With respect to the Folland—Stein normal coordinates

=) = ()

on Vy one has

Xo =72 +Z o' ﬁ+013i5>+02§t
“_ai +Z< _+Olaaﬁ)+ozaat’
Tz% i( aiﬁ ai)JrOz;r
Proof. Let us set
X,-:Bfa%

for some B,{ : Vy — R. The coordinates x/ : V, — R are given by x/(y) =
pj(E;l(y)), where p/ : R¥"*! — R are the canonical projections. Let y = E,(§)
for & € Uy be arbitrary. Then

X (Ey(8) = &/
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and by differentiation one has

% =5/, (3.9)
or
(ds Ex) azJ % e
It follows that
Bl(x) =3]. (3.10)

We shall need the following lemma:
Lemma 3.2. Let Gi : Uy — R be the local expression of Bj, ie., Gi = B,{ o E,.
Then

Glse)eh =&/ (3.11)
forany & € U, and any |s| < 1.

Proof. Let C(¢t) be the solution of the Cauchy problem (3.8) and set Cs(¢) = C(st).
Hence

dC;

X5 (Cs(2))
so that (since Cs(0) = x)
E,(s§) = Cs(1) = C(s), (3.12)

by the definition of E,. Differentiation with respect to s gives (by (3.9))

9= 2 L Lz P LA
3x7 o) ogk axJ Cs) x| o
or (by (3.8))
Xe(C(s)) = &7 % :
C(s)
ie.,
E/BY(C(s) = &,

which is equivalent (again by (3.12)) to (3.11). O

Next, let us consider the structure functions C;k : V — R defined by

[Xj, Xil = Ci X, .
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Let A = B! and denote by ij the local expression of each A,{, ie., ij = A,{ o E,.
For arbitrary & € Uy and |s| < 1 let us consider the matrices
Al §) = [As.8)] L Al.8) = sF 58,

P& = Mo . Tle6=clEsns.

0<j,k<2n

0<j.k<2n

We shall need the following lemma:

Lemma 3.3.
0
A =]-TA.
s
Proof. Note that
3 B‘f BB‘Z
z

In particular, at the point y = E, (s&) one gets the identity

Gt
C’k(E (s§)) = Fg(sé) {G’"( g)agm (s&) — G?(sé)aé,; (sé)}

Let us contract with &/ and use Lemma 3.2. Then

9G! acﬁ
,k(E (s€)ET = Fi(s8) { €™ —E(s8) — G (s£)8/ —L(s8)

ggm dEm
Z 4 i m 3G§
—&" Eié_m( s&)G(sE) — F{(s§)GY (s€)&/ 8&’"( s§)

(because of F e" Gi = 8,i). We have derived the identity

. . . Gt
SCH(E(SENET = —Fl66)GY ()5 568 s 0 “Fon)6ien. 613

Differentiating Gﬁ (s&)&7 = £ with respect to £, one gets
Gl

o L(sE) = 8y, — Gh(sE).

which substituted into (3.13) leads to

a
58

d i J
W(ExGENE = =5, + Gis8) —s - | Fjs)| 6] 59).
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or (by contraction with F Lf‘ (s&€))

9 . . .
5o A5 6) = 8, = Ti(s5, )45, §)
and Lemma 3.3 is completely proved. (]

Let us go back to the proof of Theorem 3.5. By Taylor’s formula (with the remain-
der in Lagrange’s form)

Gl (s§) = 8] + (0)S‘ A (csE)EE"

ge ézﬂaém
for some ¢ € (0, 1) (depending on s). Let 0 < § < 1 so that B(0, 8) C Uy and set

82GJ
a&togm |’

J
a = su C =4 max al, ,
ktm p k 0=t sy, Hhtm

B(0,8)

2

( £)'E™.
Then, for any & € B(0, §),

K ©=2¢] Y 11" < clligl? = cie” = ¢f (lwl+121).

l,m

where w® = £ + £ and v = £° (because of (1.26) as ||£]| < 1); hence fkj = 0?
in U, as &€ — 0. We therefore have

Gl =5l + GV E)] + 0%, (3.14)

where

GV =% g

35
We wish to compute G (£). The Taylor series expansions for F(s&) and G (s&) read

Fs&) =1 +sFVE) +s*FP@E) + -,
Gs&) =1+ sGVE) +s>GPE) + -,

for some matrices F?)(£), GP)(£), p > 1. Then
GWE) =-FD@) (3.15)
because of FG = I. Also, we may write

A(s, &) = A0, &) + sAQ @) + s2AV @) + - -



170 3 The CR Yamabe Problem

for some matrices A/ (£). Note that A(0, £) = 0 (by the definition of A) and

AO @) = [j—s [sFeo} ] =[F 0] = I,

0<j.k<2n 0=jk=2n

hence
A, 8) =sI +52AVE) + £ AP E) + -+
Let us differentiate with respect to s and use Lemma 3.3. We get
I—T(s,6)A6s,6) =1 +25AV ) +352AP &) + -+
Now the Taylor series expansion of I' (s, &) reads

L&) = [ChoE] L +sT@© TP+

0=j,k=2

for some matrices ["(?) (£); hence
AV = -4 [l
Summing up, we have
A §) =51 = 35 [ch @] + 06,
or
s(145FV@ +2FO@ + ) =51 = 12 [l + 06,
hence (by (3.15))
6V =} [clwe]. (3.16)
Let us write T, = % (Xo + i Xg4n)- Then
HTo, Tpl = (Ciﬁ - Ci+n,ﬂ+n + icé,ﬁ+n - iCiJm,ﬂ) Xj-
Yet [Ty, Tg] € I'*°(T1,0(M)); hence the T-component must vanish:

0 0
Caﬁ = Cot—i—n,ﬁ+n

0
= _Cot+n,ﬂ'

o (3.17)
Coz,ﬂ+n

Likewise

1 J J - ~J - ~J
4Ty, Tﬁ] = (Caﬂ + Ca+n,ﬂ+n - lca,ﬂ+n + lCCH‘"v/S) Xj’
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and the coefficient of T in this formula must be —8id,p; hence

0 0
Caﬁ = _Coz+n,ﬁ+n

0 0 (3.18)
CoH—n B = Ca.ﬁ+n - 8801ﬂ‘
Finally, solving (3.17)—(3.18) yields
% =Y =0
af a+n,f+n (3.19)
Ca BAn = _Cot+n,/3 = 48up-
Using (3.19) one may write (3.14) as
Gl (&) = 8] + 1cl.©& + 02
Let y = E,(€) be an arbitrary point in V. Then
— ) _ 1 ¢ a+n
Xi(y) = Gy, 7| = ok + 5C (x)& Py TCar (gt
¥ y y
d 2 d
1,0 4 2
+3CHE y + Z 0%
Jj=0 y

Now &% = 0!, g%t = = 0!, and £° = v = 02, and of course an 0% is O as
well. Hence (by (3.19))

0 0 0

o' — —2e0tn _ 4 0% —

Xa axw+2_:< aﬁ) R PR
and the first formula in Theorem 3.5 is proved. The proof of the remaining formulas is
quite similar, hence omitted. O

As a corollary of Theorem 3.5 we have that the expression of the complex tangent
vectors T, in Folland—Stein local coordinates is

T, a+__aa+2": 0la 0la +028 (3.20)
= — +iz — —. .
o T T\ T e T o1
Let us set
Q:U{x}xVx
xeM

so that €2 is a neighborhood of the diagonal in M x M. For any (x, y) € 2 let us set

Ox,y) = 0x(y),

where @, : V, — R¥"t! are the Folland-Stein coordinates at x. The reader may well
note that for M = H,, and T, = 9/0z% + iz%9/0¢ one gets O(x, y) = x~'y. Finally,
let us set
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px,y) =0(x, y)
(Heisenberg norm) for any (x, y) € Q.

Theorem 3.6. (G.B. Folland and E.M. Stein [150])
(1) O(x,y) = —0(y, x) = O(x, y)~! € H, (in particular O (x, x) = 0).
(2)©:Q— H, is C®.
(3) Let K C M be a compact subset and x, y, z € K such that
(x, ), (x,2), (¥, 2) € 2,
px,y) <1,p(x,2) <1

There exist constants C1 > 0, Ca > 0 such that

06,3 = 0G| =1 (P2 +p(r 0o ). (B2
Pz ¥) = C2(p(x.2) + plx. 1) (3.22)

Part (1) follows from definitions, while part (2) is a consequence of standard ODE
theory (dependence of solutions of ODEs on initial conditions and parameters). For
the proof of part (3) the reader should see [150], p. 476. ]

Let us set

y=(1)=0(¢,n, ¢ne.

Definition 3.7. A C* function f(£,y), (£,y) € V x O(), is said to be of rype OF
if for each compact set K C V there is a constant Cx > 0 such that

If (&, ) < Cklylk,

for any & € K. Here |y| is the Heisenberg norm of y. Moreover, OXE denotes an
operator involving linear combinations of the indicated derivations, with coefficients
of type O*. ]

Summing up the information in Theorem 3.5, the identity (3.20), and Theorem 3.6
above, we may state the following theorem:

Theorem 3.7. Let {W,} be a pseudo-Hermitian frame, defined on the open set V. C
M. Then there is an open set 2 C V x V, such that (§,§) € Q forany § € V, and
there is a C*° map © : Q — H,, such that

(1) O, n) =—0®n. &) = O, &), forany (£, n) € Q.
(2) Set ®¢(n) := O, n). Then O is a diffeomorphism of a neighborhood Q¢ of &
onto a neighborhood of the origin in H,.
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(3) The following identities hold:

n
©; ) 0=0+0"dt+) (OZde + 02dzf) ,
j=1
©; )" (6 A (d6)") = (14 0"6 A (dby)",
—z roe(l 26( 2
©)Wj=Z;+0 5(32) +0 5(at),

©).T = + o'g( o2 )

ot 8z ot
2
(®g)«Ap = Lo +g(3%> + 018(% ’ 887>

vor(l 1y, 035(5_;).

Here 8/9z denotes any of the derivations 3/dz/, 8/ 97/ and

n
Lo=~3) (2Zj+Z;Z)).
j=1

Actually the last identity in Theorem 3.7 follows from an additional piece of informa-
tion, the identity (A.6) below. The uniformity with respect to & of bounds on functions
of type OF is not stated explicitly in our preparation (preceding Theorem 3.7), yet
follows easily from the fact that the coefficients are C*°.

Note that when M = H,, and 6 = 6 one may take ® (&, n) = £~ 1y, and the terms
with OX coefficients (in Theorem 3.7) vanish identically. Hence these terms may be
viewed as error terms (and ® as an approximate group multiplication). Indeed, in the
case of an arbitrary strictly pseudoconvex CR manifold, these terms have a higher
homogeneity with respect to dilations. Precisely, let us set

T%(z,t) = (67 '2,67%1), (z,1) € H,, 8 > 0.

Consider a compact set K C V and r > 0. For sufficiently small § > O and any £ € K
one has

T°O: () D B, :={y e H, : |y| <r}.

Then, for any £ € K and y € B,,
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_1*
[(Pe) '] 0 =82 (1+350) 0,
1%
|:(T6®g) 1] 0 A (dh)" = 82 +2 (1 + 501) b0 A (d6o)" .

(T°0;), W; = 5! (zj + 80‘5(8%) + 82025(%» ,
(3.23)

3’ 972
+ 52025(3% : %) +33035(;—;)> .

Here an OF may depend on 8, yet its derivatives are bounded by multiples of the frame
constants, uniformly as § — O.

(T°0%), Ap = 572 (co +5(a%) +5015(3 " )

Definition 3.8. The term frame constants is used to mean bounds on finitely many
derivatives of the coefficients in the O*& terms in Theorem 3.7. O

We wish to prove (ii) in Theorem 3.4, i.e., A(M) < A(S2tD,

Lemma 3.4. The class of test functions defining A\(H,,) can be restricted to C* func-
tions with compact support.

To this end, let ¥+ € C3°(H,) such that ¥/ > 0 and an ¥ (y)dy = 1. Let us set

Ys(x) = 8~y 571y,

where 8~ x is short for 7% (x). Moreover, let u be a test function satisfying
/ 8o A (d60)" =1, Zju e L*(H,), 1<j<n.

Since Z; is left invariant, it follows that
Zi(Ysu) =vs5Zju.

Next, one checks easily that Yfu € C*°(H,) and ¥fu — uin LP(Hy), ¥§Z;u —
Zju in L2%(H,), as § — 0. Therefore one can restrict the class of test functions to
C*®H,).

Consider ¢ € C*°(H,,) such that ¢(x) = 1 for [x] < 1, ¢(x) = O for |x| > 2,
and 0 < ¢(x) < 1, for any x € H,,. Next, let us set #°(x) = ¢(8x). Then qub‘S is
supported in 51 < x| < 28! and there is a constant C > 0 such that

1Z;¢°| <C8, 1<j<n.

Consequently
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f ’Zj((i)au)‘z@o/\(on)":/H (2;6%) u + ¢° Z,u|” 60 A (d60)"

n n

1 2
s/H [(1+;)|zj¢5| |’4|2+(1+5)|¢5|2|Zju|2]90A(d90)n
2 1 2 2 n 2 n
<C l—i—; 8 xslul“6p A (dBo)" + (1 +5) |Z,u| 6o A (dBo)
H, H,

for any s > 0. Here

1, ons~!<|x| <2871,

0, otherwise.

xs(x) = {
Since

/ xs(x)dx = C, 873"+,
H,

by the Holder inequality and (2n + 2)(1 — %) = 2 it follows that

2/p 1-2/p
/ 32Xa|u|2dXS</ Iul”xadX> az(/ Xa(X)dX)
H, H, n
2/p
=c,1—2/”(/ Iul”Xadx) :
H,

This integral tends to zero as § — 0 (since u € L?(H,,)). Finally, for s and § suffi-
ciently small we get

n n
limsupf Z|zj(¢5u)|290A (dBo)" 5/ Z|Zju|290/\(d90)n.
H, H, <
n j=1 n j=1

§—0

Also, let us note that
lim / 1¢2ulP8y A (dBp)" = / |u|P80 A (d6)";
§—0/mg, H,

hence one may restrict the class of test functions to Cgo(Hn). O

To see that A(M) < A(Hy),letu € C°(H,) be such that By, (u) = 1 and Ag, (1) <
A(H,) + €. Let us set

@) (x) == 8"u(d x).

Let & € M and let ®¢ be a Folland—Stein normal coordinate chart at & (cf. Theorem
3.7). Set

vy () = ue)(Og ().
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For ¢ sufficiently small, supp(us)) C ®¢(€2¢); hence vy has compact support in
Q¢. Let us extend v(s) to a function in C*°(M) by setting v(sy = 0 outside €. It is
immediate that

By, (u(5)) = By, () = 1,
Agy (1)) = Agy(u) < A(H,) +e€.

Moreover

/ lus) 6o A (dp)" = 8* / |u|*60 A (d6p)" — 0,

n n

as 6 — 0. Then (3.23) implies that
lim B =1,
Jim 0 (v(s))

alir% Ag(vs)) = Ag(u) < A(Hy) + €,

with € > 0 arbitrary; hence A(M) < A(S2tD, O

3.3 A Sobolev-type lemma

To establish the regularity results for Apu = f, and then for the CR Yamabe equation,
we need to prepare the following analogue of the classical Sobolev lemma:

Theorem 3.8. Set X; = Re(Z;) and Xjy, = Im(Z;), 1 < j < n. There is a
constant Cy, > 0 such that

2/p 2n
(fH |f|p6’o/\(d6’o)") <Gy /H SOIX £ P00 A @) (3.24)

n j=1
forany f € Cg°(Hy), where p =2+ 2/n.

The proof of Theorem 3.8 requires the fundamental solution to the operator L£o. We
shall present a more general result (cf. Theorem 3.9 below) exhibiting the fundamental
solutions for the family of Folland—Stein operators

n

.9
Lo=—14 (TMTH—FTHTM)—i-lOlE,
pu=1

(for @« € C admissible; see the definitions below). The results within the harmonic
analysis on the Heisenberg group that we need are classical and at least partially pre-
sented in book form (cf. E.M. Stein [385]).

Our first task is to write (1.146) for the Heisenberg group M = H, (carrying
the standard strictly pseudoconvex CR structure). Let v € Q%411 (H,,). The Tanaka—
Webster connection of H,, is flat; hence (1.146) becomes
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Dpv == (hklav)‘vﬁw&l'“&qﬂ +2i(q + 1)V01/f&1~--&q+1) 0% A - A%
Also
& _ @ _pa _
Fﬂﬁ - Fﬁﬁ Foﬂ 0

and hence we may replace the covariant derivatives by ordinary derivatives

Vova, a,y = T (Y ay1)s

(g+ D!

ViViYa, .a, = meTmﬂalmaqH ;

where T) are given by (1.25) and T = 9/9¢. Next, using the commutation formula
[Ty, TB] = —2i8,8T we may calculate (1,3 as follows:

Upy = — (g+ D! {‘SAMTKT@‘//&W%H +2i(g+ DT (w&l“‘&qﬂ)} 6% Ao NG
1 - 1 1
= — P Z {ETATiw&l“'&qH + 5 (T — 2l'T)1ﬂ5(1.4.5lq+1
T a=1

+2i(q + DT (Vay -, }9&1 NV

Therefore, we may adopt the following definition:

Definition 3.9. Let 75 be the Lewy operators on the Heisenberg group H,, and T =
a/9dt. The differential operators L, (o € C), given by

n
Lo=—3Y (LT +T:T3) +ial,
r=1

are called the Folland—Stein operators. (|

Proposition 3.1. The Kohn—Rossi operator of (H,,, 0y) is given by

1 _
e (q+D! (Ln—26g+1)Vaydgyr) 071 Ao A Q% (3.25)

for any ¢ € Q¥4I (H,).

A fundamental solution for £y has been determined by G.B. Folland [146]. Pre-
cisely, there is a constant ¢y % 0 such that ¢g : H,, \ {0} — R given by ¢o(x) = |x|~>"
satisfies Lopg = cod, where § is the Dirac distribution (concentrated in zero). Fol-
lowing G.B. Folland and E.M. Stein [150], we obtain fundamental solutions for the
operators L. Let us consider

_ —2n !
pa(z, 1) = |(z, 1) f<|(z,t)|2>
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and look for the unknown function f(w) such that £,¢, = 0 on H, \ {0}. Let us set
w = t/|(z, 1)|*. Then

Jw w .

-2 2 —611.112.]
— = |x 1—w), — =—t|x z|°z7,
P x|~ ( ) 97 [zl

where x = (z, t). Using (1.25) one may write L, in the following form:

" 92 92 9 (.9 9 9
E = — - T 12——.— ]—.—-]—. ot — .
« ;{azfay T iy <Z’ 0 ° 821) ey

Taking into account

aa‘pj.‘ = —|x| 222012 [nf (0) + of (W),

Z

0@y 2 /

a(pt = — x| 2D [nof (@) + (@° — 1) f ()],

one obtains

2
D00 = 20 [l + 200 ~ 11 @)
+ @n+ 3 - Df @ + @ - D @],
82 o j / "
ﬁ = [ 22 P+ Doof' (@) + 0 [ (@)]

— x| 2Dz + 127 — (- 2)lIz 2 P T (@) 4+ of (@)
Then one may write Ly¢, = 0 as
X1 7C1zI°[(n + Dof' (@) + o £ (w)]
— X172z + 1=+ 2zl 1x 1 1[nf (@) + of ()]

+ Iz {1l + 2)0* — 11f (@) + 2n + Do (@ — 1) f/(®)
+ (@ = D (o)} + ialnof (@) + (@ — 1) f'(@)] = 0.

Finally, using 1 — w? = |x|™*||z||*, the above ODE may be written as

(1= ?¥? (@) — (1 = )2 [(n + Do +ia(l — ®)?]f(w)
+inawf(w) =0. (3.26)

Since 1 — @? = |x|7#||z||* > 0 we may set w = cosf, 0 < 6 < x, and g(0) =
f(cos ). Consequently (3.26) becomes

(sin8)g” (@) + (ncos® +iasin@)g’(8) + ina(cosh)g(®) =0,

or



3.3 A Sobolev-type lemma 179
[(s'n@) d cos@][d +i ] ©) =0 (3.27)
1 —_— n —_— o = L. .
do d9 8

Note that g(9) = ce™*? are bounded solutions of (3.27). Since e /¢ = w —iv/1 — w?
we obtain

@ = (Y

Let ¢ = i“. Then

—(n—a)/2

0u(z, 1) = (I20% — it) """ (120 + ir) (3.28)

We are in a position to prove the following theorem:

Theorem 3.9. (G.B. Folland and E.M. Stein [150])
Lo = a8,

where cy is given by
2272n7.[n+1
Co = T mFa = (n—a) *
F () (%5%)
Proof. Let € > 0 and let us set

pe(z. 1) = Izl + € —it, gue = pZ ORI,

Then ¢q ¢ is a C* function on H,,, and we may prove the following lemma:

Lemma 3.5. ¢, — ¢y as € — O, in distribution sense.

Indeed, let ¥ € C;°(H,). We must show that
1im/ $a,e ()Y (x)dV (x) = / Pa ()Y (x)dV (x), (3.29)
e—0 H, H,

where dV (x) = 27"dx and dx is the Lebesgue measure on R>*!1. Clearly Pa.e(x) —
@q(x) as e — 0, at any x € H,. Let us set K = supp(y/) and I'y, = supg [y| > 0.
Let us recall that for any a, s € C one has

|as| — |a|Re(s)eflm(s) arg(a) ,
where arg : C — [—m, ). Let x € K. Then
|0, )Y ()| < Ty @, (X)] = Ty pe ()| M@ 2l

E FwI(HZHZ_}_ez)Z+t2|—n/zelm(a)7'[ S F¢en1m(a)|x|—2n.

On the other hand, for any u € H,, we have
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lul < 1= llull < |ul < [lu]"/?.

Hence

/ Ix|~2"dV = / Ix|~2"dV +/ Ix|~2"dVv
K KN{|x|<1} KN{|x|>1}
<A +/ Ix|72"dV < A +/ x|l =22 "dx
Kn{|x|<1} Kn{lx|<1}

1
= A+ 2_"/0 (/ ” p_z"da(x)) do=A+2"w,,
[lxll=p

for some constant A > 0. Here wy is the “area” of the sphere S. Hence one may
apply Lebesgue’s convergence theorem to obtain (3.29). (]

Next, let us set

Va,e = Lafpa,e .
Lemma 3.6. ¥, — c6, ase€ — 0.
Let a € C. Note that
Tj(p) =2az/p¢ ™", Tj(p¢) = T;(p¢) =0, T(pd) =—iap?™",

where T; = 8/0z/ +iz/3/3t and T = 3/dt. Let us write p = p,, for simplicity.
Then, for any a, b € C, we have

T;T;(p5") = 2bp“ 5"~ + 4abp® ™' 6" 7127,
T(p"p") = ip*™' 5"~ (~ap + bp).

Due to the commutation formula [T, T/v] = —2iT the operator

n
Ly =—5) (TjT; + T;T)) + iaT
j=1

may be also written as
n
Ly=—Y TjT;+i(a—nT.
j=1

In particular for

we have
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Ve = La@o.e = Lo (p€—(n+oz)/2'5€—(n—ot)/2>

_(n+01+2)/25—(n—0(+2)/2{n(n _ a)p _ (n2 _ a2)||z||2

=p
— @ —mPp+10? - o)),

Next, since p = ||z||> + €2 — it, we may write Ya.e aS
Ve (z 1) = E0? = a?) (22 + € — i) Iz 4 2 4in) T,

whence

__—2n-2 .
’ - 3 bl
Voe =€ Ya,10 Sl/e

hence
/ woz,edv = f 1ﬂot,ldv- (3.30)
H, H,

This may be checked by a change of variable (z’, t) = 81/, (z, t) under the first integral
sign in (3.30) (since dV’' = €224V, Let us set

Ca =f Ve 1dV. (3.31)
Hll

Letg € Cgo (H,) be an arbitrary test function. We must show that

lim . Va.epdV = cap(0).

e—0

Using (3.30) we may perform the following estimates:

/ wa,de—caw(O)‘:‘ f VaepdV — o(0) / vfa,ldv}
H, H, H,

= ‘/ Va9 —90)dV
H,

< /H Wael I — 9(O)[dV < rgo/ WacldV — 0,
n K

as € — 0. Here I'y = supg ¢ — ¢(0)| and K = supp(¢). |
Summing up, we have proved that

Yae = Yo LaPae = Cab,

as € — 0, in the sense of distributions, where ¢, is given by (3.31).
At this point we may show that Ly, = ¢ 8. Indeed, let u € C(‘)>o (H;). Then

/ (Ea(pa)udVZ/ QDQ(EEM)dV
H, H,

= limf Ya.e(Lou)dV = limf (La@a.udV = cy8u),
e—~>0Jq, €—~0Jq,

by the Lagrange-Green identity. (]
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To finish the proof of Theorem 3.9 we compute the constants (3.31). Let us set
B=itn+a+2), y=3in-—a+2).

Let A(z) be a positive function of z. Then

B A L sy gy NPT
/R(A—lt) (A+it)y 7dt=A /R<1—ZZ> (l—i—lZ) dt

=A’”’1/(1 —in)y P +ir)7dr.
R

In particular, for A = ||z||> + 1, since dV = 2 "dx dydt (withz/ = x/ +iy/, 1 <
Jj < n) we have

ca=/ x/fa,ldvzf n*—a®HA—-inP(A+it)7dv
H, H,

=2"n* - 052)/ (/ (A—iny A+ it)"’dt) dx dy
R21 R

=2""(n? - az)/ A (/ a—iny Pa+ ir)”dr) dx dy,
R2n R

that is,
o =27"(n* — a?) (/ UlzI? + D™ tdx dy)
Cn

x </(1 —iz)—ﬁ(1+ir)—ydz). (3.32)
R

The integrals in (3.32) may be computed as follows. First

f(||z||2+1)—"—1dxdy:/ (f (p2+1>—"—1do<x,y))dp
R 0 lIzll=p

o0 o0
= W2n—1 / P2+ D" lap = %a)2n71 / s s = 1) lds,
0 1

where we set s = ,02 + 1. Moreover, wy,—1 = 27"/ T'(n) and (by setting o = 1/s)
we get

1 n
2 —n—1 " / n—1 il
z|"+1 dxdy = l-0)"do = ———
/1;2n(” 17+ 1) Y=o A= D)

(because of I'(n) = (n—1)!). The second integral is more difficult to compute. Assume
for the time being that @ € [—n, n]. Then § > 1, y > 1. We shall make use of the
identity

o
/ e xV ldx =T (y)s77, (3.33)
0
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which holds for any complex number s in the domain
{s € C:Re(s) > 0}.
In particular for s = 1 + it we get

o0
A+it) "T(y) =/ e e x Y gy,
0

which may be written as

(1+in7"T(y) = f (). (3.34)
where f is defined by
e *x’ 1 x>0,
fx) = {0 X <0,

and f is its Fourier transform

Fi) = / e f(x)dx,
R

Similarly (i.e., again by (3.33)) we obtain

(1—in~PT(B) = g, (3.35)
where
0 y =0,
g(y)={e|y||y|ﬂ1 V<0,
Note that

/Rf(t)g(t)dt=2n/Rf(x)g(—x)dx. (3.36)

The 27 factor appears due to our choice of definition for f (in comparison with the
usual one; cf. [147], p. 20) together with Proposition 0.26 in [147], p. 23. Let us multi-
ply (3.34)—(3.35) term by term and integrate over R in the resulting identity. Then (by
(3.36)) we obtain

o]

F(/S)F(y)/(l —inPA+in7"dr =27r/ e Pxdx,
R 0

or (by (3.33)fors =2andy =n+1)

al(n 4+ 1)27"

, (3.37)
INVINGD

/(1 —in P +inVdr =
R
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for any @ € [—n, n]. Returning to general o € C, we may write
/(1 —inPA+inT"dt = /(1 — it)TORD2 (] 4yt D2 gy
R R
= /(1 + 12~ D2( — i (1 4+ in®dr
R
and
(1- it)—a/2(1 + it)oz/Z — e—a/2log(l—it)ea/Zlog(l+it) — eiotarctant

that is,

/(1 — ity P +it) vt :/(1+r2)*<"+°‘>/2e"“f°mnfdt;
R R

hence o — fR(l —iy PAQ +in)Vdrisa holomorphic function on C. Thus

27"7T(n + 1)
rBry)

is a holomorphic function of & and therefore vanishes identically (otherwise, by Propo-
sition 4.1 in [89], p. 41, it would have a discrete set of zeros; yet (by (3.37)) it vanishes
on [—n, n], a contradiction). Summing up, we have computed both integrals in (3.32),
so that ¢, may be written

/(1 —inPA+inTVdr -
R

22—2nnn+1
Co = S rnFa o fn—ay
()T (%)
and Theorem 3.9 is completely proved. ]

Note that ¢, = 0ifandonly if o € {+n,+(n +2), £(n +4),...}.
Definition 3.10. We call @ € C admissible if ¢, # 0. O

Let @ € C be admissible. Then

1
Dy = —@u
Co
is a fundamental solution for £, with source at 0, i.e., LoDy = 6. O

Before attacking the proof of the announced Sobolev-type lemma, we also need to
analyze the solutions to the equation £, f = g. Let D’(H,) be the space of distribu-
tions, and £’ (H,,) the space of distributions of compact support on H,,.

Definition 3.11. Given f, g : H, — C the convolution product of f, g is given by

(f*9)x) = fH FMey ™' )dV (y). O
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Then we have also
(f*g9)x) = /H fy Hg(mavy).

The proof is an elementary exercise involving a change of variables via the diffeomor-
phismh : Hn.—> H,, h(y) = y x.Ifx = (w,s), y = (z,¢) and w/ = u/ + iv/,
7z = x/ 4+ iy/, then h is given by

Wy, )y =u/ —x/, W (x,y,0) =v/ —y/,

n
R xy, ) =5 — 1t + 2Z(xjvj — yludy,

j=1
with the Jacobian
—55. 0 0
det| 0 —55 0 |=-1 O
207 —2ul —1

Let us set g(x) = g(x~!) for any x € H,,. Then

fH(f*g)(X)h(X)dV(X) :/H (/H f(y)g(y_IX)dV(y)> h(x)dV (x)

=/ f(y)(f h(x)g(y_lx)dV(x)>dV(y)
H, H,

- /H f(y)(/ h(x)g(x‘lde(x))cIV(y);

Hn

hence
/H(f*g)(X)h(X)dV(X)=/H FO g (y)dV(y), (3.38)

whenever both sides make sense. O

Let f € Cgo (H,) and a € C admissible. Let us set as before &, = ¢, /cy, Where
@q s given by (3.28).

Definition 3.12. Let us define K, : C°(H,) — C*°(H,) by setting
Kof=f+®y. O

Proposition 3.2. (G.B. Folland and E.M. Stein [150])
For any f € C3°(H,) and any admissible value of « € C we have

E(XKOtf = Ka»caf = f
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Proof. L, is an invariant differential operator, i.e.,
Ly(goLy)=(Lyg)o Ly,

for any x € H,, (where L, : H,, — H,, is given by L,(y) = xy, for any y € H,,) and
any g € C*(H,). Consequently

(LaKa /) = (La), /H F@L( DAV ()
_ /H (La(®a 0 Ly1) (0AV ()
- /H FO) (La®a) 10V ()

_ /H FEy™) (La®a) AV ()

= (Lo Do) (gx) = 3(gx) = gx(0) = f(x),
where g, is defined by g,(y) = f(xy~!) for any y € H,,. We therefore have
LoKof = f. (3.39)

To prove the remaining identity in Proposition 3.2, let g € C;°(H,,). Note that c_o =
cq hence if « is admissible, then —« is admissible as well. Since (3.39) holds for any
admissible value of « and any test function f, we have

/Hg(X)f(X)dV(X)=fH (LoK_og) (x)f(x)dV(x).

We shall make use of the following lemma:
Lemma 3.7. L} = L;.
The adjoint £ of L, is defined by

f (La@)FdV = / oTTTdV.
H, H,

We shall prove Lemma 3.7 later on. For the time being, by Lemma 3.7, we have

/ (LowK_ag) fAV = / (LK —ag) FdV
H, H,

= f (K—ag) L%, fdV = / (K_ag)L_gfdV.
H, H,

But
La=(-} 3 (1,7;+ 1313) +i(~)T)

j=

—

n
=3 (15Ty + TT5) + iaT = Lo
=
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hence

Summing up, we have (by (3.38))
/ gfdv = / (K—ag8) (Lo f)dV
Hﬂ Hil

=/ (g*cb_a)(caf)dv:/ g(Cap)xdoy)av.
Hn

n

Finally, because of
- 1 1 1 1
P_ () =P _o(x7 ) = C_‘p—a(x ) = C_ﬁl’ot(x) = Py (x)
we have
[ srav=[ sanrxonav = [ gkicopav:
Hn Hn H”

hence f = K, Ly f, and Proposition 3.2 is completely proved. |

At this point we may prove Lemma 3.7. Indeed, Lemma 3.7 follows from T]?" =
—T3, T]i“ = —T; (hence (T; ij)* =T; T]T) and from

(il —m)T)Y =i(a —n)T.

In turn, the proof of these identities is mere computation. For instance

_ d .0 —
An(Tjw)de =‘/];n <<§+lZ15> (ﬂ) 1/de
_ oy . 9 (i
__/ <pﬁdV—z/Hn¢§(Zq/,)dv

oy . ov\”
- i av.
[H,,‘”< oz T ° ar)

The operator K|, is clearly continuous from C(‘)>o (H,,) to C*°(H,,) with the usual topolo-
gies; hence we may consider the induced operator (K,)' : £&'(H,) — D’(H,,) given by

((KO()/ T) (p) = T(Kap),

forany T € £'(H,) and ¢ € C5°(Hy). As is well known, there are natural inclu-
sions C°(H,) — &'(H,) and C*°(H,) — D'(H,), e.g., if ¢ € C;°(H,) then one
may define ¢ : C*(H,) - Cby ¢p(¥) = an oy dV. The following diagram is
commutative:
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CH,) — E'(Hy)
Ky N J (K_o)
C*(H,) — D'(H,)

(where horizontal arrows are natural inclusions), that is, (K_)’ extends K, to &' (H,,).
Indeed (by (3.38)),

((K-0)'¢) ) = p(K_qu)

=/ WKdeV:/‘¢W*¢wMV=/1u@*éw)wﬂ
n H” n

But CTD_O, = ®,; hence

QK@@ym=Luw*%MV=/uMWMV=ggm

n

for any ¢, u € C3°(H,). Similarly, it is easy to see that the following diagrams are
commutative:

CPH,) — E'(H")
Lo | =)
Co*(Hy) —> &'(Hp)
and
C*H") — D'(H,)
Lo V(L)
C*H,) — D'(Hy,)
We agree to denote both the operator K, (respectively L) and its extension (K_g)’
(respectively (£_g)’) by the same symbol K, (respectively by L,).

Corollary 3.1. (G.B. Folland and E.M. Stein [150])
Let o € C be admissible. Then

(i) For any F € £&'(H,,) we have
LoKyF =Ky LyF =F.

(ii) Ly is locally solvable, i.e., for any g € &' (H,) there is f € D'(H,) such that
Lof =g

(iii) The equation Ly f = 0 has no nontrivial solutions in &' (H,,).

Proof. To prove (i) we may perform (by Proposition 3.2) the following calculation:

(LaKoF) (@) = ((L-o) (K—o) F) (@)
= ((K—aL_a) F) (9) = F (K_oL_q9) = F(p),
for any ¢ € C;°(H,), etc. Next, (ii) follows from (i) by setting f = Ky g. Finally, to

prove (iii) we assume that Ly f = 0, for some f € £'(H,), f # 0. Then we apply K,
and use (i) to get 0 = Ky Ly f = f, a contradiction. U
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By a result of G.B. Folland and E.M. Stein (cf. Proposition 7.5 in [150], p. 444),
L, is hypoelliptic if and only if « is admissible. Hence the £, furnish an example® of
a family of operators of the form A + o B, where A is second-order hypoelliptic and
B is first-order, that are hypoelliptic for all but an infinite discrete set of values of the
parameter . According to a result by L. Hormander [213], this phenomenon cannot
occur for operators with real coefficients. (]

Let us return to the Sobolev-type lemma.
Proof of Theorem 3.8. By Theorem 3.9, let

1 22n -2 I'( n )2
_ —2n o 2
Do(x) = anlx| , Ap = 0 = —7-["+1 s

be the fundamental solution of Ly = — Z?"zl XJZ (i.e., LoDy = §). Next, let us
consider

Ko : C°(Hy) — Co°(Hy), Kof = f * ®o,
where * is the convolution product. Then (by Proposition 3.2)
KoLof = f,
forany f € C3°(H,). Also, since X is left invariant, if g € C5°(H,,) then
Ko(Xjg) = g * (X;Dp);
hence
2n
f=KoLof = (Lof)x®o=—Y (X;f)*(X;Pp).
j=1
Note that X ;@ is homogeneous of degree —2n — 1. In particular
(X ®o)(x)] < Clx| 72"~
Now Theorem 3.8 follows from the following theorem:

3 Generalized by F. De Mari, M.M. Peloso, and F. Ricci [114] (a generalization further in-
vestigated by D. Miiller, M.M. Peloso, and F. Ricci [318]) as follows. Let J := (701’1 16’)
and recall that § € Sp(n, C) if S JS = J (where S’ is the transpose). Moreover, set
P,]" :={S e Spn,C):S=35", Re(S) > 0}. Given S € P,;" and @ € C, the second-order
differential operator (g o, on the Heisenberg group Hy, defined by

Ose = —5X1ueos X, Yiu oY) S(Xpu oo, X Yoo Yo) +iaT

is left-invariant and homogeneous with respect to the dilations J5. Clearly, Uy,  are the
Folland—Stein operators L (treated above). D. Miiller, M.M. Peloso, and F. Ricci discuss
(cf. op. cit.) the solvability of [lg  (certain operators [lg o turn out to be solvable, while
their transposes are not). Another reason that we mention the work by D. Miiller et al. is that
no (more refined) regularity results for Clg o, are known (e.g., there is no (g 4 -analogue to
Theorem 9.5 in [150], p. 457).
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Theorem 3.10. (E.M. Stein [383])

If F is a regular homogeneous distribution of degree A, with —2n —2 < A < 0,
then the map ¢ +— @ * F extends to a bounded map from L? to L9, where 1/q =
1/p —1/(2n +2) — 1, provided that 1 < p < q < oo, and from L' to Ll_o(czn—kz)/k_€
forany € > 0.

Indeed, if 0 < & < 2n + 2 and |H (x)| < C|x|~2"~2t2 then (by Theorem 3.10) the
map g — g * H extends to a bounded map L” (H,,) — L*H,), where = l —
andl <r <s <oo.Nowletussetae = 1,r =2,and s = p.

2n+2

For the sake of completeness, we end this section with a discussion of homoge-
neous distributions, as appearing in Theorem 3.10.

Definition 3.13. Let x € H,,. The translation operators
7, 5 C®¥H,) - C*H,)
are defined by setting
@HM =FE" (T F) ) =fox,
for any f € C*°(H,) and any y € H,,. Also we define the reflection operator
J: C*H,) - C*H,)
by setting (Jf)(y) = f(y~ 1), forany y € H,,. O

Definition 3.14. For ¢ € Cj°(H,) and G € D'(H,) we consider the C* functions
G * ¢ and ¢ * G given by

(Gx9)(x) =GCG(Jxp), (p*xG)(x) =Gt ).

For v € Top(H,), i.e., for any vector v tangent to H,, at the origin, we consider the
distribution D,, € £'(H,) given by

Dy f = —(dof)v. O

Let L, and R, be the left-invariant and right-invariant extensions of v, respectively.
Then L, f = f*Dyand R, f = D, x f.For 1 <« < nletusset

1
Vo =257

DjZDUj7 Lj:ijy Rj:Rvj9

where {v;} = {vy, Vo4, }. With this notation,

ol
Xo =2Ly, Yo = 2La+n’ T = E = [Lo+n, Lol
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Definition 3.15. For a function f on H,, and r > 0 we define

fr(x) = f(Dr(x)), x €Hy,

where D, is the dilation D, (z, t) = (rz, r’t). We say that f is homogeneous of degree
Mif fr=r*f,r > 0. O

The notion of homogeneity extends to distributions as follows.

Definition 3.16. Let us set
fr@) =r2f 1)), r>0, xcH,.
Next, let F € D'(H,) and r > 0. We say that F is homogeneous of degree A if
F(¢") =r"F(p),
for any ¢ € C;°(H,) and any r > 0. |

Proposition 3.3. If F € D'(H,) is homogeneous of degree X then L;F and R F are
homogeneous of degree A — 1, 1 < j < 2n.

The proof is elementary. One is mainly interested in functions and distributions that are
homogeneous of degree —2n — 2, since this is the exponent on the edge of integrability
at 0 and oo. The first step is to define a notion of mean value for such functions. We
shall need the following result:

Proposition 3.4. (G.B. Folland and E.M. Stein [150])
Let f be a homogeneous function of degree —2n — 2 that is locally integrable away
from the origin. There is a constant u ¢ such that

_ > g(r)
SX)g(xDdV(x) =y =——dr (3.40)
H, o T

for all measurable functions g on (0, 00) such that both integrals are defined.

To prove Proposition 3.4 let us set

/ f(x)dV(x) forr > 1,

Af(r) — 1<|x|=r

—/ f(x)dV(x) forO<r <.
r<lx|<1

Then Ay is continuous on (0,00) and Af(rs) = Ap(r) + Ay(s) (because of
dV(8.(x)) = €224V (x)). Hence Ayg(r) = pylogr for some (unique) constant
W, i.e., Proposition 3.4 is proved when g is the characteristic function of an interval.
By forming linear combinations and passing to limits one may complete the proof for
an arbitrary measurable function g. |

Definition 3.17. The constant 1 ¢ in (3.40) is referred to as the mean value of f. I
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In particular, let f(x) = |x|_2”_2 and let Co = u s be its mean value. Also, let g(r)
be r* times the characteristic function of the interval (a, b) with 0 < a < b < oo.
Then (3.40) leads to

Cor~'(b* —a*), A #0,
/ X2y () = (S04 T ma A (3.41)
aslx|<b Colog 7, A =0.

Definition 3.18. Let f be a homogeneous function of degree —2n — 2, continuous
away from the origin, and with s = 0. Then f gives rise to a distribution PV f
defined by

(PVf)(p) = lim J®)e)dV (x)

[x|=€
for any ¢ € C;°(Hy). O

Proposition 3.5.
PV f is a homogeneous distribution of degree —2n — 2.

The proof is left as an exercise to the reader.

Definition 3.19. A distribution F is regular if there is a function f that is C*° on
H,, \ {0} such that

F(g) = f FodV,

for any ¢ € Cg°(H,, \ {O}). O
The following is a result of G.B. Folland and E.M. Stein [150]:

Theorem 3.11. If F is a regular homogeneous distribution of degree A\ that agrees
with f € C®H, \ {0}) on H,, \ {0}, then (i) f is homogeneous of degree A, (ii) if
A > —2n—2then f € D'(H,) and F = f, and (iii) if » = —2n — 2 then 1y = 0
and F = PV f + C$, for some constant C.

The proof of Theorem 3.11 is beyond the scope of this book. See Proposition 8.5. in
[150], p.447. Therefore, one is entitled to adopt the following definition:

Definition 3.20. A regular homogeneous distribution of degree —2n —2 is called a PV
distribution. |

Note that by a slight abuse of terminology, one refers to the Dirac § as a PV distri-
bution. PV distributions play the role of the classical singular integral kernels on the
group H,,. Indeed, the following analogue of the Calderén—Zygmund theorem holds:

Theorem 3.12. (A.W. Knapp, E.M. Stein, R. Coifman, and G. Weiss [240], [105])
If F is a PV distribution then the map ¢ — ¢ F, ¢ € C;°(Hy,), extends to a bounded
transformation on LP (H,), 1 < p < oo.

The proof of Theorem 3.12 is omitted. See A.W. Knapp and E.M. Stein [240], for
p = 2 and A. Koranyi and S. Vagi [258], or R. Coifman and G. Weiss [105], for the
remaining values of p. Kernels of higher homogeneity are known to satisfy a similar
property; cf. Theorem 3.10 above.
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3.4 Embedding results

Let us consider now the inequality (3.24) for real-valued functions f € C{°(H,). As
shown above, the class of test functions defining A (H,,) may be restricted to C(‘)’o H,);
hence finding A(H,,) is equivalent to finding the best constant C,, in (3.24). In particu-
lar, Theorem 3.8 is equivalent to A(H,,) > 0.

Let U be a relatively compact open subset of a normal coordinate neighborhood
Q¢ C M, as in Theorem 3.7. With the notation there, if X; = Re(W;), Xy, =
Im(W;), we set

XY =Xq - Xey, a=(a1,...,00), 1 <aj <2n.
Ifa = (a1, ...,ap) set £(a) = £. Consider the norms
”f”SkP(U) = Sup ||Xaf||Ll’(U)7 (3.42)
£(o) <k
where
1/p
telrw) = ( [ 1sr0 n o)
U

Definition 3.21.
The Folland—Stein space S,f (U) is the completion of CSO(U ) under the norm (3.42).

O

Holder spaces suited to (regularity properties of) A, may be introduced as well. Con-
sider the distance function

P&, m) =10, )l
(Heisenberg norm) on U.

Definition 3.22. Let 0 < 8 < 1 and let
TpU) =1{f € CO°M) : If(x) — fF(] < Cp(x, »)P)

with the norm

_ ) = 7ol
I£lirpw) = sup IF I+ sup == CF

Next,ifk € Z, k > 1,and k < 8 < k + 1, consider
TpU) ={f € C'U) : X*f € Tp_1(U). £(e) <k}

with the norm

_ (X)) = X* D)
I llrgw) = sup |fEOl+ S (e, y)P :
() <k
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All norms above depend on the choice of pseudo-Hermitian frame.

Definition 3.23. Let M be a compact strictly pseudoconvex CR manifold and let {U; :
1 < j < s}beafinite open cover of M. Let {¢;} be a C partition of unity subordinate
to {U;}. We define

SP(M)={f e L'"M):p;feS/U), 1 <j<s)

and

Fp(M) = {f € COM) : 9 f €TpU)), 1 < j <5s). O
Then we have the following embedding:

Theorem 3.13. (G.B. Folland and E.M. Stein [150])

1 1 k
SI (M) C L*(M), where — = — —
() © L )weres ro 2n+2

The proof of Theorem 3.13 relies on the theory of singular integral operators, i.e.,
specifically on Lemma 3.9 below. We need some preparation. Let M be a strictly
pseudoconvex CR manifold, as before, and {7} a pseudo-Hermitian frame on some
open set V. € M. By eventually shrinking V we may assume that V is a relatively
compact subset of M. Moreover, as a matter of notation, keeping in mind that our
analysis is purely local, we shall write at times M instead of V.

and1l <r <s < 0.

Definition 3.24. A singular integral operator on M is an operator of the form
Af = lim A f,
e—0
where
A =[ K@

{o(x.y)>¢€}

and K is a singular integral kernel, i.e., it satisfies to the following requirements:
(1) K € C*®°(M x M\ A), where A is the diagonal in M x M, (2) the support of K
is contained in Q N {(x, y) : p(x,y) < 1}, and (3) when p(x, y) is sufficiently small
K(x,y) = k(O(y, x)), where k is regular homogeneous of degree —2n — 2 with mean
value zero. O

Theorem 3.14. (G.B. Folland and E.M. Stein)
Singular integral operators are bounded on L?, 1 < p < oo.

The proof (cf. [150], pp.479-486) is quite involved. However, for our needs in this
book only a step in the proof of Theorem 3.14 is actually required. First one needs to
establish the following analogue of the mean value zero property.

Lemma 3.8. Let K be a singular integral kernel. Then
/ K(xay)dySC(S_E)a
{e<p(x,y)<é}

the constant C being independent of x.
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By aresult in Chapter 1,
L 1N LTSN LN LSO L
Also, if Wy = 0y A (d6p)" then
Wo = 2" nl0 Adw' A Adw" AdD A - Add",
where (w, t) = (§ +in, t) are the natural coordinates on H,,. We have
OV = [,

for some f € C*°(V,). Then the identity

1

9/\61/\'-'/\9”/\91/\'-4\9'_’ T.7,....7,,T5,...,T;) = ——
(.7 m ol D= G

together with

@), Ty = — +i(01 o ;o2 )+023
TR dwe T\ Jwh at

(by Theorem 3.5) lead to
f=14+0".

Let us prove Lemma 3.8. We may assume that § is small enough so that K(x, y) =
k(®y(x)) = k(=0 (y)) over the region of integration. Then (since iy = 0)

f K(x. y)dy =/ k(—£)(1 + 01)dV (&)
e<p(x,y)<é

e<|&]<é

=f k(—£)0'dV (€) < Cf E172 1V (E) < C6 — €
e<|&|<$

e<|E|<é

by (3.41). The uniformity in x is due to the assumption that V is relatively compact,
so the error term in the measure is uniformly O'.

Lemma 3.9. Let f € C3° and A a singular integral operator. Assume that Ac f is
Cauchyin L? (1 < p <oo)ase — 0. Then Af exists as a strong L? limit (1 < p <
Q).

Proof. Lete < § < 1. Then

(Aef — As f)(x) :/ K(x, y) f(y)dy

e<p(x,y)<$

_ / K. y)(fO) — £ dy + f(x) K(x.y)dy.

<p(x,y)<é e<p(x,y)<d
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By Lemma 3.8, the second term is < C(§ —¢€) f(x). Also, note that f(y) — f(x) = 0!
as a function of y. Therefore, the first term is

< / E2 1AV () < C6 — o),
e<|&|<$

Hence {A¢ f} is Cauchy in the uniform norm; hence (since V has finite volume) it is
Cauchy in L?. a

Proof of Theorem 3.13. By Lemma 3.9 there exist operators A;, 0 < j < 2n, of the
form

Ajfx) = fM K;(x,y)f(»dV(y),

Cpx, )27 (x,y) e Q,
C, otherwise,

|KjCx, )| S{
such that

2n
f=> AjX;f+Aof.
j=1
for any f € S{(M). Since f, X; f € L"(M) it follows (by the analogue of Theorem
3.10 for M, rather than H,,) that f € L*(M). The proof may be completed by induc-
tion over k. U

We end this section by mentioning the following result (the proof of which requires
the theory of pseudodifferential operators associated with the subelliptic operator A
(cf. [324]) and a calculus allowing one to define Folland—Stein spaces S,f (M) for
fractional values of k), as has been announced in [227].

Theorem 3.15. If 1| <r < s < oo and % > % — 2n1+2 then the unit ball in S{(M) is
compact in L* (M).

3.5 Regularity results

Let U be a relatively compact open set in a normal coordinate neighborhood €2¢, and
(z,1) =0, E € U.

Definition 3.25. Given 0 < 8 < 1 the (standard) Holder space Ag(U) is defined by
ApU) = {f € C°) : |f(x) = fFOWI = Cllx — ylIP},

i 1@ = )
I laper = sup | f )1+ sup =i

Moreover, ifk < 8 < k+ 1, withk € Z, k > 1, then we set

_ 9 \%
Ap(U) ={f e COU): (a> f € Ap_i(U), la| <k} O
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Theorem 3.16. Forany B € (0,00) \ Zandany 1 <r < oo, andanyk € Z, k > 1,
there is a constant C > 0 such that for any f € C°(U):

1
M N flirgw) = Cllf sz ) ~=

@) M fllagpw) = Cllflirgwy:

3 Nfllsswy =€ (1A fllrwy + L f @) s

@ N flrgnw < C (1A flirsw) + 11 flirgw)) -
The constant C depends only on the frame constants.

Theorem 3.16 with A} replaced by [J, is due to G.B. Folland and E.M. Stein; cf.
Theorems 20.1 and 21.1 in [150], p. 515 and p. 517 respectively. The arguments there
apply to A with only minor modifications. By a partition of unity argument it follows
that the estimates in Theorem 3.16 hold when U is replaced by a compact strictly
pseudoconvex CR manifold M. The estimates in Theorem 3.16 yield the following
regularity result:

Theorem 3.17. (G.B. Folland and E.M. Stein [150])

Letu,v € L}OC(U) so that Apu = v in the sense of distributions on U. Then, for any

necCyPW):
M ifvel (U), n+1 <r <00, thennu € Tg(U), where f =2 — 2"r—+2;
@ ifvesSWU), 1 <r<oo, k=0,1,2,..., thennu € S,£+2(U);
3)ifveTgl), Be(0,00)\Z, then nu € Tg2(U).

The proof of Theorem 3.17 is imitative of that of Theorem A.15. The following result
is a variant of results in [444], and [409]

Theorem 3.18.

Let U be as in Theorem 3.16. Assume that f € L"TY(U) and f € LP(U), with
p=2+ % and u > 0, and Apu + fu = 0 in the sense of distributions on U. Then
nu € LS(U) forany n € C8°(U) and any s < oo.

The reader may see the appendix in [227] for a proof.

Theorem 3.19. Under the hypothesis of Theorem 3.18, if additionally f € L*(U), for
some s > n + 1, then u is Holder continuous in U and there is B > 0 such that

lullrgk) < C

for any compact set K C U, where the constant C depends only on the set K, on the
numbers || f || Lsw) and ||ullLr ), and on the frame constants.

Proof. Letn; € C3°(U) such that n; = 1 on K and

supp(nj+1) S{x e U :njx) =1}, j > 1.
Then

1 1 1
fueldU), —=—+-,
q P s
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by the Holder inequality. Next nju € Sg (U), by (2) in Theorem 3.17. Thus

1 1 2 1 1 1
mu € LPY(U), — = — — _ - _ _ 1
Pt g 2n+2 p n+l s

by Theorem 3.13. An iteration of this argument leads to

€ LI U) 1 1 r 1 1
u s _ = — = - =1,
Tk p n+1 s

for any k for which 1/p; > 0. If k is the largest possible then p; > n + 1 and we get
Holder regularity

2n+2
m+u € TgU), B=2- ,
Pk
by (1) of Theorem 8.10 (the bound on ||u||r4 (k) follows from Theorem 3.16). O

The following Poincaré-type inequality was established in [225] (the proof there is
for g = 2, yet as indicated in [225], p. 521, the same proof does work for 1 < g < o0):

Theorem 3.20. Let U be as above and B, C U a ball of radius r with respect to the
distance function p. Then for any f with ||df|lg € L1(B,), 1 < g < oo, the following
inequality holds:

/ \f = f5,19 A (d6)" < Crd / 1df 126 A (@6)",
B, B,

where C > 0 is a constant depending only on the frame constants.
Here we have adopted the following definition:

Definition 3.26.

/ 6 A (dO)"
Ja=

/ 0 A (do)!
A

is the average value of f on A. O

fai=

Using Theorem 3.20 as the main ingredient, one may adapt J. Moser’s proof (cf. [317])
of the Harnack inequality for uniformly elliptic operators to yield the following result:

Theorem 3.21. Under the hypothesis of Theorem 3.19, if additionally f € L°°(U)
then

maxu(x) < C minu(x),
xekK xekK

where C is a constant depending on the same bounds as in Theorem 3.19 and in
addition on || f || L ).
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Note that the Poincaré-type inequality above implies the following interpolation in-
equality for the spaces S(ll:

Proposition 3.6. If u € L' (U) and ||dullg € L1(U), 1 < g < oo, then u € SiI(U)
and

lullss @y = € (Mdulloll ey + lull L1 wy) »
where the constant C depends only on the frame constants.

Proof. It suffices to estimate [lu|| 4 ()

lullLa@wy < C (lu —uvliraw) + luvlicaw))
||'4U||L4(U) = C”“U”Ll(U) <C (||u - ”U”LI(U) + ||”||L1(U))
< C(lu—uvlizaw) + Il @)

(where uy is the average value of u on U) and one may apply Theorem 3.20 to end
the proof. ]

At this point, we may establish regularity results for the CR Yamabe equation:

Theorem 3.22. (D. Jerison and J.M. Lee [227])
Let U be a relatively compact open subset of a normal coordinate neighborhood. Let
f,g € C®WU), ue L' (U) for somer > p, andu > 0 on U. Assume that

Apu+ gu = fud™!

in the sense of distributions on U, for some q,2 < q < p. Thenu € C*®°U), u > 0,
and if K C U is a compact set, its norm |\ullckxy depends only on K, ||\ullL-w),
I fllckcky 18Nl ek k), and the frame constants (but not on q).

Proof. Leth = fui=% — g € L"/4=2(U). Then

he L), S=L2>n+1,
e

by the Holder inequality. Also ||/ zs(y) depends only on the bounds stated in Theo-
rem 3.22. Let us choose a compact set Ky such that K C K1 C U. Thenu € I'g(K1)
for some B > 0 (by Theorem 3.19). Then, by Theorem 3.21, u is bounded away
from zero by a constant depending on the same bounds. Since I'g(K1) is an alge-
bra, u* € I'g(Ky) for any o € R. Therefore, by eventually replacing K; with a
smaller set denoted by the same symbol, & € I'g(K1) and (4) in Theorem 3.16 yields
u € I'g42(Ky). Finally, (2) in Theorem 3.16 and induction lead to u € Ck(K) for
any k. O

Corollary 3.2. Let U, f, g, and u be as in Theorem 3.22, except that r = p instead
ofr > p.Thenu > 0andu € C*®U).

Proof. Consider h = g — fu?~2 and K as in the proof of Theorem 3.22. The proof of
Corollary 3.2 is carried out in three steps: (1) & € L"T1(K}), Q) u € L*(K}), s < 00
(by Theorem 3.18), and (3) u > 0 and u € C* (by Theorem 3.22). U
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3.6 Existence of extremals

We shall prove now (iii) in Theorem 3.4. To do so, we consider the following perturbed
variational problem. Let M be a compact strictly pseudoconvex CR manifold and 6 a
contact form on M. For each g, 2 < g < p, let us set

Ag = inf{Ag(¢) : ¢ € SF(M), By, =1}, (3.43)
Bo 4 (#) =/ 910 A (dO)" .

M
Theorem 3.23. (D. Jerison and J.M. Lee [227])
If2 < q < p there is a positive C* solution uy to

by Apv + pv = Ayvi ™! (3.44)
satisfying Ag(ug) = Ag and By 4(uy) = 1.
Proof. Let ¢; be a minimizing sequence for (3.43), i.e.,

Ao(9j) = hq, J — 00, Bogy(9)) =1

By replacing ¢ ; with |¢ ;| one may assume that ¢; > 0. Since {Ag(¢;)} and {Bg 4(¢;)}
are bounded, and {¢;} is bounded in § 12 (M), there is a subsequence converging weakly

in S]Z(M ) to some ¢ € S]Q(M ). By Theorem 3.15, this subsequence converges in the
L9-norm; hence By ,(¢) = 1. Next (by the Holder inequality)

f p$76 A (dO)" —>/ %0 A (dO)", j — oo,
M M

and then Ag(¢p) < A,4. Yet A4 is an infimum; hence we must have equality Ag(¢) =
Ag. Furthermore, since ¢ > 0, a standard variational argument shows that ¢ satisfies
(3.44), sense of distributions. Applying Theorem 3.13 we see that ¢ € LP(U). Finally,
by Corollary 3.2, ¢ > O and ¢ € C*. ]

Now we analyze the behavior of u, as ¢ — p. We shall need the following lemma:
Lemma 3.10. Let 6 be a contact form on M so that fM 0 A(do)' =1.

(1) If Ay < O for some q, then A; < O for any g > 2 and q — L4 is a nondecreasing
function.

(2) If Ay = 0 for some q > 2 (and hence for all, in view of (1)), then q — Ay is a
nonincreasing function, and it is continuous from the left.

Proof. Assume that A, < 0 for some g. Let s > 2 be arbitrary. Given € > 0 such that
Ag +€ < Olet ¢ be a C* function such that

By (@) =1, Ag(®) < rq +e.
Let o € R and set v = a¢. Then
By g(¥) = o By s(#), Ag(¥) = a*Ag(¢).
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Choose now o := By g (¢)_1/‘Y such that

Bos(¥) =1, Ag() <O.

Therefore Ay < 0. If s < g then « > 1 (by the Holder inequality and | u O A @o) =
1). Hence

Ap(Y) < g t €,
i.e., A4 is nondecreasing (as a function of g). O

When A, > 0 the same argument yields s > g = A; < A4. As s approaches ¢,
o approaches 1; hence A is continuous from the left. ]

Theorem 3.24. (D. Jerison and J.M. Lee [227])
Let 0 be such that [,,0 A (d0)" = 1 and assume that A\(M) < AMSTY), There is a

sequence qj < p such thatqj — p, j — oo, and such that Uq; converges in Ck (M),
for any k, to some u € C*(M) withu > 0 and

buApu + pu = AM(M)uP~",
Ag(u) = A(M), By pu)=1.

Proof. We distinguish two cases: (I) A(M) < 0, and (Il) A(M) > 0. In the first case,
let2<g < pand¢ € S12(M). Then
/ ((dug,d¢) + pugd) 6 A (do)" = f xqu3*‘¢ 0 A (dO)",
M M

where u, is furnished by Theorem 3.23. Set ¢ = u371 in this equation. Since A, < 0,
by Lemma 3.10

g—1 -2
T/ ud " Ndug |26 A (d6)" 5/ loudlo A (do)" .
M M
Let us set wy := uz/z. Then
/ lldw, 126 A (d6)" < cf wio A (dO)" = c/ uld A (do)" = C.
M M M
By Theorem 3.13
f wlo A (dO)" < C/ <||dwq||§ + wj) 0 A (dO)";
M M

hence

/ who A (do)" < C.
M
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Letgp > 2andr := % > p. Then |lug|lLr(m) is uniformly bounded as g — p, g >
qo. Then (by Theorem 3.22) {u,} is uniformly bounded in C*(M); hence there is a
subsequence u,; convergent in C k (M), for each k, the limit u of which will satisfy

by Apu + pu = AuP~ !,
Ag(u) =i, By pw)=1, u>0, ueC®M),

where A = lim;_, oo qu. By Lemma 3.10 we get A < A(M); hence A = A(M) (by the
definition of A(M)). O

Let us look at case II. Then

lim A, =X, =A(M
g—p 1 P (M)

by Lemma 3.10. We distinguish two subcases:

(a) supys lldug; llo is uniformly bounded, for some sequence g; — p, j — 00, or
(b) supy, llduyllo — oo forg — p.

We shall show that case II(b) actually doesn’t occur. Let £, € M be a point such that

sup [ldugllo = llduglle (5q)-
M

Let O , be normal coordinates at &, as furnished by Theorem 3.7. Moreover, let U
be a neighborhood of the origin in H,,, contained in the image of @gq, for all g. Next,
identify U, via ©g,, with a neighborhood of §; with coordinates (z, 1) = O, . Let us
set

G0 =T@1=06""28",
~ ~ n P —i . *
bo=di+iy" (Faz —Fazl) =5[] .
j=1
On the set 1 U, with coordinates (Z, 7), let
hq. 1) = 8797 Du, (57, 8°D),
where § = §; > 0 is chosen such that
lldhgliz,(0) = L.
Since ¢, = (6p)o and
o}, = 8*lloll3,

for any 1-form w, it follows that

ldhgllg, (0) = II(T°)*dhy |52, (0) = 8"/ 9=2 || duy g (&)

In particular, if ¢ — p then § — 0; hence ' U tends to the whole of H,,. ]
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Let us consider now the contact form
0, =672 [(T‘S)_l]* 0
defined on 81U, and let us set
Ly = Azq = 82A£(T6)71]*0
(here AZ is the sub-Laplacian of (M, 6)). Then
buLqhy + pgd2hy = hghi) ™",

where p, is the scalar curvature of 6. Note that | 04| < [|o]/ o0 (). Since M is compact
we may assume (by passing to a subsequence, if necessary) that &, converges to some
& € M. At the same time, if {Wq, A W,? } is the pseudo-Hermitian frame used to
build ®§q, we may assume that (wi, ..., wh converges in C k for each k, to some
frame {Wy, ..., W, }. Then

Z1:=8(T" W), 1<j<n,

is a pseudo-Hermitian frame for (57U, 64). By looking at the error terms in the ex-
pression (3.23) of W;.] one may show that Z;? converges in CK(Bp)to Z j» for each k
and any R > 0. Similarly (again by (3.23)) 6, (respectively £,) converges uniformly
in CK(Bg) to 6y (respectively to Ly). O

Let R > 0 be fixed. For ¢ sufficiently close to p one has B3g C 8;1U . Let
n € Cg°(Bag) such that n = 1 on Bg. Then

Ly(nhg) = 1Lghg — 2L (dn, dhy) + (Lyn)hy
= 1(—pgdihg + gh§ ') = 2Lj (dn, dhg) + (Lymhy

Note that ||dh, ||9q is bounded by 1 in B (it attains its maximum (= 1) at the origin).
Also

/ g G, DIdzdi = 837 (“‘2>‘<2"+2)/ lug(z, 0|9 dzdt.  (3.45)
|Z.D|<R [(z,1)|<ég R
If g < pthen2q/(q —2) > 2n + 2 hence 8§q/(q_2)_(2"+2) < lasg — p.Moreover

(by (3.23))
dzdt = Cp(1+ 806 A (dO)"
on Bysgr. Thus
hy € LY(Byg, dZ df)

with uniform bounds on the norm. In particular h, € LY(Bag, dZ dP), uniformly as
q — p, afact that together with the uniform bound on ||dhg s, yields

hy € S{(Bag,0y), r <00,
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with uniform bounds on the norm (by Proposition 3.6). Thus (by Theorem 3.13) nh,
is uniformly bounded in L"(Byg) for any r, and then (by Theorem 3.22) uniformly
bounded in C¥(Bg) for each k.

Consider now a subsequence g — p such that h,; converges in C !(Bg). Define

a function u on H,, by first choosing a subsequence convergent in C'(By), and then a
subsequence convergent in C 1 (B2),and soon. Thenu >0, u € C 1 H,),andu # 0
(since ||dullg,(0) = 1). As qu — 09,

/ [ango (du, d¢) — A(M)ul’*hﬁ] bo A (d6o)" = 0, (3.46)
H)l

for any ¢ € C;°(Hy). Let us set

1/
fully = ([ a0 n o)

n

We claim that
flull, < 1. (3.47)

Indeed, as 6; A (d6;)" — 6o A (dBp)" uniformly on compact sets, the constraint

[y udo A (d9)" = 1 and (3.45) yield fBR uP8y A (dp)" = 1 with R > 0 arbitrary,

and (3.47) is proved. ]
Next, we claim that

/ ldull3,60 A (d6o)" < C < oc. (3.48)
H,

Indeed

| auli oo n oo = tim [ g 15, 6, a0,y
Br Bpr /

J—>00

= lim 82479\ dug 1567260 A (572dO)"

J—>00 B(SR

< limsup / dug, 156 A (d6)",
j—ooo IM

which is bounded. Here § = d;. 0

At this point, we may conclude the proof of Theorem 3.24. By the estimates

(3.47)—(3.48) there is a sequence ¢; € Cgo (H,,) converging to u in the norms as-
sociated with (3.47) and (3.48). Thus (by (3.46))
bn/H IIdulléoé’o A (dBo)" = L(M)|Jull} .

Now, the function

1N
I

lleell p
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satisfies the constraint ||it||, = 1; yet (by (3.47) and p > 2)

el

= A(M) < A(Hy),

b f IdillG,60 A (dbo)" = A(M)

", lull?
contradicting the definition of A(H,,). Hence case II.b doesn’t occur, and the proof of
Theorem 3.24 is complete. ]

3.7 Uniqueness and open problems

Another important problem, related to the CR Yamabe problem, is to decide whether
a compact contact manifold (M, 0) of constant pseudo-Hermitian scalar curvature is
unique. As it turns out, the answer depends on the sign of the CR invariant A(M).
Precisely, one may state the following theorem:

Theorem 3.25. (D. Jerison and J.M. Lee [227])
If M(M) < 0 then any two contact forms of constant pseudo-Hermitian scalar curva-
ture are homothetic.

Lemma 3.11. Given (M, 6) with p = const the sign of p is a CR invariant.
Indeed, let 6 = u”~26 be another contact form such that 0 = const as well. Then
by Apu + pu = puP L.
Integration over M together with fM(A;,u)Q A dO)' = fM (d1,du)d A (dO)" = 0
yields either p = p =0 or
uP=1o A (do)"
ﬁi = fM (d6) > 0. O
3 [y u6 A (dB)"

Let us return to the proof of Theorem 3.25. Let us assume that A(M) < 0. By the
Jerison—Lee theorem, there is 6 of scalar curvature p = A(M). Let 6 = uP=20 be of
constant scalar curvature p. Then 6 < 0 (by Lemma 3.11); hence, by multiplying u
by a suitable constant, one may assume that p = p. Then

bpApu + pu = puP L.

To prove the statement in Theorem 3.25 it suffices to show that u = 1. Since Ay is
degenerate elliptic, it satisfies a weak maximum principle (see the next section). If
x € M is a point where u(x) = sup,, u then Apu(x) > 0; hence u(x)P~' —ux) <o,
which yields # < 1. Similarly, if y € M is such that u(y) = infys u, then u(y) > 1;
hence u > 1. Therefore u = 1. O

Let us look now at the case A(M) = 0. By the Jerison—Lee theorem there is 6 with
o = 0 and by the first part of the proof of Theorem 3.25 any other § = u?~20 with 0=
const has p = 0. Thus b, Apu = 0 which yields fM ||du||§9 A (dB)" = 0. It follows
that du = f6 for some f € C*°(M). Differentiation then gives 0 = (df) A6 + fd0,
an identity that restricted to H (M) yields fdO|gongumy = 0, or f = 0, ie.,
u = const. (]
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When A(M) > 0, as opposed to the situation in Theorem 3.25, the solution to the
CR Yamabe problem may be not unique. For instance, if M = $>'*! and 6; is the
standard contact form then ®*6; has constant pseudo-Hermitian scalar curvature, for
any ¢ € Autc R(SZ”“), yet in general ®*0; and 6 are not homothetic. Are these
solutions extremals for the problem (3.6) for the sphere? As shown in [227], one may
observe first that extremals do exist:

Theorem 3.26. (D. Jerison and J.M. Lee [227])
There is u € C®(S*" 1), u > 0, such that the infimum A(S¥'t1), in (3.6) with 0 :=
uP=20,, is attained.

In view of Theorem 3.26 and the results of M. Obata [330], one expects that the contact
forms {®*0; : ® € Autcg(S¥'T1)} are the only contact forms on S+ that have
constant pseudo-Hermitian scalar curvature and therefore

2/p

as conjectured in [227]. .
Let 6 be a contact form on S+ with p = const. Then 0 = (F~1*6 is a contact
form on H,, with 0 = const. Letu € C*°(H,,), u > 0, so that § = uP~26y. We have

/ uP6y A (dOy)" = / O A (dO)" = / 0 A (dO)" < oo:
0 H, §2n+1
hence u € L?(H,). As in the proof of Theorem 3.25, one may multiply u# by a constant
toget p = ”(”TH); hence

AApu = n*uP™! (3.49)

on H,,. On the other hand, if ® € Autcgr(S¥"+1) and 6 = ®*0; then a calculation
shows that

—n
iz, ) =Clt+ilzl>+z-m+xr| (3.50)

where C > 0, A € C,Im(A) > 0, and u € C". Therefore, the conjecture above is true
whenever the following statement is true: If u € LP (H,) is a positive C* solution to
(3.49) then u is of the form (3.50). O

The full solution to the question above was given in [229] by following the ideas
in Obata’s approach (cf. [330]) to the Riemannian counterpart of the problem, which
we briefly recall. If gg is the standard metric on the sphere S” and g = ¢2g is
any conformally equivalent metric then ¢ ~2g is an Einstein metric and consequently
the traceless Ricci tensor B(g) of g may be computed in terms of the Hessian VZ¢.
Moreover the first Bianchi identity together with the assumption that g has constant
scalar curvature imply that

div (B(®)Y ¢id;) = ¢|B(g)I* (3.51)
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and integration over S™ yields B(g) = 0, i.e., g is an Einstein metric. One is left with
the problem of describing the Einstein metrics conformal to gg, which is easy to solve.
We emphasize that Obata’s argument leads from one nonlinear equation satisfied by ¢
(the condition that 2 gg has constant scalar curvature) to a whole system of equations
(namely B(p?go) = 0). In the CR case one looks (cf. [229]) for an analog to (3.51).
The finding in [229] is a rather complicated identity (involving not only the norm | B?|
of the traceless Ricci tensor B,z = R, 5 — (p/n)h, g, cf. Definition 5.11 in Chapter 5,

but also the norm | A|? of the pseudo-Hermitian torsion and higher-order terms such as
| div A|?) playing a role similar to (3.51) in Riemannian geometry (cf. [229], pp. 8-10).

The results of D. Jerison and J.M. Lee presented in this chapter can be formally
compared to the partial completion of the proof of the Riemannian Yamabe conjecture
by T. Aubin [24]. The remaining cases should, by analogy, be solved using a CR
version of the positive mass theorem. Unfortunately, especially because the theory of
CR minimal surfaces does not exist at the present stage of research, a CR version
of positive mass theorem is not available yet. However, as observed by N. Gamara
and R. Yacoub [164], besides T. Aubin’s and R. Schoen’s proof of the Riemannian
Yamabe conjecture, yet another proof due to A. Bahri [27], of the Yamabe conjecture
is available (it exploits techniques related to the theory of critical points at infinity)
and may be generalized to the CR category (since no use of minimal surfaces or the
positive mass theorem is required). N. Gamara and R. Yacoub obtain the following
result (related to N. Gamara [163], and to Z. Li, Webster scalar curvature problem on
CR manifolds, preprint):

Theorem 3.27. (N. Gamara and R. Yacoub [164])

Let M be an orientable compact real (2n + 1)-dimensional CR manifold, locally CR
equivalent to the sphere S*'*'. Let 6 be a contact form on M. Then the problem
Aju = ul*2/" y > 0, on M, admits a solution.

Here Aj is the CR invariant Laplacian of (M, ).

3.8 The weak maximum principle for A,

For the convenience of the reader we present briefly the weak maximum principle
for degenerate elliptic operators (following mainly J.M. Bony [73]). For an extensive
treatment (of the theory of degenerate elliptic operators), see, e.g., N. Shimakura [372],
pp. 183-224, and again [73]. Let 2 C R” be a domain and let L be a second-order
differential operator, with real-valued C* coefficients defined in Q:

Lu(x) = Z aij () 5—— Za, (x)— +a(u(x).

i,j=1

We assume from now on that L possesses the following three additional properties:
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(1) the quadratic form a;; (x) is positive at any x, but not necessarily positive definite,
i.e., forany x € Q and any £ € R",
n
Y aij(0)EE; =0,
i, j=1
(2) one has a(x) < 0for any x € €,
(3) there exist C*° vector fields X, ..., X,, Y on  such that
r
Lu = ZXgu—i—Yu—i—au.
a=1
Definition 3.27. L is referred to as a degenerate elliptic operator. ]

See, e.g., .M. Bony [73]. For instance, consider the operator

2
N e
_8 2 1 Ox; :
X1 =2 J

Then a; = 0,a =0, and (a;;) is the matrix

10--- 0
0x12~-~ X
0xt ... xi?

Let H be the hyperplane x; = 0. If x € H then

Y a(0E'E =) =0,

ij=1

while for x € R” \ H one has
o n 2
> aij(x)E'E = 'Y +x12<2x?5“) > 0.
ij a=2

Also L = Z?:l Xf, where X| = 9/0x; and X, = x?_la/axa for 2 < a < n; hence
L is a degenerate elliptic operator. (]

Degenerate elliptic operators of second order were investigated in several papers
essentially devoted to the Dirichlet problem: existence, uniqueness, and regularity of
solutions (cf., e.g., O.A. Oleinik [333], J.J. Kohn and L. Nirenberg [251], .M. Bony
[71]), and to hypoellipticity (cf. L. Hormander [213]). In [73] one is mainly inter-
ested in different properties appearing in the classical potential theory. The degenerate
elliptic operators satisfy the following weak form of the maximum principle:
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Theorem 3.28. If a C? function u achieves in xo a nonnegative local maximum then
(Lu)(xp) < 0. If moreover this maximum is (strictly) positive and a(xg) < O then
(Lu)(xg) < O.

Proof. Set
Xy =ald/ox’, 1<a<r

Then the hypothesis (3) amounts to a;; = Z;zl aé a({;. Since xg is a local maximum

point, the Hessian [ 83.23’; 5 (xo)] is negative semidefinite. Thus
- 9%u 9%u A
Z ajj (XO)m(xO) = Z m(xo)afxaé <0.

i,j=1 i,j.a

This, together with the property (2), i.e., a(xg) < 0, and %(xo) = 0, yields
(Lu)(x0) = 0. O



4

Pseudoharmonic Maps

By a well-known result of A. Lichnerowicz [287], any holomorphic map of compact
Kaihler manifolds is a stable harmonic map. In odd real dimension, the closest analogue
of a Kiéhlerian manifold seems to be a strictly pseudoconvex CR manifold (eventually
with vanishing pseudo-Hermitian torsion, for some fixed contact form). CR manifolds
appear mainly as boundaries of smooth domains in C"*! and a holomorphic map of a
neighborhood of a domain ¢ C"*! into a neighborhood of a domain ' ¢ CN+!,
preserving boundaries, gives rise to a CR map 32 — 9€2'. On the other hand, when
Q and Q' are strictly pseudoconvex domains, the Levi forms of their boundaries ex-
tend to Riemannian metrics (the Webster metrics) and it is a natural question whether
a CR map 92 — 9’ is harmonic with respect to these metrics. It comes as some
surprise that the answer is, in general, negative. Precisely, by a result of H. Urakawa
[413], given two strictly pseudoconvex CR manifolds M and M’, endowed with con-
tact forms 6 and &’ (such that the corresponding Levi forms are positive definite), a CR
map ¢ : M — M’ is harmonic (with respect to the Webster metrics gy and gg/) if and
only if T(f) = 0, where f is the unique C function with $*0" = f6 and T is the
characteristic direction of df. Even worse, a harmonic map of (M, gg) into (M’, go/)
is, in general, unstable. Indeed, by a result of Y.L. Xin [437], any stable harmonic map
of the sphere $%"*! to a Riemannian manifold is a constant map. It is natural to ask
how CR maps fit into our theory of pseudoharmonicity (see the definitions below).

A fundamental ingredient in the study of harmonic maps from a Kéhlerian mani-
fold to a Riemannian manifold of nonpositive curvature is the Siu—Sampson formula
(cf. [374]-[361]). In an attempt to recover this formula for C* maps ¢ : M — N
from a strictly pseudoconvex CR manifold M to a Riemannian manifold (N, k), R. Pe-
tit considered (cf. [346]) the following (analogue of the) second fundamental form (of
a C*° map between Riemannian manifolds)

B@)(X,Y) = (¢7'V") (dp)Y — (d§p)VxY.

Here ¢~!V" is the connection in the pullback bundle ¢~ 'TN — M, induced by
the Levi-Civita connection V" of (N, h), and V is the Tanaka—Webster connection of
(M, ), for a fixed choice of contact 1-form 6 on M. Since one interesting applica-
tion (cf. Theorem 5.6 in [346]), the (pseudo-Hermitian) analogue of the Siu—Sampson
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formula (cf. Propositions 3.1 and 3.2 in [346]) led to a description of the curvature
properties of a strictly pseudoconvex CR manifold (of small pseudo-Hermitian tor-
sion, ||T]| < n/ V/2) similar to that in Sasakian geometry (cf. [62], p. 65) where 7 = 0.

As a natural continuation of R. Petit’s ideas, we restrict 8(¢) to the maximal com-
plex distribution of M and take the trace with respect to the Levi form. The resulting
¢-vector field t(¢; 0, vh € F°°(¢>_1 T N) is the tension field of ¢ (with respect to
the data (6, V")). Smooth maps with 7(¢; 0, Vh) = (0 are then pseudo-Hermitian ana-
logues of harmonic maps (of Riemannian manifolds), and are referred to as pseudo-
harmonic in the sequel. It is with this sort of maps that Chapter 4 is mainly concerned.
We show that a C* map ¢ : M — N is pseudoharmonic if and only if it satisfies the
PDE system

App + 2P T () T3 (@) (I 0 ¢) = 0,

whose principal part is the sub-Laplacian A, of (M, 6). As to the geometric interpre-
tation of pseudoharmonicity, we discover the following phenomenon. Let K (M) =
A"t10(M) be the canonical bundle over the strictly pseudoconvex CR manifold M.
Let C(M) = (K(M) \ {0})/Ry be the canonical circle bundle over M and 7 :
C(M) — M the projection. Given a contact 1-form 6 on M, let Fy be the Feffer-
man metric associated with 8; cf. Chapter 2 of this book. We show that ¢ : M — N is
pseudoharmonic if and only if its vertical lift ¢ o7 is harmonic as a map of (C(M), Fp)
into (N, h).

From the point of view of variational calculus, pseudoharmonicity may be looked
at as follows. For any compact strictly pseudoconvex pseudo-Hermitian manifold
(M, 0), consider

E(¢) =% /M traceg, (Ta¢*h) 6 A (d6)".

We show that the critical points of E(¢) are precisely the pseudoharmonic maps. We
derive the second variation formula for E(¢) and consider the corresponding notion
of stability. When the target space is a Riemannian manifold of nonpositive curva-
ture, any pseudoharmonic map is shown to be stable. Let N be a totally umbilical real
hypersurface of a real space form M™*1(c), of mean curvature || H|| (a constant a pos-
teriori). If im — 2)||H||> + (m — 1)c > 0 then any nonconstant pseudoharmonic map
¢: M —> NNV (whereV C M mtl(c)isa simple and convex open subset) is shown
to be unstable. The results in Chapter 4 are based on the works by E. Barletta et al.
[43], and E. Barletta [32, 33].

4.1 CR and pseudoharmonic maps

Let (M, T1,0(M)) be a nondegenerate CR manifold (of CR dimension n), 6 a contact
form on M, and T the characteristic direction of d6. Let (N, D) be a manifold with
linear connection. Let ¢ : M — N be a C*® map and ¢~ 'TN — M the pullback
of T(N) by ¢. Let ¢~ D’ be the connection in ¢ ' TN induced by D’. This is most
easily described in local coordinates, as follows.
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Definition 4.1. The natural lift Y ¢ (V) - ¢~ 'TN of a tangent vector field
Y:V - T(N)(withV C N open) is given by Y (x) = Y(¢(x)), x € ¢_1(V). O

Let {T,} be a local frame of T7,0(M), defined on the open set U € M, and {6} the
corresponding admissible coframe, i.e., 0%(Tg) = Sg, 9“(TE) =0,0%T) = 0. Let

v, yi) be a local coordinate system on N with ¢(U) C V and let Yl be the natural
lift of 9/0dy", so that d¢p = ¢29A ® Y;, for some C* functions ¢}, on U, where
Ae{0,1,...,n,1,...,7} and 6° = 6.

Definition 4.2. The induced connection ¢~ ' D’ in ¢ "' TN — M is defined by
—1 i k
(67'0), ¥i =04 (Ijo0) .
where Ty = T and '’ ;k are the local coefficients of D’ with respect to (V, y'). O
Moreover, let V? be the connection in 7*(M) @ ¢~ ' TN determined by

V0@ ®s) = (Vxo) ®s + 0 ® (¢~ ' D)xs, X € X(M).

As usual, for any bilinear form B on T (M), we denote by gy B the restriction of B to
H(M)® HM).

Definition 4.3. Let us consider the ¢-tensor field on M given by
T(¢; 0, D) = traceg, (my Vdg) € T (¢~ TN).

We say that ¢ is pseudoharmonic, with respect to the data (9, D), if t(¢; 0, D)
=0. O

Theorem 4.1. Let M, N be nondegenerate CR manifolds and 0, 0’ contact forms on
M and N, respectively. Let V' be the Tanaka—Webster connection of (N, 9'). Then for
any CRmap ¢ : M — N,

1(¢:60,V') = 2nJ'(de)T. .1

In particular, a CR map ¢ is pseudoharmonic with respect to the data (0,V') if
and only if ¢ is a pseudo-Hermitian map, i.e., $*0’ = c0, for some ¢ € R. Here
J' ¢ 'TN — ¢~'TN is the natural lift of J' : T(N) — T(N), i.e, JY, =
Jg/b(x)Yff’(X)’ Y e X(N), x eM.

Proof. To compute 7 (¢; 6, V') we need
(V§dg)Y = (¢7'V) (@)Y — (@9)VxY.
Let {X,, J X} be a local Gg-orthonormal frame of H(M), i.e.,

Go(Xq, Xﬂ) = €q0qp,

€l = =€ =—€4]='"=—€45=1, r+s=n.
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Then
T(4: 6, V') = Xn:ea {(vﬁaw) X, + (v}"xad¢) JXO,} .
a=1

We have
VixJX =-VxX+J[JX, X]+JTv(JX, X),

for any X € H(M), because of VJ = 0. On the other hand (cf., e.g., (5) in [120],
p.-174), g Ty = 2(d8) ® T; hence Jmry Ty = 0, and the previous identity becomes

VyxJX = —VxX + J[JX, X]. 4.2)

Similarly,
(67'V) @oysx =7 (67'V') (@p)x

(by dp)J X = f’(d¢)X, since ¢ is a CR map). Also
Ty (dp)X. (dp)Y) = 2d(¢*0") (X, V)T o ¢

(where Ty is the ¢-vector field induced by Ty/) leads to
(67'V) @o)y = (#7'V) (@)X + @)X, Y1 +2d(¢"0)(X. V)",
forany X, Y € H(M). Then (by J'T' = 0)
—1/ -1/ _ 7
(671V') @e)ix +(¢7'V') @p)x =T W@HUX.X].  (43)

Finally (by (4.2)—(4.3))

n

T(@:6,V) = e [ @O Xa Xol = [@D)I1I Xa, Xl

a=1
n _
= Zéa-]/dfﬁ {[JXaa Xol — o[ Xa, Xa]} )
a=l

where w0 T(M) — H(M) is the projection associated with the direct sum
decomposition T(M) = H(M) @& RT. Hence

n

T($; 6, V) =) € J'0 (I Xo, Xo]) (d)T

a=1

and

n n n
D €l Xa, Xal) = =2 €a(d0)(J Xa, Xo) =2 €aGo(Xa, Xa) = 2n,
a=1 a=1 a=1
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which leads to (4.1). Now sufficiency follows from Corollary 3.2 in [413], p.236.
Indeed, for a CR map ¢ : M — N the property ¢*6’ = c6, for some ¢ € R,
is equivalent (cf. op. cit.) to (d¢)T = ¢T’ and then 7(¢;6,V’) = 0 by (4.1) and
J'T'=0.

Conversely, since ¢ is a CR map, ¢*0’ = A0, for some A € C®(M). To have
Theorem 4.1, we only have to see that pseudoharmonicity yields that A is constant.
Indeed, we have

d(¢*0") = (dA) A O + Ad6,
so that
T(MO —dr =T |d(p*0). 4.4
Assume ¢ to be pseudoharmonic. Then (by (4.1))
(de®)Te = MO T} (). x € M.
Consequently
(T 1d(9*0), = A1) )p() (T (drp)) =0

and (by (4.4)) d)» = 0 on H(M). In particular, A is a real-valued CR function, hence a
constant, by the following lemma (see also Theorem 2.1 in [215]):

Lemma 4.1. Let M be a connected nondegenerate CR manifold and » : M — R a
C° solution of dpA = 0. Then A must be constant.

Proof. Let {T,,} be a local frame of 77 o(M). The tangential Cauchy—Riemann equa-
tions (satisfied by A) read Tz(A) = 0. Then T, (X) = 0, by complex conjugation,
hence [T, Tz](A) = 0. Let 6 be a contact form on M, and (by the nondegeneracy
assumption) 7 the characteristic direction of df. Let Fgc be the local coefficients of
the Tanaka—Webster connection (of (M, 8)) with respect to {7, T;z, T}. By the purity
axiom

I n ~
[T = T Tu — [T Tgl = 2ih, 5T,

where haﬁ = Lg(Ty, Tﬁ)' Then T (1) = 0. |

4.2 A geometric interpretation

The main purpose of this section is to show that a map is pseudoharmonic if and only
if its vertical lift is harmonic with respect to the Fefferman metric (cf. Theorem 4.2).
We start by establishing the following result:
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Proposition 4.1. Let ¢ : M — N be a C* map of a nondegenerate CR manifold M
into a C* manifold N. Let 6 be a contact form on M, and D' a torsion-free linear
connection on N. Then ¢ is pseudoharmonic, with respect to the data (8, D), if and

only if
Apd’ +2hP T, () T5(9%) (r’f,k 0 ¢> —0, (4.5)
for some local  frame {Ty} of T1,0(M) and some local coordinate system (V, y YonN,

where ¢' = y' o ¢.

Proof. Let {X«, J X4} be a Gg-orthonormal local frame of H (M), i.e., Gg(Xo, Xg) =
€a0ap. As usual, we set Z, = \%{Xa —+/—1J X4}, so that for any bilinear form ¢ on
H(M),

traceG, (¢} = Y _ €al¢(Za, Za) + ¢(Zg, Za)}-

a=1
Let {6,} be the admissible coframe associated with {Z,}. The identities VO = 0 and
Vo« = —a)g ® 6% lead to
¢ iNgA _ i« B i drpnB . i pA 1 _v.
Vzd¢ ={Z(94)0" — ¢,wp(2)07 — ¢503(2)67} @ Y; + ($,07) ® (¢ D)zYi,
forany Z € T(M) ® C. Hence

traceg, (rpVPde) =

Zeu{z (@0 — $LT o + Zi(9),) — LTS, + (DL + GpdiIT sy 0 9}V,
n=1
for any linear connection D’ on N. When D’ is torsion-free one may express the
tension field of ¢, with respect to the data (6, D’), since

0100 = [ M+ a2, @) Za@H Ty 0 9} Y:.
n=1

Finally, if {7, } is an arbitrary local frame of T o(M) then Z, = UO"? Tg, for some C™

functions U2 with > pesU g Ug = h**, so that (4.5) is proved. O

To state the main result of Chapter 4, we need the Fefferman metric of (M, 0).
Assume M to be strictly pseudoconvex and 6 chosen such that the Levi form Ly is
positive definite. The Fefferman metric of (M, 6) is expressed by

Fg = ﬂ*ég =+ 2(7'[*9) Oo, (46)

1 i 7 P
- d ( o« LpaByp ,__9) :
o +2{)/+7T L, > B T
cf. Chapter 2 of this book. Let (N, &) be a Riemannian manifold, where 4 denotes the
Riemannian metric, and ® : (C(M), Fy) — (N, h) a C*> map.
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Definition 4.4. The energy of ® over a compact domain D C C(M) is
E(®; D) = %/ traceg, (®*h) dvol(Fy),
D

where dvol(Fp) is the volume element of (C (M), Fy). Then ® is harmonic if for any
compact domain D C C(M), it is an extremal of the energy E(-; D) with respect to
all variations of ® supported in D. ]

Therefore, ® is harmonic if and only if it satisfies the Euler—Lagrange equations

2n+2 i k
‘ : 90/ 90
t prq " - =
Do +p§q:1g (F o c1>) =0, 4.7)

for some local coordinate system (U, x%) on M, respectively (V, y') on N (such that
& U) C V), with d = yi o ®. See, e.g., [124] for an elementary introduction to the
theory of harmonic maps and the first variation formula. Here [ is the wave operator
(the Laplace—Beltrami operator associated with the Lorentz metric Fy). One endows
C (M) with the induced local coordinate system (7 ! (U), u?), with u® = x“ o 7 and
u?t2 =y Also [gP1] = [gpq]_1 and g,y = Fy(dp, 94), where 9, is short for d/du?.

Theorem 4.2. Let M be a strictly pseudoconvex CR manifold and 6 a contact form
such that Ly is positive definite. Let Fy be the Fefferman metric of (M, 0) and (N, h)
a Riemannian manifold. Then a C*° map ¢ : M — N is pseudoharmonic, with respect
to the data (6, V"), if and only if its vertical lift ® = g o : (C(M), Fy) — (N, h)
is a harmonic map.

Proof. Let ® : C(M) — N be an S'-invariant C*® map. Then & descends to a
C®map¢ : M — N (sothat & = ¢ o ). Again by a result in Chapter 2, the
wave operator [] pushes forward to a differential operator w,[1: C®(M) — C*°(M)
(given by (m«[Du = O(u o ), for any u € C*°(M)) and 7,0 = Aj. Hence, the
S'-invariant map & is harmonic if and only if (by (4.7))

) 2n+1 ; 9 j 5 k
s Eo (o))

a,c=1

Let {7} be a local frame of T (M) and {6*} the corresponding admissible coframe.
Then {7*04, o} is a local frame of T*(C(M)) Q@ C. Let {V4, =} be dual to {JT*GA o}.
Relabel the variables x*, 1 < a < 2n + 1, since x4, A € {0, 1, o1, , 1},
where x® = x*t" xO = x2"+1 Then Ty = ABS/BXB, for some C°° functlons

Aﬁ : U — C. It follows that
Va= 1B om) 9 T=0n+2) 9
= om)—s;:, =(n —.
4 A ouB oy

Set ju = A~!. Since Ly = 2h,56% © 6F we get (by (4.6))
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0
aﬁ(MAMB + MA,U«B) T

g = U : 4.9)
"B 0

n+2
with respect to the frame {3/du, /9y }. The inverse of (4.9) is denoted by

AB A2n+2
g gh"

2n+2,B 2n+2,2n+2

g g
and a calculation shows that

ABaﬂ_haﬁ gABM%=O AB «a B —0.

8 Halp gy =
Consequently
00/ 00 Fir .
M et g = M Ta@)T50h + T Tu(@"). (4.10)
Hence (4.8) yields (4.5). 0

4.3 The variational approach

In this section, we first introduce an energy functional, similar to the Dirichlet energy
functional in the theory of harmonic maps, by means of the following definition:

Definition 4.5. Let ¢ : M — N be a C*> map of a compact strictly pseudoconvex CR
manifold M into a Riemannian manifold (N, k). The energy of ¢ is given by

E(¢)=1 /M traceg, (Tpd*h) O A (dO)".

Here 0 is a contact form on M with Lg positive definite. ]

Theorem 4.3. The critical points of E are precisely the C* maps that are pseudo-
harmonic with respect to the data (6, Vh). Moreover, let {¢;}1)<e be a smooth 1-
parameter variation of ¢ (po = ¢) and set

¢:(_€,€)XM—)N, dD(t’x)=¢l(x)v xGM, |t|<67

_ ad
Ver®@'TN), Vi=don®—| .
at (O,X)

Then
d -
THAE@))— = —f RV, T(¢:.0,9")0 A (d6)". (@.11)
t M

Herefz is the Riemannian bundle metric induced by h in ¢~ 'TN. Also V=¢ v
and R" is the ¢-tensor field induced by R" (the curvature of V).
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Proof. Let Fy be the Fefferman metric of (M, 6). Set E = E( - ; C(M)) for simplicity.
Note that

/ (f om)dvol(Fy) = 27{/ f O Ao
C(M) M

(integration along the fiber) for any f € C°°(M). Then (by (4.10))

2n+1 i k
E(¢ o 7) %fcw) Z_:l g“(aqjj on)(a(p' on)(g;kwon)dvol(F@)

dax4 0x°©
= [, B o Tu@ o) Tyt o) (5 ) vl
=27 [ KT TR )0 96 A 6
where g/, = h(3/dy/, 3/dy*). On the other hand,

traceg, (r¢*h) = 20 T (@) T5(¢") gy 0 ¢,
hence
E(¢p o7) = 2 E(¢). (4.12)

Let ¢ : M — N be pseudoharmonic, with respect to the data (9, V"). Then (by
Theorem 4.2) ¢ o & is a critical point of E. If ¢, is a 1-parameter variation of ¢,
then ¢, o m is a l-parameter variation of ¢ o , and (by (4.12)) it follows that ¢
is a critical point of E. To prove the converse, one may no longer use (4.12) (since
vertical lifts of 1-parameter variations do not lead to arbitrary 1-parameter variations
of ¢ o ). However, if ¢ is a critical point of E then (by the first variation formula
(4.11) t(¢; 6, V") = 0. O
Let us prove (4.11). Let O ITN - (—¢,€) x M be the pullback of T(N) by
®. Let {X; : 1 < j < 2n} be alocal Gg-orthonormal frame of H(M). The product
manifold (—e, €) x M is endowed with the Riemannian metric dr ®dt + gg. Of course,
one may think of X; as (orthonormal) vector fields tangent to (—¢, €) x M. Then

2n

2n
Z (%) (X, X)) =2 h(Va/ar(dP)X, (D)X ),
: ]:1

0.3'@

d
Etraeegg {nH éFh

where V = ¢~ 1V (and h is induced by hin &~ T N). Moreover (since V" is torsion-
free),

d 2n
;traceg, {mueih _ZZh(VX](dCD) (dP)X )

j=1
2 " d . 3y -
Z [X,(h(dob)ﬁ @®)X,) — h((d®)5-. ¥y, (dcb)xj)].
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Let X; € '*°(H(M)) be defined by
~ 0
G@(le Y)x = h((dq))a, (qu)Y)(t,x)s X € Mv |t| <€,

forany Y € '*°(H(M)). Then

d . 2n - a "
Jptraceq, (wnelh) = 2; {X,(Ge(Xt, X)) = h@d®) (=, Vx; <d<1>>xj)}
2n . 9 -
= 22 {Ge(vxsz, Xj)+Go(Xs, Vx; Xj) — h((dCD)E, Vx; (d®)Xj)}
j=1

by Vgp = 0. Let us compute the divergence of X, with respect to the volume form W.
We have

2n
div(X,) =Y " Go(Vx,; X1, X)).
j=1

Finally, let us integrate over M in
2n

d , - 9 -
Etracecg {muen} = 2div(X,) — 2;h((d<b)§, Vx;(d®)X; — (d®)Vx, X)),

and set ¢ = 0 in the resulting identity. This leads to (4.11). ]

Theorem 4.4. Under the hypothesis of Theorem 4.3, let {¢s 1} —c<s.1<c be a smooth
2-parameter variation of ¢ : M — N (¢o.0 = ¢) and let us set

D :(—€,€) X (—€,6) x M - N,
D(s,t,x) =¢s1(x), xeM, —e <s,t<E,

0
at

d
, W= (d(o,o,x)q))a—

N

Ve = (d©0,0,0)P) , xeM.

(0,0,x)

(0,0,x)
Then, for any pseudoharmonic (with respect to the data (8, V")) map ¢ : M — N,

82
asot

{E((px,t)}szt:() =
/M {(VV, W) = SRRV, @)X )P X ), W)} 0 A dO)", (4.13)
=

for any Gg-orthonormal (local) frame {X ;} in H(M).
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Proof. We have

32 L0

a 2 * n
3531 {E@s)} oo = zg{ /M 3 ; (®*h) (X}, X )0 A (d6) L:,:o

- %{ /M [xj((dcp)%, (dCID)Xj))—fz((dCD)%, Vy, (dcb)xj)] 0/\(d0)"]szt:0
Let X, ; € ' (H(M)) be defined by
Go(Xs,.,Y) = ﬁ((d(b)%, (dP)Y) oy,
agr i M — (—e€, 6)2 XM, o5,(x)=(s,t,x), x €M,
for any Y € '*°(H (M)). Let us set
B(X,Y) = Vx(d®d)Y — (dP)VxY.
Then

82
asat

2n
- aa_s{ /M,X_; [ X5 (Go (X, X0) — ﬁ((d‘b)%’ Uy, @)X, )| q’}
9 divix il S s x ) w
_a{/M[lv( s.t) — (( )Ev;ﬂ( 7 j)>] }
e 9 2n
=4[ #2(Vajp5d®)— Xj Xj))w
{/M (a/a( )8t j;ﬁ( J ’)) }sZzzo
) 5 2n
_{/Mh<(d®)a,va/as ;‘B(Xj,xj))qj}

- 9
_ /M h((Va/as(dd:»)E)S:t:O, (¢ 6, vh)) v

{E@0} g
s=t=0

s=t=0

s=t=0

. 9 . . .
_{/ h((d@)a—, ) [va/asvxj(dcb)xj—va/as(dcb)vxjxj])xy} .
M 4 j=1 s=t=0

Note that
~ - ~ o~ ~ 0
VasasVx;(d®)Xj = Vx,;Vyas(dP)X; + R(ﬁ’ X)dP)X;,

since [0/0s, X ;] = 0. Therefore, if ¢ is pseudoharmonic,
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2n

92 - 9 .-
S E@s0)ip = th((m)E, > [9x, Vojas@)x;

j=1

. (aa j)(dq>)xj—63/3S(dq>)vxjxj]> v

s=t=0

[ (dCD) - ¥y, (dd>)aa—s)) - ﬁ(%xj (dCD)%, ¥y, (dcb)%)

Il MN

3 - 3
Jrh(R(a x,-)(d@)x,- — Va0 dP)Vx, X, (dq))a)]s_,_o
Let X4 € I'*°(H (M)) be defined by

Go(Xp, Y) = h(VyW, V),

forany Y € I'*°(H(M)). Then

[}

n

[Xj (ﬁ((d@)%, ¥, (dcb)aa—s)) - fl(%/as(dcp)vxjxj, (d@)%)}

1 s=t=0

J

[
N

[X (Go(Xyp, X)) — Go(Xgp, VX X ) Z GQ(VXIX(p, X;j) = div(Xyp)
1 =

J

and (by Green’s lemma) (4.13) is proved. O

As a consequence of (4.13) we get an immediate pseudo-Hermitian analogue of
the notion of stability (of a harmonic map between Riemannian manifolds).

Definition 4.6. Given a pseudoharmonic map ¢ : M — N, we set

(v, V):/ {||VV||2 Zh RV, ()X, )(d¢)X,,V)}9A(d9)"

j=1
and call ¢ stable if I(V,V) > 0Oforany V € I‘°°(¢_1TN). O
Then, as well as in Riemannian geometry, we have the following result:

Proposition 4.2. Any pseudoharmonic map, of a strictly pseudoconvex CR manifold
into a Riemannian manifold of nonpositive sectional curvature, is stable.

Next, our purpose in this section is to prove Theorem 4.5 below. To this end, we need
some preparation. Let j : N C (M™% (c), h) be a real hypersurface, and let h = j*h
be its first fundamental form. Let tan, and nor, be the canonical projections associated
with the direct sum decomposition

T, (Mt (c)) = To(N) @ To(N)Y, x € N.

Let & be a unit normal field on N. Then nor(V) = h(V, £)&, forany V € X(M™*(c)).
We shall need the Gauss and Weingarten equations (of the immersion j)
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VxY = VY + B(X,Y), (4.14)
Vxn=—A,X + Vi, (4.15)

where VV, B, Ay, and VL are respectively the induced connection, the second fun-
damental form (of j), the Weingarten operator (associated with the normal section
1), and the normal connection (V& = 0). Next, let {Xj:1 < j < 2n}be alocal
Gy-orthonormal frame in H (M), defined on an open subset U € M.

It is well known that any nonconstant harmonic map of a Riemannian manifold
into a sphere is unstable. This result carries over easily to the case of pseudoharmonic
maps.

Theorem 4.5. Let M be a strictly pseudoconvex, compact CR manifold and N an ori-
entable totally umbilical real hypersurface, of mean curvature vector H, regularly
embedded in a real space form M" (). Let V. M™*1(¢) be a simple and convex!
open subset, NNV #£ (. If (im — 2)||H||2 + (m — 1)c > 0 then any nonconstant
pseudoharmonic (with respect to the data (6, V) map ¢ : M — N NV is unstable.

Proof. Let¢p : M — N NV be a pseudoharmonic map, with respect to the data
@,VV).Let {V, : 1 <a < m+ 1} be a parallel (i.e., VV, = 0) local h-orthonormal
frame on V. To build such a frame one merely starts with an orthonormal frame {v,} C
Tp(M’”+1(c)) at some point p € V and considers the vector field V, obtained by
parallel translation of v, along geodesics issuing at p. We wish to compute

I (tan(V,), tan(V,)) =

2n
) /M {19, tan(Vo) I = ARY (tan(Va), (@6)X ) (@)X . tan (Vo)) | 61 @6)",
j=1

where V = ¢~V . Then (by (4.14)—(4.15))

@Xj tan(V,) = V(Zd))xj tan(V,) = tan (§(d¢)X_/ tan(Va))

= tan (V(agp)x; (Va — nor(V,))) = —tan (V(ag)x; nor(Vy))
= Anor(v,)(d@) X ;.

Using | X|?> = Z;”ill h(X, V,)? we may compute

m+1
IVx; tan(Va)lI* = [ Anor(ve) @)X 17 = D h(Anorvy) ()X, Vi)
b=1
m—+1 m+1_
=Y (Anor(v)(d$)Xj, tan(Vp)) = > h(B((d$) X, tan(V)), nor(Vy))>.
b=1 b=1

! In the sense of [241], Vol. I, p. 149.
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Assume from now on that N is totally umbilical in M"*+1(¢), ie., B = h ® H (in
particular || H || = const, by the Codazzi equation). Then

m+1
IVx; tan(Va)[I* = > h((dp)X ;. tan(Vp))> h(H, nor(V,))>
b=1
= [(d¢)X ;> h(H, nor(V,))*.
For any normal section 7 one has Inl1? = h(n, £)%. Thus
h(H, nor(V,)) = || nor(Vy)|I* |1 H|%,
and the last identity becomes

IVx, tan(Vo)[I* = [1(dp) X ;11 [ mor(Va) 1> || H |1%;

hence

2n
D 11Vx; tan(Vo) > = traceg, {mu™*h} || nor(Vo) > | H |1,
Jj=1
Since ||£]| = 1 and h(V,, V}) = 845, it follows that Z"’H | nor(V,)||*> = 1. Therefore

m+1 2n .
DO IVx; tan(Vo)l? = [|H|1* traceg, (i ¢*h).
a=1 j=1
The Gauss equation (cf., e.g., [91])
RN(X,Y)Z = (c+ |HIM{h(Y, 2)X — h(X, Z)Y}

leads to

h(RY (tan(V,,), (dp) X j)(d¢) X j, tan(Vy))
= (c+ IHID{@P) X j1I* | tan(V,) |* — h(tan(Vy), (d$) X j)*}.

Next || tan(V,) |12 + || nor(V,)[|> = 1 yields " || tan(V,)|> = m; hence
Zh(RNaan(v ), ([dP)X j)(d$) X, tan(Ve))
= (c+ | HIP{ tan(Va) | traceg, { " h) - Zh((dqs)XJ,V) I

or
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m+1 2n

Y > h(RY (tan(Vy), (d) X j)(d) X, tan(Vy))

a=1 j=1 n

= (c+ | HIP) | mraceq, (zu9*h) = Y @) X;11)
j=1

= (m — 1)(c + ||H|?) traceg, {(ru¢*h)}.
Summing up

m+1
3 I(tan(Vy), tan(V,)) = ~2 [(m —)IH|? + (m — l)c] E($) < 0.
a=1

Theorem 4.5 is proved. O

Pseudoharmonic maps are solutions to the nonlinear subelliptic PDE system (4.5).
Other subelliptic PDEs, such as the the CR Yamabe equation, were successfully stud-
ied by exploiting results in harmonic analysis on the Heisenberg group; cf. Chapter 3
of this book. Let us also remark that as well as (4.5), the CR Yamabe equation is the
projection on M of a nonelliptic PDE (whose principal part is the wave operator on
C(M)).

Let ¢ : M — N be a pseudoharmonic map, with respect to the data (6, V"*). Let
{Xp} = {X«, J X4} be alocal orthonormal frame of H (M), defined on a coordinate
neighborhood 0, @) in M, and (V, y') a local coordinate system on N such that
¢(l7 ) € V. Since A, = H the equations (4.5)) may be written

2n .
Ho' + ) Xp (@)X p(@") (I 0 ) =0,

p=1

where H = — Z;”: 1 X ;‘,X p 1s the Hormander operator (cf. Chapter 2 of this book).

We wish to emphasize the formal analogy between ¢ op~! : @ — V and a subelliptic

harmonic map, in the sense of J. Jost and CJ. Xu [234] (2 = ¢(U), U CC 0).
Nevertheless, two differences occur. First, J. Jost and C.-J. Xu discuss (cf. op. cit.)
Hormander systems of vector fields {X,} defined on an open set in R" (the dimen-
sion N is arbitrary, while N = 2n + 1 in CR geometry). Second, the formal adjoints
of the X’s, and therefore the Hérmander operator, are built with respect to the Eu-
clidean metric of R (while we use the volume form W arising from the given contact
structure). See also Z.R. Zhou [449]. On the other hand, there is an increasing litera-
ture regarding subelliptic equations on domains in RY (cf., e.g., [230], [340], [362]-
[363], [441], and [443]). Encouraged by the progress there we may state the following
conjecture (whose Riemannian counterpart is a result by J. Eells and M.J. Ferreira
[131]): Let M be a nondegenerate CR manifold, 6 a contact form on M, and (N, h) a
Riemannian manifold. Let H be a homotopy class of C*° maps ¢ : M — N. Then
there are u € C®°(M) and ¢ € H such that ¢ is pseudoharmonic with respect to the
data (exp(u) 6, V). O
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We end this section by looking at some examples of (globally defined) pseudo-
harmonic maps and by stating a few related open problems.

Example 3. Let M be a nondegenerate CR manifold. For a C®° map ® : M —
(R™, ho),

(6, D) = (Abcb") Y;

(where DY is the Levi-Civita connection of the Euclidean metric ho).

Proposition 4.3. @ is pseudoharmonic (with respect to (8, D°)) if and only if ®* are
harmonics of the sub-Laplacian.

Example 4. Let M be a strictly pseudoconvex CR manifold, 6 a contact form on M
with Ly positive definite, and gg the Webster metric of (M, 0). Let¢p : M — (N, h)
be an isometric (¢p*h = gg) immersion of (M, gy) into (N, h). Then

T(¢; 60, V") = Qn+ DH(@$) — a(@)(T, T), (4.16)
where dim(M) = 2n + 1 and H(¢) = ﬁtracegé,a(@ is the mean curvature vector

of ¢.

Proposition 4.4. Any pseudo-Hermitian immersion of (M, 0) into a strictly pseudo-
convex CR manifold (N, 0') is pseudoharmonic with respect to (9, V"), with h := ggr
the Webster metric of (N, 6).

This follows from the description of pseudo-Hermitian immersions performed in detail
in Chapter 6. We anticipate a few notions and results that enable us to give a proof of
Proposition 4.4. Let M, N be two CR manifolds. A CR immersion ¢ : M — N
is an immersion and a CR map (cf. [424]). Let 6, 6’ be contact forms on M, N,
respectively. A CR map ¢ : M — N is isopseudo-Hermitian if ¢*6’ = 0 (cf. [219]).
Let T’ be the characteristic direction of d@’. A pseudo-Hermitian immersion is an
isopseudo-Hermitian CR immersion ¢ : M — N such that 7’ is normal to ¢ (M)
(cf. [120] [36]). See [120], p. 190, and Theorem 12, p. 196, for examples of pseudo-
Hermitian immersions. Let us prove Proposition 4.4. Given X, Y € X (M) one has

B@)(X,Y) = Vi x$:¥ — ¢ VxY.

On the other hand, the Levi-Civita connection V& of the Webster metric and the
Tanaka—Webster connection V are related (cf. Chapter 1 of this book) by

V8 =V—-(A4+dO))QT+1Q®0+200J,
where A(X,Y) = go(X, tY). Using the Gauss formula
VI ¥ = VY +a(@)(X, ¥)

we obtain
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B@)(X,Y) =a(@)(X,Y) — {AX,Y) + (dO)(X, Y)}¢.T
+0Y)ptX +0(X)PJY +0(Y)pJX. (4.17)

Let us restrict (4.17) to H(M) ® H(M) and take traces (with respect to Gy); then
traceg, T = 0 and ©(T') = 0 yield (4.16). U

Assume i = gy and let ¢ be a pseudo-Hermitian immersion. Then

a@) T, T) =V T —¢.VF¥T =0

and (by Theorem 7 in [120], p. 189) H (¢) = 0 hence t(¢; 6, V&) = 0. O

Example 5. Let ¢ : (M, gg) — (S§™(r), h) be an isometric immersion, where i :=
*hoand ¢ : S™(r) C R™*! Set ® := 10 : M — R™F!_ Then we have the following
result:

Proposition 4.5. ¢ is pseudoharmonic with respect to (9, V") if and only if
Ap® = A +a(@)(T, T) + T*(®),

for some ) € C®°(M). If additionally m = 20 4+ 1 and ¢, T = Ty [the characteristic
direction of (S (), @t* @ — 8)|z|2)] then ¢ is pseudoharmonic if and only if

2(n + l)q)

Apd=—-"" ",

ie., ® are eigenfunctions of the sub-Laplacian corresponding to the eigenvalue
2(n+ Dr—2

To prove this statement, note that (by Theorem 10.1 in [124], p. 84)

1
t m ACD,
dng 1 s

H(¢p) =
hence (by (4.16)) ¢ is pseudoharmonic (with respect to (6, V")) if and only if
tangn () A® = a($)(T, T),
ie.,

AD = a(¢)(T, T) + 1®,

for some A € C°°(M), or, by a formula in [186] [cf., e.g., (68) in [120], p. 194, i.e.,
Ap = A+ T?on C®(M) (Greenleaf’s formula)]

Ap® = a(@)(T, T) + A0 + T*(®).
Assume from now on thatm = 2¢ + 1 and ¢.T = Tp. Then

a(NT,T) = V;OTO — ¢ VYT = 0.
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Also
Ty = lJ()()cji —i—yji.) = l(xji. — yji.>,
r
so that Y342 T(®4)a/ax* = Tp yields
T(®)) = _l¢j+z+1, T (@) — lq>j;
r r
hence

T*(®) = —r 2.

Then ¢ is pseudoharmonic if and only if A, ® = (A — r_Z)CID, for some A € C®°(M).
Yet (by A® = Ad and the proof of Theorem 10.2 in [124], p.86) L =
—Qn+ r2. O

Example 6. By Example 5, pseudoharmonicity is related to the spectrum of Aj [very
much as minimality in submanifold theory is related to the spectrum of the Lapla-
cian on a Riemannian manifold; cf. T. Takahashi [395], whose work led to the (still
growing) theory of submanifolds of finite type, cf., e.g., [92]]. Since A, is subel-
liptic, by a result of A. Menikoff and J. Sostrand [300], Ap has a discrete spectrum
tending to 4-o0o. Since explicit minimal immersions among spheres may be built (cf.,
e.g., Theorem 10.4 in [124], p.92) by using orthonormal systems of eigenfunctions
of the Laplacian, one may ask whether eigenfunctions of A, may be produced in
any effective way. For instance, if M = S§2+1 then Av = —k(k 4+ 2n)v, where
v = H|gut1 with H € Hy (the space of all harmonic polynomials H : R***2 — R,
homogeneous of degree k), and all eigenfunctions of A are obtained in this way (cf.
[59], p. 160-162). Let H € H,, ie., H = Z;”'}il(aijxixj + bijxiyj + cijyiy;) with
Y (@i +ei) =0.Set Ty = Y121 (x79/0x7 — y79/9x7) (hence 1, T = Ty, where
T is the standard contact vector of $2*+1). Then

n+l1 n+1
H =Y aiG]+y)+ D (aij+aj)ix;+yiy)+ Y bijxiyj.  (4.18)
i=1 i<j i.j=1
n+1

Zaii =0, bij=—bji,
i=1
are all harmonic polynomials H € H; satisfying TOZ(H ) = 0. Set

Py := Eigen(A; 4(n + 1)) N Ker(T?).

By the calculation above, Py = {H|qs+1 : H given by (4.18)}. Also Py <
Eigen(Ap; 4(n + 1)), by Greenleaf’s formula. See [59], p. 160. The restriction to
the sphere C®(R*t2) — (C®(§2"*1) descends to an isomorphism H, —
Eigen(A; 4(n + 1)); hence dimg Py = n(n + 2). More generally, set
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P, := Eigen(A; 4(n + 1)) N Ker(T? — A1),
Ny :=dimg Py, A€ R\ {-2}.

(For . = —2 one has H, N Ker(TO2 — Al) = (0).) Then

P,. € Eigen(Ap; 4(n+ 1) — A)

and
1
MED heR\ (42,0,
M=o +Dw+2)., r=-4,
n(n +2), L =0.
Let {v1, ..., Unnt2)} be a basis of Py and set @ = (vi, ..., Vyur2) : S+ —

R"™+2) Then Ap® = —4(n + 1)d. If ® is an isometric immersion [of (§2+1 g0)
into (R""*2) h)] then (by Theorem 6.2 in [124], p.45, Greenleaf’s formula, and
T2(®) = 0) Ap® = 2n + 1)H(D); hence ® is normal to S+, Therefore F(x) :=
||<I>(x)||f{n(”+2) is a constant function, i.e., F(x) = ¢ = const, x € S$"tl je.,
®(§2Hy ¢ §1+D=1( /6). In view of Theorem 10.4 in [124], p. 92 (cf. also [395]),
it is an open question whether §2'*+! — §7"*+2=1(_/¢) may be adjusted into a pseu-
doharmonic map.

We close with a few open problems. A smooth curve y : I — M in a nondegen-
erate CR manifold, defined on an open interval I containing the origin, is a parabolic
geodesic of M if (i) y(0) € H(M)y ) and (it) (Vyy)y@) = 2cTy, t € I, for
some ¢ € R (cf. [228]; see also [120], pp. 191-192). Compute the form B(¢) of a map
¢ : M — N carrying parabolic geodesics to parabolic geodesics.

Let X be a unit (gg(X, X) = 1) vector field on a strictly pseudoconvex CR man-
ifold M. Then X is a map of M into U (M), the (total space of the) tangent sphere
bundle over (M, gg). U (M) has a well-known almost CR structure (integrable if, for
instance, M = §2"+1: gee, e.g., [37]). Also U (M) carries a natural Riemannian metric
(induced by the Sasaki metric on T (M)) arising from gg. In view of [69] one may ask,
when is X a pseudoharmonic (a CR, a pseudo-Hermitian) map?

Let ¢ : M — N be a continuous map of a strictly pseudoconvex CR manifold
M into a Riemannian manifold N. We call ¢ a pseudoharmonic morphism if there is
a contact form 6 on M, with Lg positive definite, such that for any local harmonic
functionv : V — R (V € N open, Av = 0) one has ¢~ (V) # ¢ and the pullback
v o ¢ satisfies Ap(vo @) =0in ¢’1 (V). If this is the case, note that (l(v o ¢p o) =
Ap(v o @) o = 0; hence ¢ o 7 is a harmonic morphism of (C(M), Fp) into N. The
problem to prove a CR analogue of the Fuglede—Ishihara theorem (cf. [159], [217])
that harmonic morphisms are precisely the horizontally weakly conformal harmonic
maps has recently been dealt with by E. Barletta [33]. The results are described in
detail in the next section.

Already dealing with “horizontal conformality” leads to interesting problems. Let
¢ : M — N be a smooth map and set & = ¢ omr. Then the restriction of the Fefferman
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metric Fy to Ker(d®) is indefinite. Indeed, if S is the vector field on C (M) tangent to
the S!-action then S € Ker(d®) and Fy(S, §) = 0. Is Ker(d®) at least nondegenerate
in (T(C(M)), Fp)?

Proposition 4.6. (a) Ker(d®) = [n*Ker(d¢)] & RS.
(b) The restriction of Fy to w*Ker(d¢) is positive definite if and only if T is transverse
to Ker(do).

Here [7*Ker(d¢)], is the preimage of Ker(dx(u)¢) by du7 : Ker(o,) = Ty (M),
u € C(M) (a linear isomorphism, since o is a connection 1-form in the principal
Slbundle 7 : C(M) — M). The statement (a) follows easily from definitions. To
prove “=="1in (b), assume that 7y € Ker(d,¢) for some x € M. Letu < 7~ !(x) and
let A € Ker(o,) be the unique vector with (d,7)A = T,. Thus A € [n*Ker(dqﬁ)]”.
Next,

0= G@(T, T)y = Fyu(A, A); (by A € Ker(o,) and (4.6));

hence A = 0, i.e., Ty = 0, a contradiction. To prove “<="in (b), let A € w*Ker(d¢)
and X :=mw,A, X =Xy +6(X)T, where Xy € H(M). Then

Fg(A,A) =Go(Xpy, Xn) =0

and = O if and only if Xz = 0, i.e., Ker(d¢) 2 X = 6(X)T, which gives 6(X) =0
(since T is transverse to Ker(d¢)). Thus X = 0, i.e., A = 0. U

Definition 4.7. Let & be a Riemannian metric on N. We say that ¢ is horizontally
pseudoconformal if (i) T is transverse to Ker(d¢) and (ii) for any u € C(M) there is
A(u) € R such that

AMu)?Fyu(A, B) = (®*h), (A, B),

for any A, B € 'H,,, where H, is the orthogonal complement (with respect to Fy ;) of
Vi = [n*Ker(do)],,. O
By condition (i) V, is, in particular, nondegenerate in (7,,(C(M)), Fp ). In particular,
the dilation A : C(M) — R of ¢ is a continuous function (not necessarily smooth).
Ifo = ef9, f e C®(M), let T be the characteristic direction of df. Since F; =
efor Fy it follows (by (b)) that T is transverse to Ker(d¢) if and only if T is transverse
to Ker(d¢). Also )AnzFé = ®*h on H ® H, where A := ¢/°™)A. We have thus proved
the following result:

Proposition 4.7.
Horizontal pseudoconformality is a CR-invariant property.

An interesting question is whether pseudoharmonic maps of S*"*! into a Riemannian

manifold are unstable. In view of Theorem 3.1 of [437], p. 611, the answer is expected
to rely on a CR analogue of the Weitzenbock formula (for ¢~ 7 N-valued forms on
$27+1) Only a CR version of the Bochner formula (due to [186] and presented in
detail in Chapter 9 of this book) is known so far.
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4.4 Hormander systems and harmonicity

In this section, given a Hormander system X = {Xi,..., X;;} on a domain Q2 C
R" we show that any subelliptic harmonic morphism ¢ from €2 into a v-dimensional
Riemannian manifold (N, &) is a (smooth) subelliptic harmonic map (in the sense of J.
Jost and C.-J. Xu [234]). Also ¢ is a submersion provided that v < m and X has rank
m. If Q = H,, (the Heisenberg group) and X = {% (Ly + Lg), 21—1 (Ly — Lg)}, where
Ly = 0/0z% — iz¥d/0t is the Lewy operator, then a smooth map ¢ : 2 — (N, h) is
a subelliptic harmonic morphism if and only if ¢ o 7w : (C(H,), Fg)) — (N,h)isa
harmonic morphism, where § I ¢ H,) BN H,, is the canonical circle bundle and
Fy, is the Fefferman metric of (H,, 6). For any S L invariant weak solution @ to the
harmonic map equation on (C(H,), Fg,),

D7 gk .
ol )| ———=0, 1<i=<vy,
dud Jub

i

i ab
Od' + Fg! (j.k

the base map ¢ (i.e., ¢ o 1 = ) is shown to be a weak subelliptic harmonic map.
We obtain a regularity result for weak harmonic morphisms from (C ({x; > 0}), Fox))
into a Riemannian manifold, where Fy ) is the Fefferman metric associated with the
system of vector fields X1 = 9/dx1, Xo = 9/dxy + x{‘ d0/dx3 (k = 1) on Q =
R3\ {x; = 0}.

J. Jost and C.-J. Xu studied (cf. [234]) the existence and regularity of weak solu-
tions ¢ : 2 — (N, h) to the nonlinear subelliptic system

Ho' + i <
a=1

where H = )" | X} X, is the Hérmander operator associated with a system X =
{X1, ..., X;,} of smooth vector fields on an open set 2 C R”" satisfying the Hormander
condition on 2 and (N, &) is a Riemannian manifold. See Definitions 4.10 and 4.11
below. Also | jik | are the Christoffel symbols associated with the metric 4. If o C Q is
a smooth domain such that dw is noncharacteristic for X, the result of J. Jost and C.-J.
Xu (cf. op. cit., Theorems 1 and 2, pp. 4641-4644) is that the Dirichlet problem for
(4.19), with boundary data having values in regular balls of (N, &), may be solved and
the solution is continuous on w, up to the boundary. Any such map is then smooth by a
result of C.-J. Xu and C. Zuily (cf. [443]), who studied higher regularity of continuous
solutions to a quasilinear subelliptic systems including (4.20).

i o¢) Xa@Xo @) =0, 1<i<v., @19

Definition 4.8. Solutions (smooth a posteriori) to (4.19) are subelliptic harmonic maps
and (4.19) is the subelliptic harmonic map system. |

See also Z-R. Zhou [449]. Clearly, if X, = 9/0x%, 1 < a < n, then a subelliptic
harmonic map is an ordinary harmonic map (2 is thought of as a Riemannian mani-
fold, with the Euclidean metric). An important class of harmonic maps are harmonic
morphisms, i.e., smooth maps of Riemannian manifolds pulling back local harmonic
functions to harmonic functions. That these are indeed harmonic maps is a classical
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result of T. Ishihara (cf. [217]), actually holding in general for harmonic morphisms
between semi-Riemannian manifolds (cf. B. Fuglede [160]). In the present section we
extend the notion of a harmonic morphism to the context of systems of vector fields
and generalize the Fuglede—Ishihara theorem. The results are due to E. Barletta [32].

Definition 4.9. A localizable? map ¢ : 2 — (N, h) is a (weak) subelliptic harmonic
morphism if forany v : V — R, with V. C N open and Ayv = 0 in V, one has
(i) vogp € LIIOC(U), for any openset U C 2 suchthat¢(U) C V,and (ii) H(vo¢) = 0,
in the distributional sense. O

The main result in this section is the following:

Theorem 4.6. (E. Barletta [32])

Let X = {X1, ..., X} be a Hormander system on a domain Q@ C R" and (N, h) a
v-dimensional Riemannian manifold. If v > m there are no subelliptic harmonic mor-
phisms of Q into (N, h), except for the constant maps. If v < m then any subelliptic
harmonic morphism ¢ : Q — (N, h) is an actually smooth subelliptic harmonic map
and there is a smooth function A : Q — [0, +00) such that

Y X)X (x) =1(x)87,  1<i,j<v, (4.20)

a=1

for any x € Q and any normal coordinate system (V,y') at ¢(x) € N, where
¢ = v o ¢. In particular if x € U = ¢~ (V) is such that A(x) # O then the
matrix [(Xq¢")(x)] has maximal rank; hence ¢ is a C*® submersion provided that
{X1, ..., X\u} are independent at any x € Q.

When ©Q = H,, the Heisenberg group, and X = {X,, Yy : | < o < n}, where X, =
(1/2)0/0x* + y*0/0t and Y, = J X, we relate subelliptic harmonic morphisms to
harmonic morphisms (from a certain Lorentzian manifold).

Theorem 4.7. (E. Barletta [32])

Let H, = C" x R be the Heisenberg group endowed with the standard strictly pseu-
doconvex CR structure and the contact form 6y = dt + i Zgzl(z"‘d?’ — 7%dz%).
Consider the Fefferman metric

2
Fg =n*G —— (™6 d
[24) v 90+n+2(n O)Q( V)

on C(H,) = (A”H’O(Hn) \ {O}) /Ry, where w : C(H,)) — H,, is the projection and
y a fiber coordinate on C(H,,). Then a smooth map ¢ : H, — (N, h) is a subelliptic
harmonic morphism, with respect to the system of vector fields X = {Xy, Yy}, if and
only ifp o : (C(Hy), Fgy) — (N, h) is a harmonic morphism.

2 In the sense of [233], p.434, i.e., for any xo € 2 there is an open neighborhood U C 2 of
xo and a coordinate neighborhood (V, y*) on N such that ¢ (U) C V.
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The main ingredient in the proof is the relationship between the Laplace—Beltrami
operator [] of the Fefferman metric Fy, and the Hormander operator H on H,,. This
was presented in Chapter 2 of this book (cf. also J.M. Lee [271]), where [ is related to
the sub-Laplacian A, of the given strictly pseudoconvex CR manifold, yet seems to be
unknown in the literature on PDEs. We emphasize the relationship between subelliptic
and hyperbolic PDEs by providing a short direct proof that for the Heisenberg group,
7«1 = —2H, where

2 f 32 f
=2 Z(B(u"‘)z B(u“""”)z) +2(|Z|20ﬂ)m

*f o« Of *f

P R e i S G ) b s s T

+ zua—i-n

for any f € Cz(Hn). Here u = x30om, 1 <A <2n+1,and u?"t2 = y, where
(x4) = (2% = x¥ +iy“, 1) are coordinates on H,,.

4.4.1 Hormander systems

Let 2 € R" be an open set and X = {X1,..., X,;} a system of C* vector fields
on 2.

Definition 4.10. We say that X satisfies the Hormander condition (or that X is a
Hormander system) on Q if the vector fields X1, ..., X;, together with their com-
mutators up to some fixed length r span the tangent space 7y (2), ateach x € 2. [

A commutator of the form [X,, X;] has length 2 (and by convention each X, has

length 1). If X, = bA(x)d/dx" then we set X*f = —3 (b2 f)/dxA, for any f €

C(l)(SZ). Our convention as to the range of indicesis a, b, ... € {l,...,m} and A, B,
.ef{l,..., n}

Definition 4.11. The Hormander operator is

m n a

Hu = —;XZXQM =A;] — ( AB (x ) )
where a8 (x) = ", b2 (x)bE (x). O

The reader should observe that although we employ the same terminology, H is dis-
tinct from the operator in Definition 2.2. Indeed the formal adjoint X is defined with
respect to the Euclidean metric (while X} in (2.8) is built with respect to the volume
form arising from a fixed contact form). The matrix a4 is symmetric and positive
semidefinite; yet it may fail to be definite; hence in general H is not elliptic (H is a
degenerate elliptic operator).

Example 1. (Cf. [234], p. 4634) The system of vector fields

X1 =0/ax", X, =0/0x> + (xHk9/0x> (k= 0) (4.21)
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satisfies the Hormander system on R3 with r = k + 1. We have X} =-X,,ac¢
{1, 2}; hence the Hormander operator is

3%u 3%u Lor 0%u k 3%u
_—8(x1)2+—8(x2)2+(x ) 0r 3)2+ 2(xh rPC

(4.22)

As we shall see later, there is a CR structure H (k) on @ = R3\ {x! = 0} such that
the (rank-2) distribution D spanned by the X,’s is precisely the Levi (or maximally
complex) distribution of (€2, H(k)).

Example 2. Let H, = C" x R be the Heisenberg group with coordinates (z,?) =
(L, ..., 7% 1) and set z% = x* + iy¥, 1 < a < n. Consider the Lewy operators
Ly =0/07% —iz% 9/0t, 1 < o < n, and the system of vector fields X := {Xy, Xq4n :
1 <a <n}, Xg4n = JXo, where

Xy =3 (Lo + Lg), (4.23)

and L, = Lg. As in Chapter 1 of this book, the Heisenberg group is thought of as a
CR manifold (of hypersurface type) with the standard CR structure

n
T1,0(Hp)x = ZCL‘“’ xeH,.

a=1

Also, J is the complex structure in the (real rank 2n) distribution H(H,) =
Ree (Ti0H,) ® To,1(Hy)). ie., J(Z+ Z) = i(Z - Z), forany Z € T o(H,). Since
[Lo, Lg] = —2idqpT (with T = 9/09t), (4.23) is a Hormander system on H,,, with
r = 2. Next X} = —X, and the corresponding Hérmander operator is

0%u 8%u 9%u 92u
e + x* + 27— . (424
4Z{a(xa)2 8(y°‘)2} Y owaar T gyagr TG (424

We end this section with a discussion of the function spaces Wf(’p (2) (which the
reader will meet again in applications in Section 4.4.4).

Let U € R” be an open set and X = {X1, ..., X;;} a Héormander system on U.
Let ©2 be a bounded domain in R” such that Q cC U.Letk € Z, k > 1, and
p € R, p > 1. We define the function spaces

WP @) ={f e LP(Q) : X f € LP(Q), VT =(r,..onfs) [ Ji=s <k}.

If J = (ji,...,js)and 1 < j; < mthen X’ f := Xj, --- X, f (and derivatives are
intended in the sense of distribution theory). As a matter of notation, we admit that
|J| =0 (i.e., J is the empty multi-index) and then X" f := f. Also we set

1/p
||f||w§,p(m=(2||X’f||mm) L WEQ) = W)

|J|<k
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Theorem 4.8. (C.-J. Xu [440])

(1) If1 < p < oo then W;’p () is a separable® Banach space.
(2) If1 < p < oo then W;’p(Q) is reﬂexive.4

(3) W)k( (R2) is a separable Hilbert space.

IfJ = (i, ..., Js) with 1 < j; < m then we denote by (X7)* the adjoint of X7 on
CP (), ie.,

f (X'u)vdx = / u (X7)*v dx, Vu, veCPEQ).
Q Q
Then the function spaces W;’p (£2) may be also described as

W;”’(Q) = {f € LP(Q):3 gy € LP(2) such that

/Qf((X])*w) dxzfgg“pdx, Yo e CPQ), V|J|§k}.

Of course g is unique (up to a zero measure set) and commonly denoted by X/ f.

Proof of Theorem 4.8. Let {u,,} be a Cauchy sequence in W)k(’p (€2). Then for any € > 0,
there is ve > 1 such that

J J p p
X uy, — X M/L”LP(Q) < lluy — ull”W}I?p(Q) <ef
for any v, u > v, ie., {XJu,,} is a Cauchy sequence in L7 (2), for any |J| < k.
Therefore, there is u’ € LP(Q) such that X”u, — u’ in L?(S), since v — oo.
Since

‘/(Xjuv)lﬁdx—/ujwdx
Q Q

it follows that [ X/u, ¥ dx — [qu’ ¢ dx as v — oo, for any ¥ € CJ°(RQ).
Hence, by letting v — o0 in

1
< 1X7uy — w? lLr ) 1V |l Lo > + 7 =1,

f w0y dx = [ (Xu)  d
Q Q
we obtain
/ u® (X7 g dx =/ u’ ¢ dx,
Q Q

3A topological space X is separable if there is a countable dense subset A € X.

41f X is a Banach space, let X* be its normed dual (itself a Banach space). Consider the linear
isometry ¢ : X — X™* given by (¢x, x*) = (x*,x), forany x € X, x* € X*. Then
¢ is an isometric isomorphism of X onto a closed subspace of X** and X is reflexive if
H(X) = X**.
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where 0 is the empty multi-index. Thus u° € W)];’p(Q) and X/ u® = u’ and

0 J 0 J J
iy =l sy = 201X o =D gy = 301X s =170y = 0
X |J]<k |J]<k

for v — o0, i.e., uy — u®in Wﬁ’p(Q). This proves that W)l;’p(fz) is Banach. Any L”
space with 1 < p < oo is reflexive. Thus the product space

E= ] L7@ = {{f 1= : f1 € LP®), 1] <k},
[J]<k

1/
Ihnlle = (3 10E0g)

|J|<k

is a reflexive Banach space. Moreover, the map
T:WyP(Q) — E, T :=Xu, ueWy’ (),

is a linear isometry. Since T(W;’p(Q)) is a closed subspace of E and T(W;’p(Q))

is reflexive, it follows that W)k(’p (R2) is reflexive as well. The proof of the separability
may be obtained in a similar way.

4.4.2 Subelliptic harmonic morphisms

Proposition 4.8. A weak subelliptic harmonic morphism ¢ : Q — (N, h) is actually
smooth.

Indeed, let x € Q2 and p = ¢(x) € N. Let (V, yi) be a local system of harmonic
coordinates at p (cf., e.g., [60], p. 143), i.e., p € V and ANyi = 01in V, where Ay
is the Laplace—Beltrami operator of (N, &). Since ¢ is localizable, we may consider
an open neighborhood U of x such that ¢(U) C V. Then y' 0 ¢ € Llloc(U) and
H (¥ o¢p) = 0. Moreover, it is a well-known fact that H is hypoelliptic, i.e., if Hu = f
in the distributional sense, and f is smooth, then u is smooth, too. Hence y’ o ¢ €
C® ). ]

To show that ¢ is a subelliptic harmonic map we need the following lemma:
Lemma 4.2. (T. Ishihara [217])
Let (N, h) be a v-dimensional Riemannian manifold and C;, C;; € R a system of

constants such that C;j = Cj; and ZF:] Cii = 0. Let p € N. Then there is a normal
coordinate system (V, y') in p and a harmonic function v : V. — R such that

dv
8—})5(17) =Ci, vij(p)=0Cij.



4.4 Hormander systems and harmonicity 237

Lemma 4.2 is referred to as Ishihara’s lemma. Here v; ; are the second-order covariant
derivatives

0 k| ov
Letip € {1, ..., v} be a fixed index and consider the constants C; = §;;, and C;; = 0.

By Ishihara’s lemma there is a local harmonic function v : V' — R such that
av
8—)),-(17) =dij,, Vi, j(p)=0.

A calculation shows that

Xo(vog) = —X @),

i
jk

0
H(wop) = <H¢f>—. —Z(X /) (Xat ){v,k+ %} . @25
Then (by (4.25)),

0=H(wo)(x) = (HF)®) = Y (Xadp)) ) (Xat")() |

a=1

To prove (4.20) in Theorem 4.6 consider the constants C;; € R such that C;; = Cj;
and >;_, Ci; = 0. Letx € Qand p = ¢(x) € N. By Ishihara’s lemma there is a
normal coordinate system (V, y') in p and a local harmonic function v on V such that

av
a—yi(P) =0, v ;(p)=C.
Since ¢ is a subelliptic harmonic morphism (again by (4.25)),

0=H@od)x) ==Y (Xap)))(Xa$")(X)Cj,
a=1

that is,
Cjk X*x) =0, (4.26)
where
=) (Xap)) (Xagh).
a=1

The identity (4.26) may be also written as

> CuX+32C [x0 - x"w] =o. (4.27)
i#]
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Now let us choose the constants C;; such that C;; = 0 for any i # j and

I, i =g,
Ci=43-1, i=1,
0, otherwise,

where ig € {2, ..., v} is a fixed index. Then (4.27) gives

X (x)y — x(x) =0,

that is,
XM = X200 = = X" (),
and (4.27) becomes
Z Ci; X" (x) = 0. (4.28)
i#]j
Let us fix ig, jo € {1, ..., v} such that ip # jo, otherwise arbitrary, and set

I, i=ip, j=joori=jo,j=io,

Cij = .
0, otherwise.

Then (4.28) implies that X%0/0(x) = 0. Let us set
m
L= X =) (Xaph)? € €2,
a=1
where U = d)_l (V) C 2. Summing up the results obtained so far, we have

Y (Xa$H) () (Xa§?) () = A(x)8"

a=1

which is (4.20), and in particular

VAX) =) (Xa$)(x)* .

Therefore, we have built a global C* function A : Q — [0, +00). Indeed, if (V, ¢ =
..., yY) and (V/, ¢ = (¥'',...,y"")) are two normal coordinate systems at
p=¢((x)and F = ¢’ o ¢!, then the identities

i OF ; aFk  9Fk
Xq.0" = @Xafbj, Xk:a—gi(l?)@(l?)=5ij

yield
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D (XapHx) =) (Xap))(x)* .
i J
Assume that there is xg € €2 such that A(xp) # 0 and consider

v = (@) (o), (X)) (x0)) €R”, 1=i <.

Clearly v' # 0, for any i, and v/ - v/ = 0, for any i # j. Consequently
rank[(Xaqbi)(xo)] = v; hence v < m. Thus, whenever v > m it follows that A = 0,
i, X,¢' = 0, and then the commutators of the X,’s, up to length r, annihilate ¢'.
Since X = {Xq, ..., X,;} is a Hormander system and €2 is connected, it follows that
¢' = const.

4.4.3 The relationship to hyperbolic PDEs

We recall (cf., e.g., [433]) the following definition:

Definition 4.12. A smooth map ® : M — N of semi-Riemannian manifolds is a
harmonic morphism if for any local harmonic function v : V. — R on N, the pullback
v o ® is harmonic on M, i.e., A(v o ®) = 0in U = &~ (V). Here A is the Laplace—
Beltrami operator of M. ]

In the context of Example 2, we shall relate the subelliptic harmonic morphisms ¢ :
H,, — N to harmonic morphisms from the Lorentzian manifold (C(Hy), Fg,). Recall
that 6o = dt +iy ,,_,(z*dz% —z%dz") is a contact form on Hy,, i.e., 6 A (d6p)" is a

volume form. Let us consider the 1-form o = ﬁd y on C(H,,) and let us set

Fy, = JT*Ggo +2(7*0y) O 0.

By the results in Chapter 2, Fy, is a Lorentz metric on C (H,,), the Fefferman metric of
(H,,, 6p). With respect to the local coordinates (u%) = (u4, y), where u =x4om,

the Fefferman metric may be written as

Fo, =2 Z [(du“)z + (du“+")2]
a=1
2

n
+ ?I:dubﬁl + ZZ(uaduGH-n _ M(X+ndua)] @ du2ﬂ+2 i (429)
n

a=1

We wish to compute the Laplace—Beltrami operator

_ 19 ab OF 2
0f = =g (VFIFE 505). € Cea),

A calculation shows that

2" 2
F := det[(Fg)ap] = —(n ~ 2) , (4.30)
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/2. 0 0 --- 0 ™t 0
0 12 0 -« 0 u 0
DRI DY —_— l
] I EECED
o -0 0 ---1/2 —u" 0
un+l u2n _ul cee —yht 2|Z|207Tn+2
o -0 0 -+ 0 n+2 0
hence
S K 02/
1
Of= 22 [3(ua)2 3 (o2 200+ 2T e
a2 f 32 f 3 f
+ 2
+ 2u® naua3u2n+l - 2u® uatngy2n+l +2(zlom) 8(u2”+])2 - (432

Proposition 4.9. Let ¢ € 7~ 10) c C(H,). Then [Fégb (c)] has spectrum {1/2, n + 2,
—n — 2} (with multiplicities {2n, 1, 1}, respectively). The corresponding eigenspaces
are

2n
Eigen(1/2) = Z Re;, Eigen(£(n+2)) =R(,...,0,1, £1).
j=1
Here {eq, ..., e2n42} C R%"+2 is the canonical linear basis. Consequently, under the

coordinate transformation

wjzﬁuj, 1<j<2n,

1
2n+1 _ ( 2n+1
w = ———= (u + J/),
V2(n+2)
w2n+2 — 1

T (u2n+l _ y),

(4.32) goes over to the canonical hyperbolic form

2n+1 82 82
ERIGEDY / 5(0) — / 5 (©).
A=

— 3(wA) 3(w2n+2)

The unit circle S! acts freely on C(H,,) by Ry ([@]) = [0] - w = [ww], w € S1. Then
udoR, =u? and y o R, = y +arg(w) + 2k, for some k € Z; hence R Fy, = Fp,,
ie., S c Isom(C(H,), Fy,). As is well known, this yields ORv = O, where we set
OV f .= @f¥ )V and f¥"' := f oy, for any diffeomorphism v of C(H,) into
itself. Therefore,

0:C*MH,) - C*H,), @ Du:=O®womn)),
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is well defined, where for a given S ! invariant function f on C(H,), f denotes the
corresponding base map. Finally, a calculation based on (4.24) and (4.32) leads to

(reDu =2 Hu, u e C*(H,). (4.33)

At this point, Theorem 4.7 is proved. For given a local harmonic functionv : V — R
on N and ¢ : H,, — N a subelliptic harmonic morphism then (by (4.33)) 0 =2 H(vo
@) = () (v o ¢); hence (v o @) = 0, i.e., & = ¢ o 7 is a harmonic morphism.
Example 1. (continued) Theorem 4.7 applies, with only minor modifications, to sub-
elliptic harmonic morphisms from € = R3 \ {x! = 0}, with respect to the Hormander
system (4.23). R3 is a CR manifold with the CR structure H (k) spanned by

k9
Z—Q———<Z+3 9
0z 2 ot

where z = x! +ix? and r = x3. Next

z+z

o(k) = dt+2< )(dz—dZ)

is a pseudo-Hermitian structure on R? with the Levi form
= Z+27\k-1
Low(Z.2) = —k(*5=)

hence (R3, H(0)) is Levi flat, while (2, H(k)) is nondegenerate, for any k > 1. More-
over, if k > 1, each connected component QT = {)cl > 0} and Q7 = {x1 < 0} is
strictly pseudoconvex. The Tanaka—Webster connection of (€2, 6x) is given by

T 2k — 1)

1 _ 1 _ 1 _

FlT_O’ ry, = 1z’ Fg =0.

In particular, the Tanaka—Webster connection of (€2, 6(k)) has pseudo-Hermitian scalar
curvature R = — -1 (2/(z 4+ 72))**!, and one may explicitly compute the Feffer-
man metric Fg(k) of (2%, 6(k)). Also, the pseudo-Hermitian torsion vanishes (i.e.,
A} = 0). Note that (2, (1)) is Webster flat. Set V7 u = wpVu, where Vu is the
gradient of u € C°°(2) with respect to the Webster metric and 7y : T(R2) — D the
projection with respect to the direct sum decomposition 7'(€2) = D @ Rd/dz. That
is, VAy = ul'Z + u'Z, where u! = hlly; and u; = Z(u). The sub-Laplacian is
Apu = div(V7u), where the divergence is taken with respect to the volume form
0(k) A (dO(k))". Since

k—1 i1
div(Z) = ;R = xR g =D,
X1 k

one has Ay, = ——x1 “M(ZZ + ZZ); hence (by (4.22)) Ap = _E x1 “*H on C®
functions. By a result in Chapter 2, the Laplace—Beltrami operator [J of the Fefferman
metric of (QF, 6(k)) is related to the sub-Laplacian by 7, = A;; hence

1
(r.Oyu = —%xl KHu,  uecCc™@Qb). (4.34)
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Proposition 4.10.

For any subelliptic harmonic morphism ¢ : QT — N, with respect to the Hormander
system (4.22), the map ® = ¢ o : C(QF) — N is a harmonic morphism, with
respect to the Fefferman metric of (QF, 6(k)).

For the converse, one may see our next section.

4.4.4 Weak harmonic maps from C (H,,)

From now on, we assume that N is covered by one coordinate chart ¢ = (y!, ..., y") :
N — RY and ¢’ :=y' o D.

Definition 4.13. A map ® : C(H,)) — N is said to satisfy weakly the harmonic map
system

i

: IDJ ok
D®’+F9“Ob<jk on) =0, I<i<v, (4.35)

dud Jub

if ® € L2(C(H,)), X(®') € L>U4), for any smooth vector field X on I € C(H,,)
open, and

Vv ) ) '

i et ab i 0P/ 9P~ B
; {/C(H?; O’ d vol(Fg,) + /C(Hf)eo ( ik orr) St 3ub © dvol(Fg) =0,
for any ¢ € C5°(C(H,), R"). -

Of course, the prescription X (®) € L) means that there is géf € LZ(Z/I) such that
/ gh @ dvol(Fg) = f ' X*¢ d vol(Fg,),
u u

where X* is the formal adjoint of X with respect to the L2-inner product (u, v) =
f uv dvol(Fy,), for u, v € C*°(C(H,)), at least one of compact support. A posteriori,
the element gé( is uniquely determined a.e. and denoted by X (®').

Earlier in this chapter, given a strictly pseudoconvex CR manifold M, one related
smooth harmonic maps from C (M) (with the Fefferman metric corresponding to a
fixed choice of contact form on M) to smooth pseudoharmonic maps from M (as
argued there, these are locally formally similar to J. Jost and C.-J. Xu’s subelliptic
harmonic maps). Here we wish to attack the same problem for weak solutions (of the
harmonic, respectively subelliptic harmonic, map equations). We recall the Sobolev-
type spaces

W) = {u € LA(Q) : Xou € LA(Q), 1 <a <m),

adapted to a system of vector fields X = {X{,..., X;,} on Q C R” (the X, u’s are
understood in the distributional sense). See also Section 4.4.1 of this book.
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Definition 4.14. ¢ : Q — N is a weak solution to (4.19) if ¢' € W*(Q) and

Z{/ > (Xud') (Xag') dx ~ Z(
1 V€2 a=1 2 4=1

i=

ik o¢>> (Xa9))(Xag")g' dx § =0,
forany ¢ € Cj°(22, R"). O
See, e.g., [234], p.4641.

Lemmad4.3. Let & : C (H,,) — N bean S 1—invc'zriant map and ¢ = ® the corre-
sponding base map. If ®' € L2(C(H,)) and Y (®)) € L2U), for any smooth vector
field Y onUd € C(Hy), then ¢' € Wy *(H,).

One has ||®i||L2(C(H,,)) = 277||¢i”L2(H,,); hence ¢! € L*>(H"). In particular ¢! €
Ll (H,) and ® e Ll (C(H,)). Let ¢ € CS°(Hy). Then ¢ o w € CF°(C(Hy))

loc loc
(because S! is compact) and

/ @' O(¢ o ) dvol(Fgy) = —2 / (¢' Hp) o 7w dvol(Fg))  (by (4.33))
C(H,) C(H,)

= —47 / ' Ho 6y A (d6p)"
Hll

2n
= —4n /1.{ Z(Xa¢[)(Xa§0) bo A (dBo)".

n g=1

On the other hand,

f & (X2 p)dx = — / ¢ (Xap)dx
H, H,

1 : 1 A
= —— <I>’(Xa<p)o7tdxdy=——/CI>’XO,((pon)dxdy
2 CH,) 2

(since (3/0u®)* = —a/9u®)

1

=— [ @ (R (@om)dxdy = if(f(acpf) (¢ o 7)dxdy.
21 2

The notation dx (respectively, dx dy) is short for 6y A (d6p)" (respectively, for
d vol(Fy,)). Also, we set

.19

o

A 1 9 a

3
_ a+n _ _,a
=g T g Xewn = Suam T g

The Jacobian of the right translation R,, with w € S is the unit matrix, hence for any
¥ € CiP(C(Hy)),

/(f{acbi) Y dxdy = —/cb" Rovdxdy = —/(cpi o Ry) (Ratr) o Ry dx dy
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(since X q 1s right-invariant)
== [(# o R) o) (W R)Fa) 12 )
(since @' is S!-invariant)

_ —/@" Ra(¥ o Ru)dxdy = /(??ad>i)(won)dde
:f((f(a@")onq)lﬁdxdy;

hence )A(.” @' = (X,P') 0 R,-1,i.e., there is an element of L2(H,,), which we denote
by X,¢', such that

X, @ = (X9 om .

We may conclude (by Fubini’s theorem) that
[ ¢ xioar= [xushpar.

i.e., X,¢' is indeed the weak derivative of ¢!. Lemma 4.3 is proved. O

At this point we may establish the following theorem:

Theorem 4.9. Let ¢ : H, — N be a map such that ® := ¢ o 7 satisfies weakly the
harmonic map system (4.35). Then ¢ is a weak solution to the subelliptic harmonic
map system (4.19).

Combining the regularity results in [234] and [443] with Theorem 4.9 we obtain the
following result:

Corollary 4.1. Let N be a complete Riemannian manifold of sectional curvature < k2.

Let ® : C(H,) — N be a bounded S'-invariant weak solution to the harmonic map
equation (4.35) such that ®(C (H,)) is contained in a regulcn5 ball of N. Then ® is
smooth.

The statement in Theorem 4.9 follows from the preceding calculations and the identity
D/ dk
( ° c1>> Fgb

oud qub "%
2n . X . k
A D I D/ Y
0 q>> {2Z(Xad>f)(xaq>k) + 42 )}
a=1

dy Ju2n+l ou2n+1 dy

i
jk

i

:(]

jk

5 That is, a ball B(p,v) ={q € N :dn(q, p) < v}suchthatv < min{rw/(2«), i(p)}, where
i(p) is the injectivity radius of p (cf. [234], p. 4644).
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(itself a consequence of (4.31)) provided we show that 3/ /3y = 0, as a distribution.
Indeed, given ¢ € C°°(C(Hn)) set C = SUPC(H,) [0p/dy|, T = supp(go) and

I'y = 7 (I"). Then, given q’)v € CgO(Hn) such that ¢f =L% —limy- oo ¢v,

. ap : ap
(@) o) —dvol(Fy,) — (¢’ om) —dvol(Fy,)
C(H,) dy C(H,) dy
<27 Cvol(T) ' |l¢) — ¢/ |l 2 m, )

hence (since (4.30) implies (3/9y)* = —d/dy)

9D/
v (p) = / (¢’ o n) — dvol(Feo)
14 C(H,)

= — lim (¢) o n) = dvol(Fgo) =0,
v=o0 Jem,)

by Green’s lemma and div(d/dy) = 0, again as a consequence of (4.30).

Example 1. (continued) As shown by Proposition 4.8, as a consequence of the hy-
poellipticity of the Hormander operator together with the existence of local harmonic
coordinates on the target manifold, there is no notion of weak subelliptic harmonic
morphism (of course, this is true for harmonic morphisms between Riemannian man-
ifolds as well). Nevertheless, in the context of the Hormander system (4.22) it makes
sense (since U is nonelliptic) to adopt the following definition:

Definition 4.15. We say that a localizable map ® : (C(Q¥), Foy) — (N, h)is a
weak harmonic morphism if, for any local harmonic function v : V — R on N one
hasvo® € L1 (), for anyU C C (%) open such that ® () C V,and J(vo®) =0

loc
in the distributional sense. (]

Then we may prove the following regularity result (and converse of Proposition 4.10):

Proposition 4.11. If & : C(Q*) — N is an S'-invariant weak harmonic morphism
then the base map ¢ = ® : QT — N is a smooth subelliptic harmonic morphism (in
particular, ® is smooth).

Let ¢ € C3°(QF). Then
0=0@woP)(pom) = / (v o @) (¢ o ) dvol(Fyx))
C(Qx)
(by (4.34) and Fubini’s theorem)
2 1—k 2 1k
=% / Wod)(X)x; "(Hp)(x)dx = —— H(x; " vod)(p),
Q= k

ie., H(xll_k vo¢) = 0in the distributional sense [here dx is short for 8 (k) A(d6 (k))"].
Hence there is f € C°°(U) such that vo¢p = x{‘ 1f, i.e., vog is smooth (here U C Q*
is any open set such that ¢ (U) C V). Then, again by (4.34), H(v o ¢) = 0. U
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4.5 Generalizations of pseudoharmonicity

Owing to the ideas of M. Ara (cf. [22]) and K. Uhlenbeck (cf. [410]), in this section
we consider F-pseudoharmonic maps, i.e., critical points of the energy

Er(¢) = fM F(straceg, (T ¢*h)) 6 A (dO)"

on the class of smooth maps ¢ : M — N from a (compact) strictly pseudoconvex
CR manifold (M, 6) to a Riemannian manifold (/V, k), where 6 is a contact form and
F : [0, 00) — [0, 00) is a C2 function such that F’(¢) > 0. F-pseudoharmonic maps
generalize both J. Jost and C.-J. Xu’s subelliptic harmonic maps (the case F(t) = ¢,
cf. [234]) and P. Hajlasz and P. Strzelecki’s subelliptic p-harmonic maps (the case
F(t) = (21)P/2, cf. [192)).

The present section is organized as follows. We obtain the first variation formula
for Er(¢). We investigate the relationship between F-pseudoharmonicity and pseu-
doharmonicity, by exploiting the analogy between CR and conformal geometry (cf.
M. Ara [22] for the Riemannian counterpart). We consider pseudoharmonic mor-
phisms from a strictly pseudoconvex CR manifold and show that any pseudoharmonic
morphism is a pseudoharmonic map (the CR analogue of T. Ishihara’s theorem, cf.
[217]). We give a geometric interpretation of F-pseudoharmonicity in terms of the
Fefferman metric of (M, 8). The results we report on belong to E. Barletta [33].

Let (M, T1,0(M))) be a strictly pseudoconvex CR manifold, of CR dimension 7,
and 6 a contact form on M such that the Levi form Gy is positive definite.

Definition 4.16. Let F : [0, o) — [0, 00) be a C? function such that F'(¢) > 0. For
a smooth map ¢ : (M, 6) — (N, h) and a compact domain D € M we consider the
energy function

Er(¢: D) =/

F (4 taceq, Grud™m)) 6 A @6)" (4.36)
D

Here (N, h) is a Riemannian manifold. Then ¢ is F-pseudoharmonic if for any com-
pact domain D € M, it is an extremal of the energy Ef(-; D) with respect to all
variations of ¢ supported in D. ]

For F(t) = t, (4.36) is the energy function in Definition 4.5 (and extremals were
referred to as pseudoharmonic maps). The cases F(1) = (21)P/? (p > 4) and F(t) =
exp(t) (familiar in the theory of harmonic maps of Riemannian manifolds and their
generalizations, such as p-harmonic maps, cf., e.g., P. Baird and S. Gudmundson [28],
L.F. Cheung and PF. Leung [101], or exponentially harmonic maps, cf. M.C. Hong
[210], S.E. Koh [245]) have not been studied from the point of view of CR and pseudo-
Hermitian geometry. However, if F(t) = (21)?/> and ¢ : (M, 0) — (8™, ho) is F-
pseudoharmonic [where $™ is the unit sphere in R”*! and h the standard Riemannian
metric on S then given a local coordinate system (U, ¢) on M, the map ¢ o ¢~ ! :
Q — S" (Q = ¢U)) is formally similar to a subelliptic p-harmonic map in the
sense of P. Hajlasz and P. Strzelecki [192]. We emphasize, however, that our notion
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is distinct from theirs. Indeed, P. Hajlasz and P. Strzelecki (cf. op. cit.) employ the
Euclidean metric on €2 (rather than the volume form 6 A (d6)") to define the relevant
operators (formal adjoints, the Hormander operator, etc.).

Let us look at the following first variation formula [stated for simplicity in the case
M is compact (and then one adopts the shorter notation Er(¢) := Ef(¢; M))].

Theorem 4.10. (E. Barletta [33])

Let M be a compact strictly pseudoconvex CR manifold, of CR dimension n, and 0
a contact form on M such that the Levi form Gy is positive definite. Let (N, h) be a
Riemannian manifold. Let F : [0, 00) — [0, 00) be a Cc? map such that F'(s) > 0
and set p(s) := F'(s/2). Let {¢;} 1)< be a 1-parameter variation of a smooth map
¢ =¢o: M — N.Then

d -
o {EF(¢p)}i—0 = —/ h(V,tr(¢;0,h)6 A (dO)",
t M

where Q := traceg, (mg¢*h) and

2n
tr(@: 0,0 = [67'VV)x, (0(Q)6:Xa) — P(Q)$.Vx, Xa

a=1

Here {X,} is a local Gg-orthonormal frame of H(M). Also we set M= (—€,e) x M
and

®:M—> N, O x):=¢(x), xeM, |t| <e,

€ Tyy(N), x e M.

0
Vi = (do,0)®) —

Then ¢ is F-pseudoharmonic if
tr(¢;0,h) =0. (4.37)
Moreover, for each smooth map ¢ : M — N the tension field
Tr($:6.h) € T¥(¢~'TN)

is also given by

2n .
Tr (@16, h) = {div(p(Q)V”¢")+Zp<Q>(\ it o¢>) xa(¢f>xu(¢>k)}Y,~ (4.38)
a=1

onU = ¢~ V), where (V, y') is a local coordinate system on N, ¢/ = yJ o ¢,
and Yj(x) :=(0/9y/)(x), x €U, 1 < j <m.

The proof is relegated to the next section. Here

dyJ dy! ayk

; oh; oh; oh;
=hle|jk,£|, |ij,k|=%< ik Jjk u>7

i
jk
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are the Christoffel symbols of (N, i). As a consequence of (4.38) the Euler—Lagrange
equations (4.37) (the F-pseudoharmonic map equation) for ¢ : (M,0) — (R™, hq)
may be written

div(p(Q)VH¢/) =0, 1<j<m. (4.39)

Here hy is the natural flat metric on R™. The reader should compare to (4.39) to the
equation (0.1) considered by K. Uhlenbeck [410].

The relationship between F-pseudoharmonicity and pseudoharmonicity is clari-
fied by the following theorem:

Theorem 4.11. (E. Barletta [33])
Let a CR manifold (M, 0), a Riemannian manifold (N, h), and a Cc? function F :
[0, 00) — [0, 00) be as in Theorem 4.10. Then

1+1/n 1/n
rF(qb;O,h):F’(%) r(d); F’(%) Q,h) )

Thus ¢ : (M,0) — (N,h) is an F-pseudoharmonic map if and only if ¢ :
(M, F'(Q/2)!/"0) — (N,h) is a pseudoharmonic (with respect to the data
(F'(Q/2)'" 6, h)) map.

The tension field 7(¢; 6, k) in Theorem 4.11 is obtained from tp(¢; 60, h) for
F@) =1t.

4.5.1 The first variation formula

Let{Zy, ..., Z,} be alocal frame ole,o(M), defined on an open set U € M, such
that Ly(Z,, ZE) = Jyp (with ZE = Zg). We recall that for any bilinear form B on
(M),

n
traceg, Ty B) = Y (B(Xa. Xo) + B(J X, T X)) .
a=1
where X, = %@ (Zy + Zg) (hence Gy (Xo, Xg) = dup). If X is a tangent vector field

on M, ¢.X denotes the section in "' TN — M given by (¢ X)(x) := (dxp) Xy €
Typ)(N) = (7' TN),, x € M. Note that

2n
traceg, (Tr¢*h) = D h(eXa, $sXa) = 0;

a=1

hence the definition of Er(¢; D) makes sense (remember that F (¢) is defined only for
t>0).Here{X,:1<a<2n}:={Xyq,J/Xo:1<a<n}
Let ¢ : M — N be a smooth map. Then ¢ is F-pseudoharmonic if

d E =0
E{ F(¢t)}z=0— ,
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for any compactly supported 1-parameter variation {¢;};|<c of ¢ = ¢. To write the
first variation formula we set M := (—e, €) x M and

®:M—> N, & x):=¢(x), xeM, |t| <e.

Also

d
Vx = (d(o,x)q)) — (S T¢(x)(N), xeM.
91 {(0.x)

Then V € F°°(¢_1TN ). Moreover, let
d
V=, o € @ 'TN)

(hence V(g,x) = Vi). Let V := & V" be the connection in ®'TN — M induced
by V¥ (the Levi-Civita connection of (N, h)). We have

d d

ar Ero =g /M F (%tfacece (7m¢,*h)) v
_ d | 2n .
a /M dt F(E ;(‘bt h)(Xa, Xa))\p

where as usual ¥ = 6 A (d6)". Letoy, : M — M be given by o (x) := (t,x), x € M.
If X is a tangent vector field on M we set X (t,x) ‘= (dx oz,)X The symbol h denotes
the bundle metric ®~'4 (induced by 4) in ®~'TN — M as well. Then

(@h) (X, Y) = h(®, X, DY) 0.
Set
O, := traceg, (Tud;h) € C(M), |t| <e.

Then

! /M F/(%)in“% {h(@. %0 %) 0w | w
/MF (Q) iﬁ(%/a@ X, DX,V

.

since Vi = 0, V¥ is torsion-free, and [5(, d/0t] = 0. Next

d
o {EF (o)}

g o = [ F() K. ok —iv. 9y 0,50 v
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For |t] < € fixed, let X; € T'°°(H (M)) be defined by

Go(X:,Y) =h(V,®.¥)oa,, Y € T®°(H(M)).
Also, if f € C®(M) and [t] < e weset f; := foa € C®(M), so that

X(f)=X(f)oa,

for any X € T (M). Therefore
d S -
i (Ere) = [ 900 X {Xa(Gox X 0¥, 95, 0. 50| w
=f p(0) Y [ GaVx, Xi, Xa) + Go(Xe, Vi, Xa) = BV, Vg @.%0) | w,
M a

where p(s) := F’(s/2) and V is the Tanaka—Webster connection of (M, 8) (so that
VGy = 0). As usual we compute the divergence by the formula

div(X) = trace{Y — VyX}.

Then
4 = div(X WV, Yy ®,X, — ®.Vy, X,) |0
E{ F(¢t)}—/Mp(Qt){ iv( z)——za: (V, Vg ®:Xy — P Vx, a)}
= /M {div(p(Qoxa—XAp(Qz))—p(Qt)Zfzw, %a@*ia—@*m)}w,

because of div(fX) = fdiv(X) + X (f). Since ¢; is compactly supported, so is X;.
Therefore (by Green’s lemma)

d
ERG)) = —/ {Ge(xf, v p(0)
t M
HhV, p(0) Y (Vg @Ky — <I>*v/xb7a>)}w
= —fM ﬁ(v, > (¥5, (P(@)®.Ka) = p(Q)P.Vx, X, )w.
The last equality holds because of
2n B B . . . B
>V, (p(00@X0) = 3 (Xa(0(0)®u Ko + p(Q0) V5, @K, )
a=1 a
= 2.V 0(0) + (2 ) Vg, . Xa.

Note that
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((cb—‘ VN)ch*Y) = ((cb‘1 VN)X¢*Y) .
0,x) x
We are left with the proof of (4.38). We have
div(p(Q)VH¢/) = trace{Y > Vy (0(Q)V"¢))

2n
=Y Go(Vx, (0(@QV"$)), Xa) +0(Vr (p(Q)V7$7)
a=1

2n
=Y [Xa(Go(p(@VH ¢/, X)) — Go(p(QIV ¢, Vx,Xa)]
a=1
+TO(p(Q)VIe)),
because of Vgp = 0and VT = 0. Also (since H (M) is V-parallel)
Go(VA$), Vx, X)Y; = g0(V$’, Vx, X)Y; = (Vx, X)) (@) Y} = . Vx, X

hence

2n

div(p(@ V7)Y =Y [Xa(p(@) X @)Y, = p(Q)6Tx, X |-

a=1

Consequently (by the definition of tr(¢; 6, h))

Tr($:0.h) = divip(Q) V)Y + p(Q) Y (Vx,0:Xa — (Xop))Y}}
and the following calculation leads to (4.38)
Vx, ¢« Xa — (X7¢))Yj = Vx, (Xa(¢))Y)) — (X2¢))Y;
= Xa(@’)Xa(¢") (vgv/ayk%> ¢

g

Theorem 4.10 is proved. ]

i i kv
ik 0¢>> Xa (@) Xa(pM)Y; .

To prove Theorem 4.11 we need to derive the transformation law for t(¢; 0, h)
under a change of contact form 6 = 0, u e C (M). Set
Bp(X, Y) = (¢~ VM) xsY — 9. VxY
forany X, Y € T(M), so that
T(¢; 6, h) = traceg, (7T1-1ﬂ¢,) .

Consequently
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0.0 = F'(2) v@:0.1 + 6,97 F/(5). (4.40)

If {Z,} is a local orthonormal frame of 77 o(M) we set 20( := ¢ " Z4. Note that

n

T($:0, ) =Y {Bs(Za» Za) + Bs(Za, Za)} -

a=1

Therefore

n
T(@:0.1) =) (Vs ¢Zg— Vs Za+Vy ¢uZa — V5 2o},

a=1

where V = ¢~ 'V and V is the Tanaka—Webster connection of (M, é). SetVz,Zp =
IS;Zc,where A, B,...€{l,...,n,1,...,7,0} and Zy := T. Then

VW =V W —2Lg(Z, W)VO*'u | Z, W e T o(M)

(where VO1y = moa Vuand mg 1 : T(M) @ C — To.1(M) is the projection (associ-
ated with T(M) @ C = T1,0(M) & Tp,1 (M) & CT)) leads to

e t(p;0,h) =1(;0,h) +2n ¢ VHu.

Set A := €". Then

(¢: 326, h) = A~20+D) {ﬁ"r(qs; 0,h) + ¢*VH(A2”)} . (4.41)
This is the transformation law we were looking for. Setting A := p (VM | the
formulas (4.40)—(4.41) lead to the identity in Theorem 4.11. O

4.5.2 Pseudoharmonic morphisms

Pseudo-Hermitian maps are known to be examples of pseudoharmonic maps ¢:
(M, 0) — (N, goy), Where gg,, is the Webster metric of (N, 6y ), and these are also the
only CR maps that are pseudoharmonic; cf. Theorem 4.1. New examples, as obtained
in this section, are the pseudoharmonic morphisms.

Definition 4.17. Let M be a nondegenerate CR manifold and 6 a contact form on M.
Let ¢ : M — N be a smooth map into a Riemannian manifold (N, h). We say that
¢ is a pseudoharmonic morphism if for each local harmonic function v : V. — R
(V € N open, Ayv = 0, where Ay is the Laplace—Beltrami operator of (N, h)) one
has Ap(vo @) =0in U := ¢~ 1 (V). O

Theorem 4.12. (E. Barletta [33])

Let M be a nondegenerate CR manifold, of CR dimension n, and 0 a contact form
on M. Let (N, h) be an m-dimensional Riemannian manifold. If m > n there is no
pseudoharmonic morphism of (M, 0) into (N, h), except for the constant maps. I[f m <



4.5 Generalizations of pseudoharmonicity 253

n then any pseudoharmonic morphism ¢ : (M, 0) — (N, h) is a pseudoharmonic map
and a C* submersion and there is a unique C* function ). : M — [0, +00) such that

85(dn¢' dy¢’)y = 20087, 1<i,j<m, (4.42)
for any x € M and any normal coordinate system (V,y') at ¢(x) € N.

The Riemannian counterpart of Theorem 4.12 is a result of T. Ishihara [217] (thought
of as foundational for the theory of harmonic morphisms; cf., e.g., J.C. Wood [433]).
To prove Theorem 4.12 we make use of T. Ishihara’s lemma (cf. Lemma 4.2 in this
book). The proof of Theorem 4.12 is similar to that of Theorem 4.6.

Let ¢ : (M,0) — (N, h) be a pseudoharmonic morphism. Let x € M be an
arbitrary point and set p := ¢(x) € N. Letip € {1,...,m} be a fixed index and
set C; := §jj, and C;; := 0, 1 < i, j < m. By Ishihara’s lemma, given normal
coordinates (V, y') at p, there is a harmonic function v : V — R. Then Ap(vo¢) =0
in U := ¢~!(V), by the definition of pseudoharmonic morphisms. Let {Z,} be an
orthonormal frame of 77 o(M) on U. Note that

(o by =W ot +9ie? (v +|Ku)op, vi= 22
o, — \YJ o, B a¥g L] l] k , i = Byi’
Ap(vod) =) [(vodga + (Vodlug,
yield
Ap(vod) = (Apd!)(vj 0 ¢) +z;¢g¢§ (v,-,k + 'jik vi) 0p. (443

Let us apply (4.43) at the preferred point x:

0=(Ab¢"0>(x>+2;¢g;(x)¢§(x> ]’(,L (p)=1($:6. )7,

i.e., ¢ is a pseudoharmonic map.

Let us consider now C;; € Rsuch that C;; = Cj; and )L | C;; = 0. By Ishihara’s
lemma there is v : V — R such that Ayv =0, v;(p) = 0and v; j(p) = C;;. Since
¢ is a pseudoharmonic morphism (by (4.43)),

0=Apvop)(x) =Y ¢J(xX)pE(x)Cji .

o

Set
XK= plok
o
so that

CixX*(x) = 0.
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Thus

Y CixUw + ) (xw - xM) € =o.

i#j i

Let us choose for a moment C;; = 0 for any i # j and

1, i =1,
Cii=13-1, i=1,
0, otherwise,

for ip € {2, ..., m} fixed. Then (4.44) yields

Xy — xW(x) =0,

ie.,
XMy == X""(),

and (4.44) becomes

> CyX(x) =0.

i#]
Again we may fix ig, jo € {1, ..., m} with iy # jo and choose

Cij = (1) i)t:elrg\’/ise,J -

to get

X0 (x) = 0.

We have proved that X/ (x) = 0 for any i # j. If we set
n
ri=X"T=3"gler € CO),
a=1
then
D Bl (x)bs(x) = A(x)8" .
a=1

The contraction of i, j now leads to

mi =Y |gh1* = 0;
o,

(4.44)

(4.45)
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hence A : M — [0, +00) is a C* function. To complete the proof of Theorem 4.12
assume that there is x € M such that A(x) # 0 and set

w' = (P} (x),...,¢L(x)) e C".

Clearly w' # 0 and (by (4.45))i # j = w' - w/ = 0, that is, the rows of [¢},(x)] =
(w', ..., w™)! are mutually orthogonal nonzero vectors in C". Hence rank[qbé )] =
m and then m < n. Therefore m > n implies A = 0; hence ¢(’;[ = 0. Thus q% =0
(by complex conjugation) or d,¢° = 0, i.e., ¢' is an R-valued CR function on a
nondegenerate CR manifold; hence ¢i = const, | < i < m, ie., ¢ is a constant
map. ]

4.5.3 The geometric interpretation of F-pseudoharmonicity

The notion of a F-pseudoharmonic map admits the following geometric interpretation
(in terms of the Fefferman metric):

Theorem 4.13. (E. Barletta [33])
Let M be a compact strictly pseudoconvex CR manifold, 6 a contact form on M, (N, h)
a Riemannian manifold, and F : [0, +00) — [0, +00) a C 2 function, as in Theorem

4.10. Let S! — C(M) 5 M be the canonical circle bundle and Fy the Fefferman
metric of (M, 0). Let ¢ : M — N be a smooth map. Then ¢ : (M,0) — (N, h) is an
F-pseudoharmonic map if and only if its vertical lift p o : (C(M), Fg) — (N, h) is
an F-harmonic map in the sense of M. Ara, [22], i.e., a critical point of the energy

E(®) = / F (% trace g, @*h) d vol(Fy),
C(M)

on the class of all smooth functions ® : C(M) — N. Here d vol(Fy) is the natural
volume form on the Lorentzian manifold (C(M), Fy).

Let (M, T1,0(M)) be a strictly pseudoconvex CR manifold, of CR dimension #, and 6
a contact form on M with Gy positive definite. Let F (1) > 0 be a C? map defined for
t > 0, such that F’(r) > 0. For simplicity, assume for the rest of this section that M is
compact; hence C (M) is compact as well.

Definition 4.18. A smooth map ® : (C(M), Fyp) — (N, h) is said to be F-harmonic
if it is a critical point of

Ep(d>)=/ F(%tracepg(cb*h)) dvol(Fp),
C(M)

i.e., if T (®; Fy, h) = 0, where (cf. M. Ara [22])

Tr(®; Fy, h) = F'(4 tracep, (07h)) T(®: Fp, h) + @, {VF/(% traceFe(CD*h))} .
(4.46)
Here 7(®; Fy, h) is the ordinary tension field of & : (C(M), Fp) — (N, h) and

V . C®(C(M)) — X(C(M)) the gradient operator with respect to the Fefferman
metric Fy. U
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At this point we may prove Theorem 4.13. Let (U, x*) be a local coordinate system on
M (the convention as to the range of indicesis A, B, ... € {0, 1, ..., n, 1,..., n}) and
let us set u? := x4 o7 : 7~ (U) — R. Moreover, let g., = F5(3/0u®, 3/3u’) be
the local components of the Fefferman metric with respect to this coordinate system,
and [g*?] = [gap]~ ", where a, b, ... € {0, 1, J1,...,m,2n4+2) and u® % = .
Let¢ : M — N be a smooth map and let us set <I> = ¢> o m. Then

. up 0D JDF dp/ dpk
tracep, (®*h) = g aaab(h]kocb)—g Soa o7 ) 5oz o) ko ®)

(because 94 /9y = 0) and

PPy dok - . )
d (i on) ( 2 on) = 1P | T (@D T5(8") + T3 Tu (") | o 7

dxA dx
hence
tracep, (®*h) = 2h‘)‘ETa (¢-/)TE(¢]‘) om = {trace, (ru¢*h)} o = Qom.
Therefore (by (4.46))
tp(®: Fy, h) = F' (% 0o n) T(®: Fy, h) + ®,V {F’ (% 0 or[)} :
i.e., ® = ¢ o is F-harmonic if and only if
(p(Q) o m)T(®; Fy, h) + PV (p(Q) o) =0, (4.47)

where p(s) := F’(s/2). It is well known that under a conformal change of metric, the
tension tensor field transforms as

T(®: A2Fy, h) = A~ +2) {Aznr(cb; Fo,h) + GD*V(kz”)} , (4.48)

for any A € C*®°(C(M)). By Theorem 4.11, ¢ is F-pseudoharmonic, if and only if
T(¢p; p(Q)V/"6, h) = 0, that is (by Theorem 4.1) if and only if ¢ o 7 is harmonic with
respect to the Fefferman metric F, 0(0)1/7 6> ie.,

T(¢OTC (Q)l/ne,h) =0.

Finally [by (4.48) with A := (p(Q) o 1)/ @1 ¢is F -pseudoharmonic if and only if
(4.47) holds. O

4.5.4 Weak subelliptic F-harmonic maps

Earlier in this chapter we introduced F-pseudoharmonic maps (see Definition 4.16 in
Section 4.5) as critical points ¢ : M — N of the functional

Er(¢) = / F(Ltraceq, (mud*h)) 6 A (d6)", (4.49)
M
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where M is a compact strictly pseudoconvex CR manifold and (N, #) a Riemannian
manifold. Also F : [0, 4+00) — [0, +00) is a C? function such that F'(r) > 0.
Moreover, it has been shown (cf. Theorem 4.10 in Chapter 4) that the Euler—Lagrange
equations of the variational principle § EF (¢) = 0 are

0 9)(Xa’)(Xa9") =0, (4.50)

2n .

div(p(Q)V"¢') +Zp(Q)('jle
a=1

p(t) == F'(t/2), Q :=traceg,(Tup*h).

When N = S (the standard sphere in R”*1) the equations (4.50) become

2n
— Y Xip(DXap) = p(Q)P |X$I*, 1<i<m, (4.51)
a=1
2n m+1
Xol? =) Xa¢™?, ¢*:=y"00,
a=1 A=1

where (y?) are the Cartesian coordinates on R”*!. To see that (4.50) implies (4.51)
one takes into account the local expression of the divergence operator div with respect
to the local Gy-orthonormal frame {X,} of H(M) on U. The adjoint X* is with respect
toW =60 A @O, ie., [uXjv ¥V = — [(Xqu)v W for any u € C°(U) and
v € C*°(U). Taking into account the constraint Z’X:ll q&i = 1 (where ¢4 = ¢*)
it follows that ¢, +1 satisfies (4.50) as well.

Our scope in Section 4.5.4 is to look at local properties of weak solutions to (4.50).
At the present time the theory is rather incomplete, and we deal only with the problem
in which ¢ : Q — S§™, for some bounded domain 2 C R”. If this is the case the local
frame {X, : 1 < a < 2n} of H(M) is replaced by an arbitrary Hérmander system
{X1,..., Xr} on R"”, and then (4.49) and (4.51) become

Er(9) = /Q F(LIXgP)dx,

—X* - (0(1Xo1HXP) = p(IXBI))pI XD . (4.52)

Here if V. = (Vq,..., Va,) is a vector field we adopt the notation X* - V =
2 XV, When F(t) := (21)P/%,t > 0, and m = 1 the left-hand side of (4.52)
becomes L,¢, where L,u = —X* - (1Xu|P~2)Xu) is the subelliptic p-Laplacian in
[85]. L. Capogna, D. Danielli, and N. Garofalo were (cf. op. cit.) the first to study
regularity properties to (a single equation) £L,u = 0.

In Section 4.5.4 we also recall the “subelliptic technicalities” that are necessary to
understand the proof of P. Hijlasz and P. Strzelecki result in [192] (which carries over
to the more general case of (4.52), cf. E. Barletta et al. [42.1]). Rudiments of subelliptic
theory were presented in Chapter 3, as needed for solving the CR Yamabe problem.
Here we give additional details, trying to emphasize (in the spirit of P. Hajlasz [191])
the results that hold in the general setting of metric spaces endowed with a Borel
measure.
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Let X := {X1, ..., Xi} be a Hormander system with smooth real coefficients de-
fined on R" (see Definition 4.10 in Chapter 4 of this book). We shall need the following
definition:

Definition 4.19: An absolutely continuous curve C : [0, T] — R" is said to be
admissible if C(t) = Zﬁ:l fa(®)X4(C(2)), for some functions f,(#) satisfying

S fa? <1 O

If the vector fields X, are not linearly independent at some point then the coefficients
fa are not unique.

Definition 4.20. The Carnot—Carathéodory distance dx (x, y), x, y € R”, is the in-
fimum of all T > 0 for which there is an admissible curve C : [0, T] — R” such
that C(0) = x and C(T) = y. Balls with respect to dx are referred to as Carnot—
Carathéodory balls. (|

The main ingredient in the proof that dy is indeed a distance function on R” is a
classical result of W.L. Chow [103], according to which any two points in R” may be
joined by an admissible curve.

Example 7. Let H,, be the Heisenberg group (cf. Section 1.1.5 in Chapter 1) and

9 ¥ 9 i
Xi=— 4252 y= L o2 453
P= e Ty =0y T (4.53)

Then X = {X;,Y; : 1 < j < n}is a Hormander system on R2n+1 (cf. also Example
2 in Section 4.4.1 of this book). Let dy be the corresponding Carnot—Carathéodory
distance and set |x|xy = dx(0,x). Then (i) | - |x : H, — [0, +00) is continuous,
(i) |x~Yx = |x|x, (i) |Dsx|x = 8|x|x, (iv) |x|x = 0 if and only if x = 0. Here
Ds is the dilation by the factor § > 0 (see Definition 1.11). The metric dy is left
invariant. Consequently dy (x, y) = |x‘1y| x. Also, dx commutes with dilations, i.e.,
dx(Dsx, Dsy) = &(x, y). It may be shown (cf. J. Mitchell [305]) that the Hausdorff
dimension of H; with respect to dx equals 4. Another homogeneous (with respect to

dilations) norm | - | on H,, was considered in Definition 1.12 (the Heisenberg norm).
This satisfies (i)—(iv) above, and d(x, y) = lx—! y| is a distance function on H,,. The
metrics dy and d are equivalent.® ]

Several relevant properties of the Carnot—Carathéodory metric were discovered’
by A. Nagel, E.M. Stein, and S. Wainger [323].

6 This is an easy exercise following from the fact that both dx and d are left invariant and
commute with dilations.

7 While our presentation doesn’t aim to be accurate from the historical point of view, we should
nevertheless mention the work by E. Lanconelli [266], in which a geometric approach (based
on the properties of the integral curves of vector fields associated with the given partial
differential operator) is used to study the Holder continuity of weak solutions to certain
strongly degenerate equations (for which a prototype is Lyu = 92u / ax2 + |x[2*92y / 3y? =
0 (@ > 0)). The paper [266] was published in 1983 (while [323] appeared in 1985).
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Theorem 4.14. (A. Nagel, E.M. Stein, and S. Wainger [323])
For every open set Q@ CC R”" there are constants C; > 0 and A € (0, 1] such that

Cillx — yll <dx(x,y) < Callx — y|* (4.54)

forany x,y € Q.

Here ||- || is the Euclidean norm. In particular the identity map 1 : R” — R”, 1(x) = x,
gives a homeomorphism (R”, dx) ~ (R", dy), where dj is the Euclidean metric on R”.
As another consequence, if €2 is bounded with respect to dy then it is bounded with
respect to dy as well. The converse is false, in general (if for instance X = x12 a/0x1
then it may be shown that the Carnot—Carathéodory distance to infinity is finite). To
avoid any difficulties of the sort we assume throughout that in addition to being C*°,
the coefficients of the vector fields { X, ..., X} are globally Lipschitz on R". Indeed,
if this is the case then (by a result of N. Garofalo and D.M. Nhieu [166]) a subset of
R” is bounded with respect to dy if and only if it is bounded with respect to dp.

Example 7. (continued) For the Hormander system (4.53) on H; it may be proved
directly that for any bounded set &2 C Hj there is a constant C > 0 such that

1 1/2
ol [x =yl <dx(x,y) <C [lx =yl

for any x, y € Q. (]

Definition 4.21. Let X be a metric space with the distance function p. Let u be a
Borel measure on X such that u is finite on bounded sets. We say that u is doubling
on Q C X if there is a constant C; > 1 such that

uw(B(x,2r)) < Cq n(B(x,r))

for any x € Q2 and any 0 < r < 5 diam(f2). Cy is referred to as the doubling constant.
O

Here B(x,R) = {y € X : p(x,y) < R}. Under our assumptions the Lebesgue
measure is doubling on any bounded open subset of R” with respect to the Carnot—
Carathéodory metric. This is made precise in the following theorem:

Theorem 4.15. (A. Nagel, E.M. Stein, and S. Wainger [323])

Let X = {Xy, ..., Xy} be a Hormander system on R", with globally Lipschitz coef-
ficients. Then for every bounded open set Q2 C R”" there is a constant C > 1 such
that

|Bx (x,2r)| < |Bx(x,r)| (4.55)

forany x € Qand any 0 < r <5 diam(2).

Here the ball By (x, R) and the diameter are meant with respect to dx. Alsoif A C R”
is a Lebesgue measurable set then |A| denotes its Lebesgue measure.
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Example 7. (continued) The Lebesgue measure of a Carnot—Carathéodory ball
Bx (x, r) in the lowest-dimensional Heisenberg group (Hj, dy) is

|Bx(x,r)| = Cr*
for some constant C > 0 and any x € Hy, r > 0. |

Definition 4.22. Let H = Zﬁ:l X%X, be the Hormander operator. A function

G (x, y) defined for (x,y) € Q x @, smooth off A = {(x,y) €  x Q : x = y}, is
said to be a fundamental solution for H if

(# [ 63wy} = o) (4.56)

for any ¢ € C;°(£2). O

By a result of A. Sanchez-Calle [363], for any bounded domain 2 C R” there is8
a fundamental solution of the Hormander operator H, possessing growth properties
that extend naturally those of the fundamental solution for the classical Laplacian.
Precisely, if G is a fundamental solution for H in Q2 and n > 3 then

1 dx (x, y)? < Glx.y) < dx (x, y)?
C |Bx(x,dx(x, ) I IBX(x,dX(x,Y)N

and (forn > 2)

dx(x,y)
[XoG(x,y)| =C B dx T (4.57)
1XaXyG(x, )| < ¢ (4.58)

[Bx (x, dx (x, y))|
forany x, y € Q. Here it is irrelevant whether differentiation is performed with respect
to x or y. Only the estimates on the derivatives of G are needed in the sequel.

Example 8. Let us consider the differential operator L (cf. Definition 3.9 for « = 0).
The Hormander operator (associated with the Hormander system (4.53)) is given by
=4Ly = Z 1(X 24 YZ) Let us recall (cf. Theorem 3.9 in Chapter 5, for « = 0)

that Lo (|x| 2”) = ¢g6, where co = Q¥ grtly ' ))2. A fundamental solution for
H is given by G(x, y) = w(xy~!), where

_ C
2 (lzl* + 22

w(x) = x =(z,t) € Hy,

where C = 1/(4cp). O
Let us multiply both sides of (4.56) by u € C;°(£2) and integrate with respect to
x. Next, we integrate by parts (in the left-hand side) to obtain the following result:

8 The existence of G (x, y) is well known to follow from the hypoellipticity of H and Bony’s
maximum principle (cf. J.M. Bony [73]).
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Proposition 4.12. Let Q@ C R” be a bounded domain. Then
u(x) = /QXyG(y,x) - Xyu(y) dy (4.59)

forany u € C3°(2) and any x € Q.

Definition 4.23. A function ¢(x) is said to be a cut-off function if ¢(x) = 1 for any
point x in a Carnot—Carathéodory ball By (xq, r), ¢(x) = 0 for any x € R"\ B(xg, 2r),
and there is a constant C > 0 such that [X¢| < C/r. a

Smooth cut-off functions were built by G. Citti, N. Garofalo, and E. Lanconelli [104]
(by exploiting the fact that a fundamental solution G has decay properties similar to
those of dyx):

Theorem 4.16. (G. Citti, N. Garofalo, and E. Lanconelli [104])

For any open bounded set Q2 C R" there is a constant such that for any x € Q and
any 0 < r < diam(S2) there is a function ¢ € Cgo(BX(x, r)) such that 0 < ¢ <1,
¢ =1onBx(x,r/2) and | X¢| < C/r.

Let 2 C R” be an open set and W)](’p (£2) the Sobolev-type spaces associated with the
Hormander system X on R”, i.e.,

WyP(Q) = {u € LP(Q) : Xqu € LP(Q), a€{l,2,....k}}

equipped with the norm | u|| wliey = Il r () + | XullLr(q) (derivatives are meant
X

()
in the distributional sense). See also Section 4.4.1 of Chapter 4. The case p = 2 was
considered in Section 4.4.4 of this book. By a result of B. Franchi, R. Serapioni, and

F. Serra Cassano [155], C°°(2) is dense in W,l(’p(Q).

Definition 4.24. Let 2 C R” be a bounded open set. A number D is called a homo-
geneous dimension relative to 2 (with respect to X) if there is a constant C > 0 such
that

D
|Bx(x,r)| >C(r) (4.60)

|Bx (x0, ro)| — rQ

for any Carnot—Carathéodory ball By = B(xo, ro) of center xo € 2 and radius 0 <
ro < diam(€2), and any Carnot—Carathéodory ball B = B(x, r) of center x € By and
radius 0 < r < ryp. O

The doubling property (cf. Theorem 4.15 above) is known to imply the existence of
homogeneous dimensions. Precisely, this holds in the general context of metric spaces
endowed with Borel measures.

Theorem 4.17. (R. Coifman and G. Weiss [105])

Let (X, p) be a metric space and |1 a Borel measure on X that is finite on bounded
sets. Let Q@ C X be an open bounded set and assume that |u is doubling on 2, with
doubling constant Cgq > 1. Then
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M(B(x,r))>< r )“’gzcd
w(€)  ~ \2diam($)

forany x € Q and any 0 < r < diam(S2).

Clearly, if D is a homogeneous dimension (relative to 2) then any D’ > D is a
homogeneous dimension as well.

Example 9. For the Heisenberg group H; the smallest homogeneous dimension is
known to be D = 4, so that w(x) in Example 8 (with n = 1) may be written® as
w(x) = Clx|?>~P. O

When F () = (21)%P (t > 0) the subelliptic F-harmonic map equations become
—X* - (IX|P2Xe) = |X¢|" 9. (4.61)

a form that is well suited for introducing the notion of weak solution ¢ € W;(’p (22, 8™).
Definition 4.25. (P. Hijlasz and P. Strzelecki [192])

Let 1l < p < oo. An element ¢ = (¢1, ..., Omt1) € W)l(’p(Q, S™) (that is, each
da € W}(’P(sz) and Y41 % = 1) is a weak solution to the system (4.61) if

/;2|X¢|P72(X¢A)'(X¢) dx:/QIthlpqﬁMb dx (4.62)

forany ] < A <m+1andany ¢ € C(C)’O(Q). Any such weak solution!? is referred to
as a weak subelliptic p-harmonic map. O

Definition 4.26. An element ¢ € W}l(’p (2, 8™) is a weak solution to (4.52) if
p(IX12)(X$a) - (XV), and p(IX¢1?)|X¢|>pay are in L' (Q) and

/Qp<|X¢|2>(X¢A>~(Xx/f) dx:/Qp<|X¢>|2>|X¢|2¢Aw dx

forany 1 < A <m+ 1andany ¢ € Cgo(Q). Any such weak solution!! is called a
weak subelliptic F-harmonic map. (]

9 The form of w(x) is reminiscent of the fundamental solution to the classical Laplacian (cf.,
e.g., (2.12) in [177], p. 17) and suggests that the (smallest) homogeneous dimension plays
(within the analysis of the Hormander operator) the role of the Euclidean dimension (in the
analysis of the Laplacian).

10 Note that (by |¢| < 1 and Holder’s inequality)

/ XGIPpat dx
Q

< [ 1X17 101 dx < CIXG1] g,

‘ /Q IX$1P2(Xba) - (X)) dx

5/ IXp|P~ | Xy dx
Q
= [ X ax < @ PIXo1 i

hence both integrals in (4.62) make sense.
1 Under the hypothesis of Theorem 4.19 (that is, p(r) < Kt for some 0 < p < (D —2)/2)
one has (by Holder’s inequality (since D/(2p + 1) > 1))
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Theorem 4.18. (P. H4jlasz and P. Strzelecki [192])

Let X = {X, = b(’;‘(x)a/axA : 1 < a < k} be a Héirmander system on R" such
that b;“ € C*®(R™") NLip(R"). Let 2 C R" be an open bounded set and D be a
homogeneous dimension relative to 2, with respect to X. Then every weak subelliptic
D-harmonic map ¢ € W;(’D(Q, S™) is locally Holder continuous.

For the case of an arbitrary F(¢) (F € C%L F@t) >0, F'(t) > 0) only the following
less-precise result is known:

Theorem 4.19. (E. Barletta et al. [42.1])

Let X, Q, and D be as in Theorem 4.18. Assume that tP /K < p(t) < Kt? for some
constant K > 1 and some 0 < p < (D — 2)/2. Let ¢ € W;(’D(Q, S™) be a weak
solution to the system (4.52). Let Ry > 0 and 21 CC Q such that B(x,2Ry/1t) C 2
forany x € Qy, t := 1/200. Then there are ). € [1/2, 1) and 0 < ro < Rg such that

I,(r) == / 1Xp* PtV () dy < Cr¥,  y:=(logr)/(logT),
Bx (x,r)

for any x € Q1 and any 0 < r < ro. Consequently, if t° < » < tP=2(+D) thep
¢ € S0 (Q) witha := 1+ (y — D)/2p +2).

The Holder-like spaces (associated with the given Hormander system) in Theorem
4.19 are given by

s = [ eL®@: sup A b LS2L0

, O <1.
X,yeQ dx(x, y)* OO} o=

In the sequel we prove Theorem 4.19 (for a complete proof of Theorem 4.18 the reader
may see [192], pp. 353-359).

We shall need the Poincaré inequality. This is known to follow easily from the
Sobolev inequality. Generalizations (to the context of systems of vector fields) of the
Sobolev embedding theorem have been obtained by several authors:!?

Theorem 4.20. Let X be a Hormander system on R" with globally Lipschitz coeffi-
cients. Let @ C R" be an open bounded set and D a homogeneous dimension relative
to Q. For each 1 < p < D there is a constant C > 0 such that for any Carnot—
Carathéodory ball B = Bx(x,r) withx € Q and 0 < r < diam(£2),

1 * 1/p* 1 1/p
— - P d <Cr|— XulPd , 4.63
(|B|f3'“ ugl”dx) " < r(|B|fB| ulPdx) (4.63)

where p* = Dp/(D — p) and ug = (1/|B|) [z u dx.

2p+1

‘/quxwz)(xm) S (XY) dx D0’

<c / X2+ dx < Cp(@P/ P20 xg)
Q

so that p(|X¢|2)(Xa) - (Xv) is integrable. Similarly p(|X¢|2)|X¢|2p4v € L1(R).

12 The statement of Theorem 4.20 is taken from B. Franchi, G. Lu, and R.L. Wheeden [154],
and L. Capogna, D. Danielli, and N. Garofalo [86]. However, versions of Theorem 4.20 are
also due to M. Biroli and U. Mosco [61], B. Franchi [153], B. Franchi and E. Lanconelli
[152], G. Lu [289], N. Garofalo, and D.M. Nhieu [167], and D. Jerison [225].
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The inequality (4.63) implies the Poincaré inequality

(/B u — u3|pdx)1/p < Cr(/B |Xu|de)l/" (4.64)

forany 1 < p < o0. To prove (4.64) one should distinguish two cases: 1) 1 < p < D
and (I) 1 < p < oo is arbitrary. In the first case one applies the Holder inequality.!3
In the second case we may choose D’ > max{D, p} and proceed as in case I (as
emphasized above, any D’ > D is another homogeneous dimension relative to €2).

Proof of Theorem 4.19. If C > 0 is a constant then C B(xg, r) is the ball B(xg, Cr).
Also, by r &~ s wemean r/C < s < Cr, for some C > 1. To start the study of weak
solutions ¢ to (4.52) with the constraint Z’-"H #? = 1, we set Via = p(Q)Xai,

i=1 ¥i —

l<a<k,andV; = (Vi1,..., Vi). Then
m+1
Vi=Y ¢i@;Vi—¢iV)).
j=1

merely as a consequence of the constraint. Next, we set E; ; := ¢;V; —¢; V; and then
(4.52) implies

X*E;=0, 1<i,j<m+]l. (4.65)

Indeed, for any ¢ € C2°,

/Q(X* (P V)Y dx = g/gzx;(@vj,a)w dx = —Xajfgqbiv,-,axaw dx
= - Z / P(Q)(Xa)) [Xa(ith) — ¥ Xatpildx
- Z/ X (0(Q)Xup)) it dx
+ 2 [ 0p@ Xt (Xt

= [p(Q)[ — 04i; + Y (Xad) (Xah)) | dx.
(by (4.52))

Hence X*-(¢; V;) is symmetric in i, j, which yields (4.65). The identity (4.65) implies
the following result:

13 Note that 1/(p*/p) + 1/D = 1; hence (by Holder’s inequality)

* /p*
/|M_MB|pdx§|B|l/D</ ju—upl?dx)""
B B

and then one may use (4.63).
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Lemma 4.4. (The duality inequality)

Let Q C R" be a bounded domain and X, = bg‘a/axA a Hormander system on R"
with b;“ (x) globally Lipschitz. Let Ry > 0 and 21 CC 2 such that B(x, 400Rg) C £,
forany x € Q1. Let B = B(xg,r), xo € 1, be a ball such that 0 < r < Ry, and
(NS W)I(’D(B ) a function of compact support. Then

)2p+2

‘/ X*- (@ Ei j)pdx| < CKIXgll o (1XOl2021008) , (4.66)
B

for some constant C = C(21, D, Cq4, Ro) > 0, provided that p(t) < Kt?, t >0,
for some K > 0and0 < p < (D —2)/2.

Aside from some additional technical difficulties (e.g., one applies twice the frac-
tional integration theorem), the proof of Lemma 4.4 is similar to that of Lemma 3.2 in
P. Hajlasz and P. Strzelecki [192], p. 354.

To prove Theorem 4.19 we fix 21 CC Q2 and Rp > 0 as in Lemma 4.4. Taking the
dot product of V; = Y+ ¢, E; j with X* we get

j=1
m+1

X* - (p(QXi) =Y X* - ($E;))
j=1

(a consequence of the constraint alone) and integrating over 2B [where B = B(x, r),
x € 21,0 < r < Ro] against ¥; := n(¢; — (¢i)2p), where 0 < n < 1 is a smooth
cut-off function such that n = 1 on B, n =0on Q \ 2B, and | Xn| < C/r, we obtain

m—+1
[xw@xamax =Y [x @ Eppar. @
Jj=1
The left-hand side may be also written
/X*~(p(Q)X¢i)1ﬂi dx = —/,O(Q)(Xfiﬁi)-(Xwi)dx

= —fP(Q)(Xd)i) (XM (i — ($1)28) + (X )] dx;

hence (4.67) becomes (by summing over 1 <i <m + 1)

m+1
sz nQp(Q)dx + Z /23 p(Q)(pi — (Pi)ap)(X i) - (Xn)dx
i=1

=- Z/ X* (¢ Eij)¥idx .
i,j 2B

Consequently



266 4 Pseudoharmonic Maps

/Qp(Q)dxs/ 100(0) dx
B 2B

El

< Z/ZB p(Q) |6 — (@i)ap| 1Xil IXnldx + ) |
i Z
where
o :2/ X" (@ Ei j)¥idx .
2B

Moreover, by |[X¢i| < |X¢| = 02 and by the Holder inequality (with

1/[2(p+ D1+ 1/q = 1),

/B 0p(Q)dx < Z/ZB Q' p(Q) 1Xnl |¢i — ($)ap| dx + ) _ |1
i i,j

< Z |1, ;| + Z </23 i — (¢i)2B|2(p+l)
ij i

1 2p+1)/2p+1) CrHD/2(p+D]
<([ (") ) _
2B\B

At this point, we may apply the Poincaré inequality

1/s 1/s
(/ |u—u23|sdx> <Cr (/ |Xu|sdx> , 1 <s<oo,
2B 2B

and Lemma 4.4 (with ¢ replaced by ;) to obtain

dx <C X PtV g
/BQ/J(Q) x < 2,.:(/23' &il x

2p+1)/@2p+1) @p+1/[2(p+D)]
([, (e00) ) X
2B\B

iJj
1/12(p+D] (p+1)/@2p+1) 2p+D/12(p+D)]
<c([ orax) ([, (coc0r) ar)
2B 2B\B

)2p+2

) 1/[2(p+1D)]

)1/[2(p+1)]

+C Y IXYillLoar) (1X¢ 1202 0008)
i

By p(t) < Kt? we have

2\ (PHD/@p+1) Qp+1)/12(p+1)]
( [ (000?) dx)
2B\B

Cp+1)/[2(p+1)]
<K (/ |X¢|2(1’“>dx)
2B\B
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Now we may use t” /K < p(t) to estimate f 0p(Q)dx from below, and the inequality

Y IXYill o) < CIXGl L0 0s) (4.68)
i
to obtain

I,(r) <
C[1, 2N CPD(1,@2r) — I,(r) PPV CPYD L Xl 025y 1,(200r)],  (4.69)

where
I,(r) = / IX¢|>P 2 dx .
B(x,r)
As to (4.68), it follows from

Z IXVillLpop) < Z(II(XU)(@ — (@)2p)lLop) + X @il o 2B))

1/D

1/D
- Z(/w'Xn'DM)i _(¢i)2B|D dx) +Z</23 |77|D|X¢>i|Ddx) dx
C D 1/D . /D

§7Z(f23|¢”_(¢i>23| dX> +Xi:(/23|x¢i| dx> dx

i
1/D
=C ( / |X¢|P dx) dx (by the Poincaré inequality).
2B
Using (4.69) we may establish the following lemma:
Lemma 4.5. There are ryo > 0 and A € [1/2, 1) such that
Ip(r) < M, (200r), (4.70)

forany 0 <r <ry.

The proof is by contradiction. Assume that for any o > 0 and any A € [1/2, 1) there
is 0 < r < ro such that A1, (200r) < I,(r). Then (by (4.69))

AMp(200r) < Ip(r)
<C [Ip(2r)l/(2p+2)(1p(2r) _ Ip(r))(2p+l)/(2p+2) 4 ”X¢”LD(23)IP(2OOF)]

<cC [1,,(200r)(1 —0)@PHD/CPD x| LD(ZB)Ip(zoor)] .
That is,

<i<C [(1 — ) @PrD/CPED) 4 ||X¢||LD(2B)] :

D=
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Consequently, for any ry > 0 there is 0 < r < rp such that

(32) = fZB|X¢|Ddx.

Indeed, let A, € [1/2,1), A, — lasv — oo, and 0 < r, < rg correspondingly.
By eventually passing to a subsequence, we may assume that r, — r as v — 00,
for some 0 < roo < ro. Let us take v — oo in 1/2 < C[(1 — A,)@P+D/Cp+2) 4
(f Be.or) 1 X #|P dy)!/P]. Then we may use the Vitali absolute continuity of the inte-
gral to conclude that either ro, > 0 and then we get the desired inequality, or roc = 0
and then 1/2 < 0, a contradiction. In particular, for rp = 1/k thereis 0 < r < 1/k
such that

1 D D D
(_) < 1X¢|Pdy < |Xo|" dy
2C B(x,2r) B(x,2/k)

and (again using absolute continuity) the last integral goes to 0 as k — oo, a contra-
diction. Lemma 4.5 is proved. (]

The inequality (4.70) may be written /,(t7) < Al,(r), where T = 1/200. There-
fore

I,(t"r) < A" 1,(r),

for any integer m > 1. The following argument (leading to the estimate (4.71)) is stan-
dard. Details are for the sake of completeness. The family of intervals {(z”, "] :
m > 1} is a cover of (0, 1]; hence t™ < r/rg < =1 for some m > 1. Now
r < t’"_lro yields

1,(r) < I,z 'ro) < A", (ro).

Let us set y := (logA)/(logt) (then 0 < y < 1, because of L > 1/2 > 7). On the
other hand, r/rg > t™ yields

(L)V o gmy — glogh™)/logt) _ ym

ro

Then A~ < (r/ro)? /A, whence
1 4
1,(r) < 2", (ro) < —<1) I,(ro) = CrY
A\rg
(where C = I, (rg)/ (Ar(})/ )). We have obtained
f 1X¢|*PHD(y)dy < Cr (4.71)
B(x,r)

which is the Caccioppoli-type estimate sought. To complete the proof of Theorem
4.19 we need to recall (cf. Proposition 2.1 in C.-J. Xu and C. Zuily [443], p. 326) the
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following result. Let u € L?(£2). Then the following two conditions are equivalent:
u e S]%g‘ (f2), and (ii) there are constants ro > 0 and C > 0 such that for any
0 <r <rpandany x € Q such that B(x, 2r) C €2 one has

f lu(y) — up.nl>dy < C|B(x,r)r*® .
B(x,r)

By the Poincaré inequality

f 16:) — (@) g, Py < CF / X1 dy
B(x,r) B

(x,r)
1/(p+1)
<cr? ( / |X¢>|2P”dy) |B(x, r)|P/PFD
B(x,r)

by the Holder inequality (with 1/(p + 1) 4+ 1/g = 1), which in turn
< Cr2|B(x, n)|P/ P /D < C|B(x, r)|r?

by (4.71) and by the definition of homogeneous dimension, where o« = 1 +
(y —D)/2p +2). Now @ > 0 provided that p > (D —2)/2 —y/2,anda < 1
when D > y, which holds since D is tacitly assumed to be large (usually D is larger
than the Euclidean dimension). Theorem 4.19 is proved.

We end this section by proving the duality inequality. It suffices to prove Lemma
4.4 for ¢ € C{°(B). Since the proof is fairly long, we organize it in several steps,
as follows. For any bounded domain & C R" and any u € C{°(2) one has the
representation formula (4.59) (see Proposition 4.12 above). By Theorem 4.16 above,
we may construct a smooth cut-off function ng such that 5o = 1 on 2B, np = 0 on
Q\ 4B, and | Xno| < C/diam(B). The diameter of a set is meant with respect to dy.
Then, using (4.59) (with u = ¢)

/X* (jEi jodx = /X* (¢, Ei j)pno dx
B B

_ / / X" (6 E; ) mow) (X,G (. 0) - (Xy0() dx dy:

(x,y)eBxB

hence
/X*~<¢jE,»,,-)¢dx=/ A-(Xp)dy .
B B
where
Ay) = /B X* - (5E0 ) (o (x) X, G (v, x) dx.

Our Step 1 is to establish a bound on |A,(y)|. To this end we need the Whitney
decomposition of 2, := @\ {y}. The Whitney decomposition of an open set in R"
has been generalized to the context of metric spaces endowed with doubling measures
by R.A. Macias and C. Segovia [292]. We recall a few details, as follows. Let (X, p)
be a metric space and 2 C X an open set, X \ 2 # @. Let 1 be a measure on X that
is doubling on €2, with the doubling constant C; > 1.
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Theorem 4.21. (R.A. Macias and C. Segovia [292])
Let x € Q and r, = dist(x, X \ )/1000, so that {B(x,ry) : x € Q} is a covering of
Q. Let {B(x;, r;) : i € 1} be a maximal subfamily of mutually disjoint balls. Then

Q=B 3m) (4.72)

iel
and there is N > 1 such that any point of Q belongs to at most N balls B(x;, 6r;).

Proof. (4.72) follows from the maximality of {B(x;,r;) : i € I}. The existence of
N > 1 in the second statement follows from the doubling property (N depends only
on Cy). O

Definition 4.27. The decomposition (4.72) is called a Whitney decomposition
of Q. ]

To a Whitney decomposition of €2 into balls one may associate a partition of unity as
follows. Let 0 < vy < 1 be a smooth function such that ¢ (¢) = 1 for0 <t < 1 and
Y(t) =0fort > 4/3. Let us set

@i (x) = ¥ (p(x, x;))/(3r)).

Then ¢;(y) = 1 for any y € B(x;j, 3ri), ¢i(y) = 0 forany y € X \ B(x;, 4r;), and
each ¢; is Lipschitz, with a Lipschitz constant of the form C/r;. Finally, we set

@i (x)
0; = ="
0 > ker Pr(x)

By Theorem 4.21 at most N terms in the sum above are nonzero, so that 6; (x) is well
defined.

Proposition 4.13. (R.A. Macias and C. Segovia [292])

Zie[ 6;(x) = 1 for any x € Q and supp(6;) C B(x;, 6r;). Also 6; is a Lipschitz
function with a Lipschitz constant of the form C/r;, where the constant C depends
only on Cy.

Let us go back to the proof of Step 1. Let y € B and let {6y }4er be a smooth partition
of unity associated with a Whitney decomposition of €2, := €\ {y}. Precisely as in
Theorem 4.21, for x € @, we set r, = dx(x, R" \ ©,)/1000 and choose, among
{B(x,ry)}req,, a maximal family of mutually disjoint balls {B(xy, 74)}aer (hence
Q, = Uae[ B(xa, 3ry) and there is N > 1 such that each x € Q belongs to at most
N balls B(xy, 6ry)). Then (by Proposition 4.13) we may consider a family of smooth
functions {6, }yecs such that 0 < 6, < 1, Zae[ 0y = 1 on Qy, supp(y) C By =
B(xq, 6ry), and |X0y| < C/ry. The bounds on the gradients follow from Theorem
4.16). Then

Au(y) = Z/B X" (9 Ei j)(x0)no(x)0y (x) X4 yG(y, x)dx

ael

=y /B X* - [6) — (@))8,] Ei.j(0)10()8a(x)Xa,yG(y. x) dx, (by (4.65))

ael
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where (¢;) g, = (1/|Bq|) fBa ¢j(x)dx. Next

Aa(y) = Z/ — (@), ) Ei,j(¥) - Xx (n0(¥)8(¥) X,y G(y, X)) dx

ael

Using the estimates (4.57)—-(4.58) and |Xno(x)| < Cdx(x, y)_l and |X60,(x)| <
Cdc(x,y)™!, a € I, we obtain
C

Xpx O (X) X0,y G (y, =B dv(x.
[Xo.x (M0(0)6 () Xay Gy )| = g

hence
lj(x) — ¢,)B [1E; ;|
Ay <C dx . 4.73
A 2/ BG, x| @79
Note that
|B(y,dx(x,y)| = C|By|, x € By . 4.74)

Indeed, dx (x, xo) < 6ry. On the other hand, dx (y, xo) > 1000r,, from y € R" \ Q,
and the definition of r,,. Hence

10007y < dx (¥, xo) < dx(x,y) +dx(x, xy) < dx(x,y) + 61y,

that is, rq < dx(x,y)/994 or 6r, < dx(x,y). This yields |B(y,6ry)| <

|B(y, dx(x, y))|. Moreover

[B(y, 6ry)
|B(xq, 6rg)| —

3

as a consequence of (4.60) (which holds by Theorem 4.17). Combining the last two
inequalities leads to (4.74). Let us consider the set of indices

={a € I : supp(6a) N 4B # ().

By (4.73)—(4.74) and the Holder inequality (with 1/v* +1/8 = 1)

1
A =CY |/B 67 @) = (85) 5, | [Eis| dx
acg 74 o

" It ; 1/8
SCZ(IBI/‘(MX) (%)), dx) <|Ba|/B’E"’" dx) '

Next, we need to apply the Sobolev inequality (4.63). Precisely, given 1 < p < D
there is a constant C > 0 such that for any ball B = B(x,r) withx € Qand0 < r <
diam(£2) one has
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1 Lo\ 1 1/p D
(—/ lu—upgl|? dx) <Cr <—/ |Xu|pdx) ., p= b
B Jp B Jp D—p

(where D is a homogeneous dimension of €2 relative to X). Let us choose v* :=
Dv/(D —v) (hence § = v*/(v* — 1) = Dv/[D(v — 1) + v]) with 1 < v < D. Then
(since X,¢; € L")

1 vy 5 1/8
A <C Y n (—/ |X¢-|”dx> ( / Ei; dx) .
aty 2 re Bol J5, " |By| BJ il

ael

Note that (by the definition of E; ;) one has |E; ;| < 20(Q)|X¢|. Therefore, using
also p(Q) < KQPF,

1 Yy 1 BQ2p+1) Ve
A < CK Y 'r (—/ |X¢|”dx> ( f|X¢| r dx)
“ D re |Bal /B, |Bal /B,

ael

The second integral converges if 8 < D/(2p + 1). Later on, we shall choose v (and
this will produce a limitation on p). Given « € J, there is k € Z such that x, €
B(y, 251\ B(y, 2k=2). Let us observe (together with P. Hajlasz and P. Strzelecki
[192], p.356) that B, = B(x4,6ry) C B(y,2%). Moreover, r, ~ 2F; hence, by
applying (4.60) with xo = y, ro = 2%, and x = x4, r = 61y,

|BCxa, 67| _ <6L>D
[B(y,29| — \2¢) 7

we get |By| ~ |B(y, 2%)|. In the end, when 2¥=2 > diam(8B) the set {& € J : x4 €
B(y, 25"\ B(y, 272} is empty. Therefore

1/v
Aml=C > 2"<; |X¢|”dx>

3
2¥ <Adiam(8B) [B(y, 29| JB(y,20

| 1/8
x <—k |X¢|ﬁ(2l’+1>dx> . (4.75)
[B(y, 2)| JB(y, 2%

Our Step 2 is to rewrite the estimate (4.75) in terms of Riesz potentials and apply
the fractional integration theorem. We recall its essentials, in the framework of metric
spaces with Borel measures.

Definition 4.28. Let (X, p) be a metric space and let u be a Borel measure on X such
that u(B) > 0 for any ball B C X. Given a bounded open set A C X and the numbers
q >0,0>1,and h > 0 we set

Uit =Y

1/q
lg ()] dz> . (4.76)
2k <2gdiam(A)

kh (
|B(x, 25| Jpx.2k)

We call J ;f ’;‘ an abstract Riesz potential operator. O
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Theorem 4.22. (P. Hajlasz and P. Koskela [190]) Let (X, p) be a metric space and let
W be a Borel measure on X such that w(B) > 0 for any ball B C X. Let A C X be a
bounded open set. Assume that i is doubling on

V ={x € X : dist(x, A) < 2c0diam(A)}.

Moreover, let us assume that there are constants b > 0 and D| > 0 such that

wBe.r) = b ()" uia)

diam(A)

foranyx € Aandany 0 < r < 2odiam(A). Leth > 0and0 < g < s < D1/h. Then

diam(A) h
I, < —2 SV,
” h,q g”L Ap) = (/,L(A)Dl ) ”g”L (V,u)

where s* = s D1 (D1 — hs) and the constant C > 0 depends only on h, o, q, s, b, Dy,
and Cy.

Let us go back to Step 2. With the notation adopted in Definition 4.28 we may rewrite
(4.75) as

4] = € (47851 %010)) (17351 X017 () “.77)

Since Step 3 we may end the proof of Lemma 4.4. By the Holder inequality (with
1/D+1/D' =1)

) 1/D’
<Y I1Xollop (/B |Aa()1” dy)
a

, D' 1/D'
< ClIXgll o) ( f (Jul XD (761X 6P+ dy)
B

‘[B X* (¢, Ei j)pdx

(by (4.77) in Step 2)

/ ; 1/D’
< ClIXll o) (||(JU|X¢|)D I ves0r sy - 1(Tp1XB12PHHP ||L,./(83))

(again by the Holder inequality, with D’/s* + 1/r’ = 1). At this point we may apply
(twice) Theorem 4.22 (with A = 8B, Dy = D, 0 =2, h = 1/2andg = v
(respectively g = B)). Let us set

. 72.8B
o =124
for simplicity. Now, on the one hand,

_ 2Ds
T 2D—5"

diam(8B)
|SB|1/D

1/2
101Xl 15 35y < C( ) I1Xdllrsvy, ™
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and on the other,

diam(8B)
|8B|1/D

. 2Dr
T 2D—r "

1/2
11 X1 * ) e g5y < C ( ) X1 rvy,  r*
We wish to have r* = s*D’/(s* — D’) = 2Ds/[2s(D — 1) — 2D + s]; hence we must
take r := s/(s — 1) and require that 0 < v < sand 0 < B < s/(s — 1). Summing up
by lIg" lgmm = llgllLm)"),

diam(8B)

< Coggm 1X0low) IXeliw) XS+ | Lors-n vy

/ X* - (¢, Ei j)pdx
B

and the integrals in the right-hand member are convergent if
D/(D—-2p—1)<s=<D. (4.78)

At this point, we choose s := 2(p + 1) (hence s/(s — 1) =2(p+ 1)/2p + 1)). The
inequalities (4.78) are satisfied (because 0 < p < (D — 2)/2). With this choice of s
we must have 8 = Dv/[D(v — 1) +v] <2(p 4+ 1)/(2p + 1); hence

2D(p+1D/[ID+2(p+D]l<v<2(p+1)

(again, such a choice of v is possible because p < (D — 2)/2). Finally, note that
2p+1
XGPPH  Ls-nyy = (1XBl 2041y) " and V € 100B; hence

diam(8B)

< C————==1X@llLos) (IXSN L2040 1008

)2(p+1)
- |SB|1/D :

’/B X* (¢ Ei j)pdx

To end the proof of Lemma 4.4, let Rg > 0 and consider a relatively compact subset
Q1 CC Q such that B(x,400Ry) C €, for any x € Q1. Forany 0 < r < Ry, from
the definition of the homogeneous dimension,

I8B| > C 8 ’ |B(x,400R)| > C(8r)P (400R )~‘d—DL
=~ \ 200R, PR = 0 (2 diam(Q) )
where s4 := log, C4 and C4 > 1 is the doubling constant (on €2, relative to the

Lebesgue measure). In the end, diam(SB)/|SB|]/D < C, for some constant C =
C(Q21, D, Cq4, Rp) > 0. The inequality (4.66) is proved.
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Pseudo-Einsteinian Manifolds

Let (M, T 0(M)) be a nondegenerate CR manifold (of hypersurface type) of CR
dimension n. A contact form 6 on M is said to be pseudo-Einstein if the pseudo-
Hermitian Ricci tensor R, 5 of (the Tanaka—Webster connection of) (M, 6) is propor-
tional to the Levi form, i.e.,

on U, for any (local) frame {7,, : 1 <« <n}in T1o(M) on U. Here p = h“ﬂRaE is
the pseudo-Hermitian scalar curvature (cf. Chapter 1 of this book). A nondegenerate
CR manifold admitting some pseudo-Einsteinian contact form is a pseudo-Einsteinian
manifold.

The pseudo-Einsteinian condition was considered for the first time by J.M. Lee; cf.
[270]. It is of course an analogue of the Einstein condition in Riemannian geometry,
yet less rigid than the Einstein condition: indeed, the Bianchi identities no longer imply
p = const (due to the presence of torsion terms).

The natural problem, given a compact nondegenerate CR manifold, is to find a
pseudo-Einsteinian contact form. As we shall shortly see, the problem has a local as-
pect, and a global aspect as well. Note that any contact form on a 3-dimensional non-
degenerate CR manifold is actually pseudo-Einsteinian (since the pseudo-Hermitian
Ricci tensor has but one component R;7); hence we may assume that M has CR di-
mension n > 2.

In the sequel, we describe J.M. Lee’s results (cf. [270]) in some detail, together
with some results in [121] and [36, 37].

5.1 The local problem

In this section we address the problem of the existence of pseudo-Einsteinian con-
tact forms in some neighborhood of an arbitrary point of M. The known results in
this direction follow from a theorem of J.M. Lee (cf. op. cit.) and the positive (local)
embeddability results available in contemporary science.
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Theorem 5.1. (J.M. Lee [270]) Let M be a nondegenerate CR manifold, of CR di-
mension n. If M admits a nowhere-vanishing closed (n + 1, 0)-form then M admits
a (global) pseudo-Einsteinian contact form. Conversely, if M is a pseudo-Einsteinian
manifold then for any point of M, there is an open neighborhood U and a nowhere-
vanishing closed section in K(M) = A"O(M) defined on U.

Clearly, any real hypersurface j : M C C"*! admits a globally defined, nowhere-
vanishing closed (n + 1, 0)-form (n = j*(dz' A--- Adz"T1)); hence we have the
following corollary:

Corollary 5.1. Let M be a nondegenerate CR manifold (of hypersurface type). If M
admits a CR embedding in C"*! then M is a pseudo-Einstein manifold.

Also, by the results of L. Boutet de Monvel [77] (any compact, strictly pseudoconvex
CR manifold is locally embeddable in C”“) and M. Kuranishi [263], T. Akahori [2]
(the same is true in the noncompact case if the CR dimension is > 3) one has the
following:

Corollary 5.2. Let M be a strictly pseudoconvex CR manifold. If either M is com-
pact or dAim(M) > 7 then in a neighborhood of each point of M there is a pseudo-
Einsteinian contact form.

When M is 5-dimensional or the Levi form is not definite there may be no global
closed sections of K (M) and manifolds with closed sections are not necessarily em-
beddable (cf. H. Jacobowitz [222]).

To prove Theorem 5.1, let us examine the relationship between sections in the
canonical bundle K (M) and pseudo-Hermitian structures. Let 6 be a contact form on
M and h B the components of the Levi form Lg, with respect to a (local) frame {7y}
in T7 o(M), defined on the open set U. There is P : U — GL(n, C) such that

[h,g] = P - diag(h.....0) - P’

on U, where Spec(Lg x) = {A1(x),...,Ax(x)}, x € M, are the eigenvalues of the
Levi form. Then

det(hyg) = A1+ Ay - |det P|?;
hence sign{det(h aE)} = (—1)*, provided that Ly has signature (r, s).

Definition 5.1. A contact form 0 is said to be volume-normalized with respect to a
section w € I'*°(K(M)) if

2 (=10 A (T | ) A (T | @) = 0 A (dO)",

where T is the characteristic direction of d6. O

We set KO(M) := K (M) \ {zero section} and assume that there is { € FOO(KO(M)).
By (the proof of) Lemma 2.2 (in Chapter 2) there is a C* function A : M — R* such
that sign(A(x)) = (—1)* and

M0 AT 1 2) A (T |T) = 16 A (dO)" .

Let us set 4 := (—1)*A. Then 6 is volume-normalized with respect to w := u~/%¢.
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Proposition 5.1. (J.M. Lee [270]) Let 6 be a contact form on M. Then 6 is pseudo-
Einsteinian if and only if for any x € M there is an open set U € M withx € U
and a section ¢ € T®(U, K°(M)) such that d; = 0 and 0 is volume-normalized with
respect to ¢.

Proof. To prove the sufficiency let {7y} be an orthonormal frame of 77 (M), i.e.,
haﬁ = €48ap, eé =1.Then¢ = f 6 A" for some C* function f : U — C*, and

()" = 2" n)(~1)’g 1T,
Taking into account
0 A (dO)" = 2"i"2n!(—1)S9 AT AT ]T)
(since by hypothesis, 6 is volume-normalized with respect to ¢) and
f f

TIo=-—=70"" T)C=

91.-%
1 n ’

1

+

we obtain | f| = n + 1. Let us set
[Ug] = diag(f. 1,.... 1), T,:=UFTs.
Let {#*} be the corresponding admissible coframe, i.e.,
o' = =o', 6% =0% «>2.

Then

and taking the exterior derivative yields

n
d;:(d@)/\élA-~-Aé”+2(—l)"‘9/\él/\---/\(dé”‘)/\---/\é"
a=1

n
=Z(—1)°‘9/\élA-~-A<éﬁA@§+9Af“)A---Aé”
a=1

~

o
ie.,
d¢ = —ag N¢.

Yet d¢ = 0; hence @ is a (1, 0)-form. The components flag of the Levi form Ly, with

respect to the new frame {f"a }, are given by
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or

ie.,

~

€y

/<
4
™>
Q
>
<R
I
(e}

(no sums), which may be also written as
of + éa@ﬂ@g =0,

where €* := 1/€,. Contraction of & and 8 now gives

&Y + d)g =0;
hence @ is pure imaginary. Therefore (since @ is a (1, 0)-form, as previously shown)

05 = iub,
for some real-valued u € C°°(U). On the other hand, by (1.89) in Chapter 1,
At = Ryl ANOT + 9 N0, § o= WEHH» — W,
dof =idu N0 +iudb;

hence

Ié;ﬂ = 2uh AT >
i.e., 0 is pseudo-Einsteinian. O

Conversely, assume 6 to be pseudo-Einsteinian. Let {7y} such that haﬁ = €40up.
Consider the (locally defined) (n + 1, 0)-form

=0A0" A nB".
Then (by a computation similar to that of d¢ above)
dio = —wgy N Qo 5.1
We need the following lemma:

Lemma 5.1. The contact form 8 is pseudo-Einsteinian if and only if the 1-form wg +
2’—np0 is closed, for any frame {T,,} of T1 o(M) on U C M.
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We shall prove Lemma 5.1 later on. By Lemma 5.1, by eventually restricting further
the open set U, there is a real-valued function ¢ € C°°(U) such that

a)g—i-%@:id(p.

Here, we have also exploited the fact that wg is pure imaginary (a fact following from
w,g + wg, = 0). Note that

d(€'?%0) = €' (i dg A o + dio)
=Y {idp — 2} /\;Ozew;ﬁeuo =0
n
(by (5.1)); hence ¢ := ¢!¥¢y is closed and

(=D? 1
(n + 1)? det(,5)

M (=10 A (T ) ) AT | T) = 0 A (dO)"

1 n
=———=0 A (d9)",
(n+1)?2
i.e., w 1= (n+1)¢ is closed and 6 is volume-normalized with respect to w. Proposition
5.1 is completely proved. (]

5.2 The divergence formula

We first define two differential operators dj, and dj, on functions.

Definition 5.2. For any C* function f : M — C we set
dpf = @p+ ) f, dy =i — &) f. 0

Consequently, on any nondegenerate CR manifold on which a contact form 6 has been
fixed,

df = fof +dp f,

where fo = T(f), and T is the characteristic direction of (M, 6). Given a (1, 0)-form
o = 0,0% we set as usual

Oy B = (VTFO')TO[, aa,ﬂ = hﬂ7aa,7,

and define the differential operator 65 on (1, 0)-forms as follows.

Definition 5.3. Let §;, : Q"0(M) — C®(M) ® C be the differential operator defined
by 8p(040%) 1= 0o, *. O

It is an easy exercise that the definition of (650), doesn’t depend on the choice of
local frame {7} on U > x, i.e., 8,0 is a globally defined smooth function. Assume
o € TP (A0 (M), i.e., that o has compact support.
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Proposition 5.2. Let M be a nondegenerate CR manifold, 0 a contact form on M, and
o a (1,0)-formon M. Then

/ Bpo) 0 A (dO)" = 0.
M

Proposition 5.2 is referred to as the divergence formula. Indeed, let &% be the vector
field given by

go(0", X) = o (X),
for any X € X(M). Then 0% = 6%Ty and

div(c?) = Ty(c®) + GEF(% =0%5 =0, = 80.

Clearly 8,0 = div(c'?) yields the divergence formula. ]
Let 9; be the formal adjoint of 9y, i.e.,

00, u) = (o, dput)

for any (1, 0)-form o and any u € C3°(M). Then (by Green’s lemma)
Ofo, u) = /M Oqul W = /M ldiv(uaETg) _ uoﬁl"gﬁ _ uTE(aE)} W = (=80, u).

We have proved the following result:

Proposition 5.3. On any nondegenerate CR manifold M one has 9, = —8p. In par-
ticular d; = —8p — 8p.

5.3 CR-pluriharmonic functions

Definition 5.4. A real-valued function u € C°°(M) is said to be CR-pluriharmonic if
for any point x € M, there is an open neighborhood U of x in M and a real-valued
function v € C*°(U) such that 9, (u + iv) = 0. O

In other words, CR-pluriharmonic functions are, locally, real parts of CR-holomorphic
functions. On a nondegenerate CR manifold, the following description of CR-pluri-
harmonic functions is available:

Lemma 5.2. Let M be a nondegenerate CR manifold, of hypersurface type, and u €
C°(M) a real-valued function. Let 0 be a contact form on M.

(1) u is CR-pluriharmonic if and only if for any x € M there is an open neighborhood
U C M of X and a real-valued function A € C*°(U) such that the 1-form n :=
dpu + A0 is closed.
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(2) There is a (globally defined) real-valued function v € C> (M) such that 3, (u +
iv) = 0 if and only if there is a real-valued function ). € C*°(M) such that the
l-form n := dyu + A0 is exact.

Proof. Let us prove the implication = in statement (1). To this end, let x € M and
v e C®WU), U > x, such that u + iv is CR-holomorphic in U. Then

0=idp(u+iv) —idp(u —iv) = dju — dpv — dpv = dju — dv + vob,
ie.,
dyu + vob = dv.

Let us set A := vg € C*®°(U). Then dyu + A0 is closed. U

Next, we prove the implication <= in statement (1). If d(djyu + A6) = 0 then (by
the Poincaré lemma) there is V C U such that x € V and there is v € C*®(V) such
that

dyu + A0 = dv,
which may be written as
iugd? — iugh? + 10 = vp0P + vz6P + vof.
Comparing the (0, 1) components we find that
qu = UB ,
ie., dp(u +iv) =0. O

B Let us prove the implication = in statement (2). If there is v € C°° (M) such that
dp(u + iv) = 0 then

dyu + vof = dv = exact. O

Conversely, to prove <=, let us assume that dgu + A6 = exact = dv, for some A.
Then iug =vg in a neighborhood of any point of M, i.e., 9p(u+iv) =0.Lemma 5.2
is completely proved. U

Lemma 5.3. Let M be a nondegenerate CR manifold of dimension > 5 and & €
Qz(M) a closed (d¢ = 0) complex two-form such that Eluaneramy = 0. Then
£E=0.

Proof. Since &|panem o) = 0 there is a complex 1-form o € Q! (M) such that & =
o A 0. Yet & is closed; hence

0=dé =(do)nbO —a ANdb.
Consequently

o N\ goneamnerm) = 0.
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Leta, B,y € {1, ..., n} be chosen such that {7y, Tg, T3} are linearly independent at
each point of U and let us set

(A1, Az, A3) = (a0, B, V).

Then
=3¢ Y ()0 ®@dO) T,y Tayn: Tays)
TEMN3
= 1 (0 (T)(dO)(Ty, Ty) + o (Tp)(dO)(Ty, Ta) + o (Ty) (dO) (Tu, Tp)) ;
or

0=ioyhgy —ioghay.

Let us contract by h7# followed by a contraction of the indices p and B. We get
(n — 1)o, = 0; hence by the assumption on the dimension 2n + 1 > 3), o, = 0.
Thus o |g ) = 0 and consequently & = 0. ]

Proposition 5.4. (J.M. Lee [271]) Let M be a nondegenerate CR manifold of dimen-
sion dim(M) > 3. Let u € C°°(M). Then u is CR-pluriharmonic if and only if for any
(local) frame {Ty} of T1.0(M) on U, there is a function . € C*°(U) ® C such that

Uap = Hho
inU, where upp = (Vrydu)Ty.

Proof. To prove the implication =, let u be a CR-pluriharmonic function. Then, for
any x € M, there is an open neighborhood U of x in M and a function A € C*°(U)
such that d(dju + 10) = 0, i.e.,

0 =d(iugh® — iugh® + 16)
= i(dug) A O% + iugd6® — i(dug) AN O% — iugdd® + (dA) AO + Ado
= iTp(uz) 0% A 6% + iT5 (uz)0P A 67
+iT (ug) 0 /\Ga—l—iua{eﬁ/\a%—l-é A %)
— iTg(ug) 0P A O* — iTE(ua)QE AOY —iT (ug) 6 A BO%
—iug (08 AW+ 0 ATV + 1o 0% NG+ Ag8% A+ 2ikh,56% A O
In particular, the (1, 1) component must vanish, i.e.,
[Tup) = Tup + Tatua) = T4, + 20 5] 6 A 67 =0;
hence

Uggy + Uyg + 2)\/10[5 =0. 5.2)
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On the other hand, the identity
(Vxdu)Y = (Vydu)X — Ty (X, Y)(u)
leads to
Uyg = Ug, + 2iha3u0.
Using the commutation formula to replace UGy in (5.2) we obtain
Uyg = (iug — )‘)haﬁ- O
Conversely, in order to prove <=, let us assume that Uyg = Mhaﬁ on U and set

A :=iug — . By taking complex conjugates we get ugg = whgg. Hence, again by
the commutation formula for UyB

n—2iug=u.

Consequently A = A, i.e., A is real-valued, as it should be. Taking into account the
identity
d(uah) = upad® A OF —u,56% A 6P 16 A (ua()@“ + uaA%QE)

and the commutation formula
Ugp = UBy
we derive
d(du +20) =i {uga +uag+2,\hag}9“ NP +0 A g, (5.3)
¢ = (iuzAL — iugo — ha)0” + (iugo — iug AL — 17)6% .
Before going any further, let us collect the commutation formulas:

Ugp = UBq »
u% = MO[B — 2ihaEu0 ,

Uupo = uog — uaAg.
By the second commutation formula, (5.3) may be also written as
dn = 2i Hua3+(k—iuo)ha3} 0% NP 10 A . (5.4)

A remark regarding the first part of the proof is in order. If u is CR-pluriharmonic,
then in addition to the expression of u «f We also get 6§ A ¢ = 0; hence

Ua0 = iy + uzAL .
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Let us return to the proof of the opposite implication. Under the assumptions made
(5.4) becomes

dn =0 A¢.

At this point, we may apply Lemma 5.3 for £ := dn to conclude that £ = 0; hence by
Lemma 5.2, u is CR-pluriharmonic. Proposition 5.4 is completely proved. ]

In particular
Ugo = iAg + uEAg =iTy((ug — ) + “3’45
= —To (1) — ipta + ugAl = —uoy — ipte + ugAl = —ttao — iy ,
ie.,
i

Ug) = _Eﬂa .

For the sake of completeness, let us examine now the case n = 1. If this is the
case, then any function u satisfies u;7 = ph7 for some w; hence to characterize
CR-pluriharmonic functions one should use directly Lemma 5.2.

Proposition 5.5. Let M be a 3-dimensional nondegenerate CR manifold and P :
C®(M) — I'°(T*(M) ® C) the differential operator given by

Pu = (uTTl +2iA11u1> ol .
Then u is CR-pluriharmonic if and only if Pu = 0.

Proof. Assume that u is CR-pluriharmonic. Then d(dju + A0) = 0 for some A €
C*°(U), by Lemma 5.2. That is,

2 {uyg + (O —iug)h,7} 01 A0 +6 AP =0,
¢ = (—iugo +iugA} — 106" + (iugy — iug AL —ipe',
or
u,w = ({uy —Nh5,
. 11 11 (55)
—iuyo +iugA; — A1 =0.

The commutation formula u7; = u 7 — 2ihjuo yields

. 1 1 1).
lu()=§<u1 _MT)’
hence A = iug — up! may be written

k:—% (ull —I—MTT).
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Let us set
uapc = (V3u)(Tc, Tg, Ta)
= (V1. V2u)(Tp, Ta) — (Vu) (V1. Tp, Ta) — (V2u)(Tg, V1. Ta),
(VZu)(X,Y) := (Vxdu)Y.

Then
upzia = To(upr) — Topupy — Dopitvrr,
or, using
To(h?") = —h"Ph Ty (hep)
we get

To(ug?) =upg”, +u,’Tog —upTl;
hence whenn =1,
Tiui') =ur'y.
Consequently
A= —% (ulll + MTTI).
At this point we need the commutation formula (cf. Chapter 9)

feva —2ifoahgy = frpa,

whence
Ja¥a = 2nifoa = f“ou-
Then, for A = 8,
Jog = [ ap + 2nifop,
or
fup = 1o+ 2ni | fpo + faA).
Forn =1,

u'y = uTll +2i {Mlo +MTA{ } ;
hence A may be written

A= —uTll — i (u10 + MTA}> ,
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and the second of the identities (5.5) becomes

uljl + 2iuTA¥ =0. |
Conversely, if Pu = 0 then

uTTl + 2iuTA}7 =0,
and by letting A := —% (ull + uTT) in the identity

dy = 2i {uy7+ O — iug)h 5} 0' A6" +6 A ¢,
¢ = (=iwo +iupA} — A8 + (lugy — i AL —ape!,

we get dn = 0; hence by Lemma 5.2, u is CR-pluriharmonic. ]

We end this section by discussing a few well-known matters, perhaps classical at
least within the Italian mathematical culture, related to the subject of CR-pluriharmonic
functions and suitable for shedding light on the latter. Let 2 be a domain in C" and U
an open set such that U 2 Q. Assume that 92 is a smooth hypersurface in C”.

Definition 5.5. A C? function u : U — R is pluriharmonic if 39u = 0in U. O

Letu : U — R be a pluriharmonic function. If U is simply connected, there is a
function w, holomorphic in U (3w = 0 in U), such that Re(w) = u. Thus f :=
wlyq is a CR function on 0€2. Moreover, ulyo = Re(f); hence U := ul;q is a
CR-pluriharmonic function on 9€2, in the sense adopted in this chapter. Thus CR-
pluriharmonic functions may be thought of as boundary values of pluriharmonic func-
tions. On the other hand, one of the antique problems in analysis is to characterize
traces on ¥ := 02 of pluriharmonic functions. We present one of the first contribu-
tions in this direction, in two complex variables, belonging to L. Amoroso (cf. [11]) (a
new proof of which is due to G. Fichera (cf. [141])), together with a generalization of
the result to an arbitrary number n of complex variables (n > 2) (cf. [142]). We close
with a characterization of boundary values of pluriharmonic functions on the unit ball
in C", due to E. Bedford (cf. [52]) and related to the result by L. Amoroso.

1 L. Amoroso’s theorem. The real part of a function w that is holomorphic (dw = 0)
in  is pluriharmonic. If 2 is simply connected the converse is true (i.e., any pluri-
harmonic function is the real part of some function holomorphic in €2). The first to
consider the previously stated problem was H. Poincaré (cf. [349]): given U on %,
find u pluriharmonic in Q whose trace on X coincides with U (the Dirichlet problem
for pluriharmonic functions). As H. Poincaré observed, any pluriharmonic function is
in particular harmonic in 2 and, since a harmonic function is determined by its bound-
ary values, one may not assign U arbitrarily if one wants the given harmonic function
to be additionally pluriharmonic. The difficulty of the problem (i.e., find necessary and
sufficient conditions on U such that U is the boundary values of a pluriharmonic func-
tion) was emphasized by T. Levi-Civita (cf. [281]). L. Amoroso (cf. op. cit.) was the
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first to solve the problem. Although later F. Severi showed (cf. [369]) that the condi-
tions found by L. Amoroso were overdetermined, the work by L. Amoroso remains of
great importance, and according to G. Fichera (cf. op. cit.), insufficient credit is given
to L. Amoroso in the existing literature on functions of several complex variables. See
also G. Tomassini [404].

Let p € C"™(R*), withm > 1, suchthat @ = {p > 0}, ¥ = {p = 0}, and
R*\ Q = {p < 0}, and let us assume that Dp(x) # 0, for any x € X.

Definition 5.6. A linear differential operator L, of order m, with continuous coeffi-
cients is fangential to ¥ if Lu = 0 on ¥ for any u € C™(R*) that satisfies

L. Amoroso (cf. op. cit.) characterized traces of pluriharmonic functions in terms of
the following invariant. Let v be the inward unit normal vector on X.

Definition 5.7. The Levi invariant of X is

2 2

°p . —
L(p) = ——Aikj,
) l.Z_l 0zi0z;
»J=
where
0 0
Al = _,O’ Ao = ——p. O
022 021

In the language of pseudo-Hermitian structures, introduced by S. Webster ([422])
and adopted by us throughout this book, if j : £ C C" is the inclusion and 6 :=
J*{5( — 9)p}, then

L(p) =2Le(T1, T7),

where Ly is the Levi form and 77, the generator of the CR structure 77 (), is given
by

] = —— — — —..

e dz1 0z2 922 021
As such, the Levi invariant Lg := 2Lg(T1, T7) makes sense on an arbitrary 3-dimen-
sional CR manifold M on which a pseudo-Hermitian structure has been fixed. If 77 is
defined on the open set U € M then L9 € C*°(U) and the Levi invariant transforms
as Eé = ALy, under a transformation 6 = A8 of pseudo-Hermitian structure.

Theorem 5.2. (L. Amoroso [11])
Assume that Q@ admits a defining function p € C?*(R2) such that L(p) # 0 every-
where on 2. Then there is a tangential (relative to X)) second-order linear differential
operator D such that

ou 1

Fle Tp)Du, (5.6)

for any u € C>(Q2) which is pluriharmonic in Q.
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Proof. (G. Fichera [141]) Let w C 2 be a simply connected subdomain. Let u €
C?(Q) be such that 3du = 0 in Q. Then 99u = 0 in w, hence there is a function w(z)
holomorphic in w such that 1 = Re(w). Let us set v := Im(w) (in particular, v is
pluriharmonic in w, as the real part of the holomorphic function i w). Then w = u +iv
and dw = 0 yield

v . ou
— =l (5-7)
07 07
Let us set
dp 0 dp 0
Li=jTi=-—2"2 22 % (5.8)

Then L, L are tangential first-order linear differential operators. By the Cauchy—
Riemann equations (5.7)

ov dv ) ou ou .
LU:/OZIBT—,OZTZI P71 7= — P 7= =1iLu,
22 1 22 074

Zaz la—
ie.,
Lv=iLu, Lv=—iLu. (5.9)
Let us set
A:=[L L]=LL-LL=a PPN SN S (5.10)
- o o 1821 2832 lazl 2322’ ’
M:=LL+LL
82 82 82 82
=2 2 _ _r < _)
Pz1 P71 92207, Pz1 Pz, 9z102 P71 Pz 92197, + 02,07, 92207,
PPN N S (5.11)
a|— a) — a|—— aj)—-, .
Yoz T Pazm ez P
where
92 92 92 92
a) =M p p ap ;= —X\| P P

— 2= ) — _)"2 — .
072071 072022 071021 071022

Clearly A, M are tangential linear differential operators, of the first and second order,
respectively. Note that (by (5.9))

Av=LLv—LLv=L(iLu)— L(—iLu) =i(LL + LL)u =iMu,
ie.,
Av=iMu

in @, which, in view of (5.10)—(5.11) becomes
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9%u - 9%u 9%u L —0
Pz1 07, 92207, Pz1 07, 92192, P71 Pz, 92107, Pz, 07, = U,

hence (5.11) leads to
d
al— +a— +a1— +ay— = Mu (5.12)

in @. Since w may be chosen around an arbitrary point of £, (5.12) holds in Q. Note
that

ar = A pzz, T A2007,, 42 = —A10z7 — 2072,

may be written as

L(p)  p L(p)  dp
aqgH=—-———-+ s az:———+ . 5.13
LS TR P T NPt palfan P O
where
A L(p)
=A 7, +Ap057, — ———,
P1 1021z P27, |)»1|2 T |)»2|2
ML(p)
2= —A2 —Mpyz +——— .
p P7122 102174 |)\1|2+ |)\2|2
Moreover, note that
d d — _ 0 _ 0
Q=pi—+pr—, O=p— +Dpor—, (5.14)
071 072 071 022

are tangential differential operators. Since Q is a vector field (a priori tangent to C?)
it suffices to check that Qp = 0. Indeed,

Qp = p1pz, + p2pz,
ML(p) \-

2 2)’\2

[A11% + |22
ML) \=

2 2))‘1
[A1]7 + [A2]
= —MA20z17, — A2A2Pzz — A2A10zZ 2, — AA10z1Z,

1212 L(p) lPLp)
A2+ 222 Ml + [raf?

= _<)\1/)z122 + )"2/02222 -

+ ( - )‘2102112 - )‘lpzlfl +

Let us set
v 0 " d " 0 " 0
U =uUu, — Uy — Uz, — Uz, — .
Dz Pazn Yoz oz

Since v = ||Vp||~'Vp,

ou 1
o = (Vu,v) = Vol (uz, 0z, + tzy pz, + Uz, P2y + Uz, P2,) 3
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hence (by (5.13))

ajuz, + axuz, +ajuz +aruz;, =
L(p)

_m (pz1uf1 PzU7Z, + PzUz + :022’/‘12)"'[71'421 +p2u52 +ﬁ1uz1 +ﬁ2uz25

or (by (5.12))

= L0 4 0w+ D
T ey TR TR

Finally, since ||V p|> = 2|1/, the last equation may be written

u 1

v L(p)

on X, where
D:=-Vpl (LL+LL- Q- Q).

and Theorem 5.2 is completely proved. (|

2 G. Fichera’s theorem. Let A € R*" be a (2n — 1)-cell (n > 2) of class C¢ (¢ > 1),
ie, A= ¢(T* 1) where T¥ := {r e R* : 1, > 0, Z];:l ty < 1} is the standard
simplex in R  and ¢ : 72"~ — R, ¢(11, ..., tap_1) =: (X1, Y1, ..., Xn, Yp) satis-

fies (1) ¢ € CH(TH 1), (2) W has rank 2n — 1 at any point of 72"~ and

(3) ¢ is injective. That is, a (2n — 1)-cell in R*" is a regularly embedded (into R?")
standard (2n — 1)-simplex.

Definition 5.8. Let © C R? be a domain such that @ O A. A linear differential
operator of order ¢,

¢
D= Z a,(z)D*, a, € C°'(Q),
[u]=0

is tangential to A if Du|, = 0 for any u € C*(Q) with u|, = 0. We say that D
is a Cauchy—Riemann operator in Q2 if for any open set A € 2 and any function w,
holomorphic in A, we have Dw = 0 in A. Moreover, we say that D is a pluriharmonic
operator in  if for any open set A C 2 and any function u, pluriharmonic in A, we
have Du = 0 in A. Also D is a real operator if the a,, are real-valued. O

Proposition 5.6. Any pluriharmonic operator is a Cauchy—Riemann operator. Con-
versely, any real Cauchy—Riemann operator is a (real) pluriharmonic operator.

Let us consider again the Dirichlet problem for pluriharmonic functions (i.e., given
U € CO%2) find u € C(Q), pluriharmonic in €2, such that u|y = U). Each plurihar-
monic function (in €2) is harmonic (in €2) hence uniqueness in the Dirichlet problem
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is obvious. Therefore, the Dirichlet problem admits the following reformulation: find
necessary and sufficient conditions on U such that its harmonic extension in 2 is pluri-
harmonic. G. Fichera (cf. [143]-[145]) has formulated two approaches to the Dirichlet
problem. The so-called local approach consists in finding, for any x € X, an open
neighborhood x € A C ¥ and (differential) conditions satisfied by U such that U is
the trace on A of a pluriharmonic function (in €2). The global approach is to determine
a set ¥ of functions defined on ¥ such that the following statements are equivalent:
(1) U is the trace on X of a pluriharmonic (in €2) function, and (2) f s Uy do =0 for
any ¢ € .

As shown by G. Fichera (cf. op. cit.), the local approach leads to a solution of
the following problem: given U on a (2n — 1)-cell A C X find u pluriharmonic in
some domain QT C Q with 9Q% O A such that u|, = U. The local approach uses
tangential Cauchy—Riemann operators as its main tool.

Let My (A) be the set of all real Cauchy—Riemann operators, of order ¢, tangential
to A.

Definition 5.9. Two operators in M}/ (A) are equivalent if their restrictions to A coin-
cide. ]

The same symbol My (A) will denote the quotient space, modulo this equivalence

relation, with the natural structure of a C°(A)-module (actually an algebra). Clearly
Mj (A) has finite rank.

Definition 5.10. Assume that ¥ € C? and let z € . We say “that ¥ satisfies the E.E.
Levi condition at z if there is Z € Ty ,0(X); such that Ly .(Z, Z) # 0' (v_vhere Ly is the
Levi form corresponding to the pseudo-Hermitian structure 6 = j*[5(d — d)p]). O

In other words, if X fails to satisfy the E.E. Levi condition at each z € X then X
is Levi flat. Since Ly changes conformally the E.E. Levi condition is a CR-invariant
condition.

The following result, the proof of which will not be given here, is an important
instrument in G. Fichera’s local approach (to the Dirichlet problem for pluriharmonic
functions):

Theorem 5.3. (G. Fichera [142])

(i) Let A € C'. Then rank M!(A) = 0.
(ii) Let A € C?. Let us assume that the E.E. Levi condition holds at each point of A.
Then we have rank M;’(A) =n?—-2n.In particular rank M22(A) =0.
(iii) Let A € C3. Let us assume that the E.E. Levi condition holds at each point of A.
Let us set

s
P8y ={DeMi(A): D= f;L;Dj s€Z 5= 1,
=1
fi € CO(K) (real-valued),

Lj a real first-order tangential (to A) operator, Dj € My (A), 1< j < s].
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Then there is a CO(A)-module QS‘(A) such that
M3 (A) = P (D) ® 05(A)
and rank Q’31 (A) > n (in particular rank Q%(A) =3).

Let p € CZ(R?") be such that (1) p| A = 0and Dp # 0 everywhere on A (where D

is the ordinary gradient), and (2) for any z € A, there are A1, ..., A, € C such that
n
0
> L@y =0, (5.15)
— 9z
J
n 82,0 _
L(p, ) = AiA 0. 5.16
(o, 1) ,-; A (5.16)

Let 2 be a domain such that 2 > A and v the inward unit normal on . Let 70 €
A be fixed and assume, to fix ideas, that %(ZO) # 0. We may state the following
generalization of L. Amoroso’s result (i.e., of Theorem 5.2):

Theorem 5.4. (G. Fichera [142])
Letu € C2(QQU A) be pluriharmonic in Q2. There is a neighborhood A of z° in A such
that

au 1

ou_ 1 17
oy~ Lo (5.17)

in A, for some tangential (to A) second-order differential operator, where

1 n
r(z) === Ajpz;(2),
0z (ZO)].X:; Iz
1
Ai(z) i = ———Xjp,, (@), 2<j<n,
! le(ZO) I

and A := (A1, ..., Ay) is some vector in C" satisfying (5.15)—(5.16) with z = 20

Proof. Let A1, ..., A, € C such that (5.15)—(5.16) hold at z = z°. Without loss of
generality, we may assume A, # 0 (since a consequence of (5.16)). Let us set o :=
1/p, (z°) and consider the matrix a € M,,(C) given by

aAi—a00---0

0 A 00---0
a=|0 2 10---0
0 X 00---1

Then det(a) = A # 0; hence a is invertible. Let us set A := a~'. Then A gives
rise to a biholomorphism ¢ = Az. Let A := A(A) be the transform of A by this
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biholomorphism and set % := Az0 € A. Letr := poa. Then r(¢) = O for any
¢ € A. Letus set u := A. Since

r(cl""ﬂé‘l‘l) Zp(a{§]v’alll§])

we have
ar o - J 0
5 € =2 ap @)
§i =1
Thus
n n
Zl re, ()1 =0, ‘kzl rez, €W, # 0. (5.18)
J= J k=

From the definitions of a and u we get

mr=p2=1 puz=---=p, =0.
Note that

n

re (0% =" alp, %) = ap, %) =1
k=1

(in a§. the index i is the column index). Also, the first of the formulas (5.18) may be
explicitly written

6, %) + 70, E%) = 0.

Let us set
ni(8) = —r (), pa(8) =1y (&), p3 ) :=--- = ua(g) :=0.
Note that
o
; ag; Qi@ =0.
Also

i@ =pj, 1<j<n

hence by gthe second of Ehe formulas (5.18) and by) continuity, there is an open neigh-
borhood 7(¢°) of % in A such that

L(r, n(5)) # 0,
forany ¢ € I (;0). Consider now the first-order differential operators (tangential to A)
ar 0 ar 0o or 0 ar 0

= =, ZZ—————
98188, 98,98, 95198 90200
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Since our considerations are local, we may assume without loss of generality that €2 is
simply connected (otherwise choose a simply connected subdomain w C €2 such that
®>z7%. Letwbea holomorphic function in €2 such that Re(w) = u and let us set

= Im(w). Next, let us set Q := A(Q) and ¥ := woa. Clearly w is holomorphic in
Q (smce a is a biholomorphism); hence by the Cauchy—Riemann equations in €2,

Ly =ilLi, L3=—ilLi, (5.19)

where w = u + v are the real and imaginary parts of w. Let us set A := [L,L]and
M := LL + LL. Then (by (5.19)) Av = i M1 in ©; hence (by a calculation similar to
that in the previous section)

o ou ou ou

a1-= +ay— + @1 + G = Mil
9¢4 3¢, Gle} 1)

in © and, since it € C2(QUA), in A as well. This is formally similar to (5.12), and the
proof of Theorem 5.4 may be completed along the lines of that of Theorem 5.2. [

3 E. Bedford’s theorem. Consider the tangential first-order differential operators
(complex vector fields) on § 2n—1

— 9 - 2 .
={i——0j—, 1=<i,j=<n

g, g
These operators extend naturally in the interior of the unit ball B".

Theorem 5.5. (E. Bedford [52]) Let L be one of the operators L;j, or their complex
conjugates. If u € C3(S*"~1) then LL L(u) = 0 if and only if u extends to a pluri-
harmonic function in B".

The proof is a rather simple consequence of the fact that given a function u €
C1(52"—1) one has

(Lgu) * P(z,8) = Le[u * P(z, )]

for ¢ € §2"~!and z € B", where P(z, ¢) is the Poisson kernel of B". The reader may
see [52], p. 21, for details. See also P. De Bartolomeis et al. [115].
5.4 More local theory
At this point we may prove Lemma 5.1. We recall (see Chapter 1 of this book)
2 B pi B gk
Qf = R 10" A OF + W00 N0 — W 6" A6,

where
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QP =118 —2i0, A TP +2it, AOP,
M’ .= dof — ol /\a)g.
Since R,z = Ry%)j;z we may derive
QU = Ryyib* A OF + W% 6% A6 — W6 A 6.
Also, note that Qf = dwj; hence
do? = R,50% A 6P + W68 Ao — ngeﬁ A6 (5.20)
Assume now that 6 is pseudo-Einsteinian, i.e., Raﬁ = (p/n)h B Substitution in (5.20)

gives

«_ _lp o« g _ wa gB
det = 2nd9+( a0 — WeoP ) no,
or
PN I Ry B
d(wo,+2n9)_{ o608 — W o +2nd,0}/\9. (5.21)
Let us set

&= d(wg + %6)

and note that &|y o) = 0. Then, by Lemma 5.3, § = 0, ie., wy + %9 is
closed.

To prove the converse, assume w3 + ;—’ZG to be closed. By (5.20)
do? = Rypb* A0 + 98, ¢ = WE0" — Who>.

Then our assumption yields

_ o ip _ i L B
O_d(wa+_2n9)__an(R9)+R“ﬁ9 ANOP +@ AO,
or

Ry50% NOP + 9 N6 = —%d@ - 2l—n(dp) AB. (5.22)

Let us apply (5.22) to (T, TE)' It follows that RaB = (,o/n)hag, i.e., 0 is pseudo-
Einsteinian. Lemma 5.1 is completely proved. ]

In particular
OAO = ——(dp) A6.
2n
Applying this identity to (T3, T), respectively to (T3, T), we get
o

i __
— o o
an = _EPA, WaX =Wy, .



296 5 Pseudo-Einsteinian Manifolds

5.5 Topological obstructions

5.5.1 The first Chern class of Ty 9(M)
One of the main purposes of the present section is to establish the following proposi-
tion:

Proposition 5.7. (J.M. Lee [270])
If (M, 0) is pseudo-Einsteinian then c1(T1,0(M)) = 0.

Here c¢1(T1,0(M)) € H2(M: R) is the first Chern class of T1,0(M). Before proving
Proposition 5.7, let us look at Chern classes of an arbitrary complex vector bundle
over a CR manifold. Let 7 : E — M be a rank-r complex vector bundle over M. The
kth Chern class cx(E) € HZ* (M; R) is the cohomology class cx(E) = [yk], where
the 2k-form y; on M is determined by

1
2mi

Here p : L(E) — M is the principal GL(r, C)-bundle of all frames in the fibers of E
(so that (L(E) x C")/GL(r, C) >~ E, a bundle isomorphism). Also

Q € I°(A*T*(L(E)) ® gl(r, ©))
is the curvature 2-form of an arbitrary, fixed connection
D :T®(E) —» I'™(T*(M) ® E).

If RP(X,Y) = [Dx, Dy] — Dix.y) is the curvature tensor of D then (cf., e.g., [241],
vol. I)

QX Yy s(pw) = u ' (RP(X, V)$) pw) » (5.23)

forany X,Y € X(M), u € L(E), and s € T'*°(E). Also X*H denotes the horizontal
lift (with respect to D) of X to L(E).

Let {s1, ..., s} be a local frame in E, defined on the open set U. By eventually
restricting the open set U, we may assume the existence of a local frame {7} in

T1,0(M), defined on U as well. Let {E;} be a linear basis of gl(r, C) =~ C"” and let us
set

Q= Q’] ® E{ Q'] € T®(A’T*L(E)).

Ifu € L(E)y, x € M,ie,u: C" — Ey (a C-linear isomorphism) we set 0; :=
u(e;), where {e;} is the canonical linear basis in C". We have (by (5.23))

u ' (RP (T4, Tp)s;), = QT Tguu"sj(x). (5.24)

On the other hand, we set
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RP (T, Tg)sj =: RS, psi
and o := [a/’.‘] € GL(r, C), where 0; = o/’?sk(x). Then (5.24) may be written
R 5 )0 e = Tf THLEL - (07 Der).
or, by taking into account that E,i ej = Spie’,
QLT T = of RE (1) (07D (5.25)

Let {I’: : p‘l(U) — C be fiber coordinates on L(E), i.e., {}(u) = a}. Since
Ker(p,) ] 2 = 0, the identity (5.25) may be written

= ¢/ (Rk 45 0 PYCTDL(p*0M) A (p*05). (5.26)
We recall (cf. again [241], vol. II)

* — JiJk ll ix
Py =Cr Y 8kl A A QY

- lk
where
(=Dt
Cy = ——
T Qrikk

and the sum is taken over all ordered subsets (_il,'. ..,ix)in {1, ..., r} and all per-
mutations (ji, ..., jx) of (i1,..., i), while 5}‘1'_‘_1';‘1( is the sign of the permutation
(1, .-y ik) = (J1s-- -5 jr). In particular

P =1y 5l —Clzle

Now (5.26) yields
Q= p* (Riyp0" 7 0%).
Note that p* is injective (and C; = —1/(27i)). We obtain

1
yi=—5—Rl, 0% nOE. (5.27)

The computation of the (representatives of the) Chern classes cx(E), for k > 2, is
usually more involved. For instance

rr=GYaidiaei=0 Y (@aei-agack).
(i1,ix)€(l,...,r}?

ie.,

r r

Py :CZZZ(Qf A Qi AQ{)
i=1 j=1
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A careful examination of Chern classes of CR-holomorphic vector bundles over CR
manifolds is still missing from the contemporary literature, even for well-known ex-
amples (cf. the many examples in Chapter 1). If the given CR-holomorphic bundle
(E,dg) — M carries a Hermitian structure and M is nondegenerate then one may
use, at least in principle, the Tanaka connection to compute the representatives yy.
While we leave this as an open problem, let us look at the main example, which is of
course E = T7,9(M). The Tanaka—Webster connection V descends to a connection in
T1,0(M); hence (by (5.27))

1
ci(Tio(M)) = [— —Ry% a0 A 93].
2mi
By a result in Chapter 1

R(Xakp, = 07 Rd“iﬁ = Ov Raaoﬁ = Wgﬁ 5 Raako = WD?)L .

We may conclude that the first Chern class of 77 o(M) is represented by

1 _ _
n=-—3- [Riat™ n 67 + Wes,0* 76 — Weo™6™ no]).

At this point we may prove Proposition 5.7. Assume that 8 is pseudo-Einsteinian, i.e.,

Ro = ghaﬁ’ ar = —%PA’ War = %pﬁ?
hence
yi = —ﬁ {shwek AOF — %p)ﬂ)‘ - épg@”‘/\@}
= _#m, {phweA AGF — %(d,o) /\0}
= _2n17'[i {zlip do + Zil_(d,o) A 9} = ﬁd(m).

We have proved the following result:

Proposition 5.8. For any pseudo-Einsteinian manifold, the first Chern class of
T1,0(M) is represented by

1
vi =2 —d(pd).
ni

This is exact; hence ¢1(T1,0(M)) = 0. O

Note that for any pseudo-Einsteinian contact form 6, the curvature form of the
Tanaka—Webster connection of (M, 6) satisfies

o1
QL = —p*d(p0).
j = 5, P de0)
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5.5.2 The traceless Ricci tensor

Let M be a nondegenerate CR manifold and 6 a contact form on M.

Definition 5.11. The traceless Ricci tensor B,z is given by

B,z i=R,5—"h

aBf aﬁ_; u

af

Let us recall that (by a result in Chapter 2) under a transformation 6 = X0, the
contracted connection 1-forms (of the Tanaka—Webster connection) transform as

3 = 0o + (1 +2) (Uua8® — u%6y) + i {Z(n + Dugu® + %Abu} 0 +ndu.
Consequently
ddy, = dwy® + (n 4+ 2)d ue0* — u®6y)
+i {Z(n + Dugu® + %Abu} d6 +id (2(n + Dugu® + %Abu> N}
or, by a curvature formula in Chapter 1,
Rt ANOT + W&0M A0 — W 0P A0
= Ry A O7 + W 0" A0 — We0F A0 + (n +2)d (a6 — u®0y)
+i(2(n + Dugu® + $Apu)d0 +id(2(n + Dugu® + L Apu) A 6;
hence
Rz — R0 A 07 = — | Apu + 4(n + Duqu® ) hyz6™ A 67
F(n+2) [d(uae"‘) _ d(uaéa)} mod 6,
or
(Rt — R0 A 07 = — | Apu + 4(n + Duqu®} hizzf* A 67
— (142 {w6* A O™ +um6* A 07| mod 6% A 6P, 67 A 6P, 0,
whence
Ry = Ry — (0 + 2)(pz + ummp) — { Aput + 4(n + Dugu®} by .
Using the commutation formula for u,z, we have
Rz = Ror — 2(n + Dz — ihagzuo) — { Apue + 4(n + Dugu®} .

Contraction with #** leads to



5 Pseudo-Einsteinian Manifolds
ez“[) =p—(+2) (u;f‘ + u{‘) —n (Abu + 4(n + l)uau“)

300
and since
Apu = u;f‘ + uxx
we get
ep=p—20n+ DApu —4n(n + Dugu®
Therefore
A N 0~
Bkﬁ = R)Lﬁ — ;h)hﬁ = Rkﬁ - (n + 2)(M)Lﬁ + uﬁ)\)
1
— {Abu +4(n + 1)uau°‘} g — ;hkﬁ {,0 —2(n+ DApu —4n(n + l)uau“} ,
i.e.,
D n+2 o o
Bz = Byg — (n+2)(uyz +um.) + (e +uzg" g .

Let us set
(Qu)ag =uyp — ;u}, haﬁ
We have already proved that u is CR-pluriharmonic if and only if Qu = 0; cf. Propo-

sition 5.4. Then
Bz = Big — (n +2) [(Qu)sz + (Qu)im ) -
- 2inuo} = (Qu)z

Yet, again by the commutation formula for second-order covariant derivatives
V_
¥

_ ] 1
(Qu)m = Uy — ;M?yhﬁ)L = Uxp — Zlhxﬁuo — ;h}hﬁ {u

(Qu))z = (Qu)m

ie.,

and we have proved the following:
Proposition 5.9. The traceless Ricci tensor transforms, under a transformation of the
(5.28)

contact form 0 = 219, as
Bz = B — 2(n +2)(Qu)iz.

In particular, 6 is pseudo-Einsteinian if and only if
0 1

U= _—-"

2(n+2)

Let P be the sheaf of CR-pluriharmonic functions (on open sets of M). If a pseudo-
Einsteinian contact form is available, the remaining pseudo-Einsteinian contact forms

may be parameterized by elements in P (M), as follows.
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Theorem 5.6. (J.M. Lee [270]) If (M, 0) is pseudo-Einsteinian then
(0 :u € P(M)}

is the set of all pseudo-Einsteinian contact forms on M.

Proof. Let 0 be pseudo-Einsteinian, i.e., B = 0. Let u € C*°(M) and set 6 = 0.
Then 6 is pseudo-Einsteinian if and only if Qu = oI +2)B yet B = 0; hence 6 is
pseudo-Einsteinian if and only if # is CR-pluriharmonic. ]

5.5.3 The Lee class

When the given nondegenerate CR manifold is locally embeddable (as a real hyper-
surface in C"*1), a precise description of the obstruction to the existence of global
pseudo-Einstein contact forms is available, in terms of a cohomology class y (M),
with coefficients in P, referred to hereinafter as the Lee class of M.

Theorem 5.7. (J.M. Lee [270]) Let M be a locally realizable nondegenerate CR man-
ifold. There exists a CR-invariant cohomology class y(M) € H'(M; P) such that
y (M) = 0 if and only if M admits a global pseudo-Einsteinian contact form.

Proof. Let 6 be a contact form on M. By hypothesis, for any x € M there is an open
neighborhood U > x and a CR immersion ¢ : U — C"*!. Let us set

=Ytz A Ad?TTY e T, KO (M)).

Then d¢ = 0 and (by Lemma 2.2 in Chapter 2) there is a unique C* function A :
U — (0, 00) such that

A0 A (dO)" = 2" ) (—1)*0 A (T | ) A (T | 2).

If § = ¢ then
dh = e (2(du) A O + do) :
hence
0 A (dO) = 20T Dug A (do)"

and consequently

ONTIOANT ) =e 0 AT 1) AT]T).
In particular for

_ loga
T 2(n+2)

we have A = €2+ and then
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6 A (dO)" = 2 DUG A (dO)" = e 200 A (dO)"
— e 212" (Z1YO AT | 2) A (T | 7)
= 12" (1A (T 1O AT D),

i.e., 6 is volume-normalized with respect to ¢. Since ¢ is also closed, we may apply
Proposition 5.1 to conclude that fisa pseudo-Einstein contact form on U. Therefore,
there is a locally finite open covering {U; : i € I} of M and a family {6; : i € I} of
local contact forms such that each (U;, 6;) is pseudo-Einsteinian. Then

2 .
9,' =e u”@j

on U; NUj, for some u;; € C*°(U; N Uj). By Theorem 5.6, u;; € P(U; N Uj). Also,
clearly

uijj+uj; =0 on U NUj,
uijj+ujx+u; =0 on U NU;NU.

Let us set i := {U;};e; and let N (i) be the nerve of . Let f € CL(N (W), P) be the
1-cochain defined by

flo) :=u;j € P(No), o =U;Uj) € SUNU)).
Consider the coboundary operator
s':ClNU). P) - CA(NU), P).
Then, for o = (U;U;Uy),

2
') =) pouof0®)

a=0

= 0505 f(0°) = py1 o F(@1) + P2 o f(07).

Here we have adopted the following notation. If o = A(ig, ..., i) is a p-simplex, we
set No = ﬂszUi/. and

o) = Ao, ... ij—1,ij4+1,ip) € SPTHNU).
Also, if F is a given presheaf on M then
Poie i F(Na!) — F(No)

denotes the restriction map. We use the notation and conventions (as to Cech co-
homology) in [178]. Thus

&' f)0) = ujk|~, — tiklne + uij|, = 0.
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ie., f € ZLNWU), P). We may then set by definition
=[fle H'(NU),NP),
and
y(M):= (') e H(M,NP) = liz/r{nHl(N(Z/{),P).

Definition 5.12. y (M) is called the Lee class of M. O

Flrst let us show that the Lee class depends only on the CR structure. Indeed, let
={U; j}jes be another open covering of M, together with pseudo-Einstein contact

forms 9 on U By passing to a common refinement if necessary, one may assume
without loss of generality that I = J and U; = U;, for any i € I. Then

éi = eZh"Q,-
on Uj;, for some h; € P(U;). Thus
Wij—uijj =h; —hj,
ie.,
f=f—sh

hence I' = I'. Here h € CO(N (U), P) is defined by h(A(i)) := h; € P(U;). Next, let
us show that y (M) = 0 if and only if M admits a global pseudo-Einsteinian contact
form. The implication “<=="is left as an exercise to the reader. To prove “=—>" assume
that 0 = y (M) = (I'), i.e., there is a refinement V of U (V < U) such that! ¢TI =
0. Thus [¢ /1 =0, i.e.,

b f = 8h. (5.29)
Let V, V' € Vsuch that V N V' # @ and let us set
VcoV)y=U, V co(V)=1U;,
forsomei, j € I.ThenU; NU; # @ and 6; = eZ“ifﬂj on V. Let us set
=V, V)eS'NW).
Then (by (5.29))

1 Again, we are consistent with the conventions in [178], i.e., if ¢ : V — U is a map such
that V. C ¢(V), for any V € V, then the naturally induced map of simplicial complexes
¢« N (V) — N(U) induces a map ¢ on cochains, and then a map ¢* on cohomology

@HP : HP(NU), P) - HP(N(V), P).

This depends only on V and U/ and is commonly denoted by ¢4
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uilny = ' F(¢'0) = @°W)(0) = h(V))|, = h(V)Irg
hence

€2h(v)9i — eZh(V’)Qj

on VNV’ Letus set @y := 6;|y. Since U > I'*(U, H(M)%) is a sheaf, there is
6 € (M, H(M)™*) such that 8], = ¢*"V)9y for any V € V. Now Theorem 5.6
implies that 6 is pseudo-Einsteinian in each V € V), and hence in M. ]

5.6 The global problem

In this section we examine certain sufficient conditions under which the global ex-
istence problem for pseudo-Einsteinian contact forms admits a positive solution. As
we have previously shown, for a given strictly pseudoconvex CR manifold M the first
Chern class of its CR structure 77 9(M) is an obstruction to the existence of globally
defined pseudo-Einsteinian contact forms. The following conjecture, referred to as the
Lee conjecture in this book, has been proposed in [270]:

Conjecture. Any compact strictly pseudoconvex CR manifold M whose CR struc-
ture has a vanishing first Chern class (c1(T1,0(M)) = 0) admits a global pseudo-
Einsteinian contact form.

Already with the work of J.M. Lee (cf. op. cit.) the conjecture was known to
be true when either M admits some contact form of positive semidefinite pseudo-
Hermitian Ricci tensor or M has transverse symmetry (a notion to be defined shortly).
Successively we shall examine a result in [121], i.e., show that M admits a global
pseudo-Einsteinian contact form, provided it admits some pseudo-Hermitian struc-
ture whose characteristic direction 7 is regular (in the sense of R. Palais [336]). Both
transverse symmetry and regularity will be seen to yield zero pseudo-Hermitian tor-
sion (t = 0). Yet, examples of compact strictly pseudoconvex CR manifolds admitting
global pseudo-Einsteinian contact forms of nonzero pseudo-Hermitian torsion will be
built, thus hinting at a wider validity of the Lee conjecture.

Let 6 be a contact form on a compact, strictly pseudoconvex CR manifold M.
Assume that ¢ (71,0(M)) = 0. Then

i o
Sodel =1 = —di,

for some global 1-form A on M. Since o, is pure imaginary, we may take A to be real.
Letus set 0 := iX. Then

R50% A 6P + W2

2,01 A0 — WS 0F A6 =2mdo. (5.30)
If we write o locally as

o = 0g0% — 6,0% +ioy0,
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then
do = 05407 A6 — 05,46 N 6P +0 A (05,007 + 07A50P) — 0 4,6% A 6P
+0,50% AOP — 0 A (04,00% + oaA%GE) 1 i(dog) A6 + ioodb.

Hence (from (5.30))

Ry =27 (05,4 + 00 — 200h5) . (5.31)
I - .
EWWL = —O’aAM + o0+ lT,u(O’O)v
1 o o .
_EWO[H = —opo0+ ao,Aﬁ + iTz(0p).
Also
05.59% A OF — 05,469 A 6P = 0;
hence

OBa =0ap- (5.32)

Let us set § = €210, with u € C*(M). Then 0 is pseudo-Einsteinian, i.e., ékﬁ =0if
and only if (by (5.28))

n—+2

Bijg — (1 + Do + ) + —— (e + g™ ) by = 0

n

if and only if (by (5.31))

(n +2)(upz + umn)
n—+2

n

= 2n(onz + o) + { (ua“ + uaﬁ) - 5 - 4nao}hm. (5.33)

We shall use now J.J. Kohn’s “Hodge theory” for the 9;, complex; cf. [246].

Theorem 5.8. (J.J. Kohn [246])
If M is a compact, strictly pseudoconvex CR manifold and n € Q%1 (M) a smooth
(0, 1)-form on M such that 9pn = O then there is f € C®°(M) ® C such that

3, f —n € Ker((p).
Let us set y := 9 f — n (hence [y = 0). Then
0=y y) =2 (53y + 30,7, v) =210y I + 215, I

hence
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py =0, 0,y =0. (5.34)
Since
Ap(078) = 05,6 AOF
the identity (5.32) yields
3 (0g0%) = 0.

In particular for

2 —
=~ +20a9“ e Q¥'(m)

we have 51,77 = 0; hence by the result in [246] quoted above, there is f € C®°(M)QC
such that
n+2 —

vi= (0p.f —n) € Ker(@p).

With respect to a local frame, taking into account (5.34) as well, we get

2
Ja= ) (o7 + =), (5.35)
y&ﬁ = VE,E’ y&‘E =0. (5.36)

Summing up, we have proved the following:

Lemma5.4. Let M be a compact, strictly pseudoconvex CR manifold, with
c1(T1,0(M)) = 0. Let 6 be a contact form on M. Then there are a 1-form o € Ql(m)
and a (0, 1)-formy € QO'I(M) and a function f = u +iv € C*°(M) ® C such that
the identities (5.30) and (5.35)—(5.36) are satisfied.

Let us set, from now on y, := Vg.

Lemma 5.5. Let u and y be as in Lemma 5.4. Then 0 = e219 is pseudo-Einsteinian
if and only if

Yo B + V50 = 0.

Proof. Taking covariant derivatives in
. 2
ug +ivg = - (0z + 7a)

we obtain
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(n + 2)(ugp + ivgp) = 2n(oz,g + va,p),
(n+2)(upg — ivgg) = 2n(0pg + Vp.a)s

whence, by adding up these two identities,

(n +2)(ugp + upg) = i(n +2)(vgg — vap) + 27w (0g,p + 0pa + Ya.p + Vp.a)
or, by applying the commutation formula for Vo B

(n+2)(ugp + upz) = 21 (og,p + 0pa + va,p + vpa) — 200 + Dvohps . (5.37)

Hence (by (5.33)) 0 is pseudo-Einsteinian if and only if
n+2)

27 (vpaw + va.p) — 2(n + 2vohpa = ( Apit — 5 - 4mo)hﬁa,

i.e., if and only if
vpa + Vap = Mga,

n—+2 n—+2
= vo +
T

or, by contraction with hﬁa,
B T _ .
vp,” +va,"~ =nA;
hence (by (5.36)) A = 0 and Lemma 5.5 is completely proved. ]

Lemma 5.6. Let M be a compact, strictly pseudoconvex CR manifold, and 0 a contact
form on M. Assume that dim(M) > 5. If the pseudo-Hermitian Ricci tensor R.5 of

(M, 0) is positive semidefinite, then for any (0, 1)-form yz0% € Q1 (M),

ya,ﬁ 209
Db(mea) =0= Ya,p = 0,
va.0 = — L Rapy? .

Proof. Let us set y := yg0%. As seen before, (yy = 0 yields % = 0. This may
be written h%f y5. g = 0, and by differentiating covariantly and taking into account the
commutation formula

YaBy ~ Yayp = ihgyvao+ REEEVW
we have
5 & ) = T . 5 @
0 ="y gy = h"" (vapp +ihppyvao — Ra"vpvs) = vay” +ivro — Ra’y v

Yet ya,y = ¥y.a; hence
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vra® =—iyyo+ Rigy*.

(5.38)

To get (5.38) we also rely on the following calculation [taking into account the sym-
metry property (1.98) of the curvature tensor (of the Tanaka—Webster connection); cf.

Chapter 1]:
R&"5" vp = WP W Ry = hP*h™" Ray0. = Re® 53 hP* = Ry hP* .
On the other hand, the identity
Ya.p7 = Ya,78 = ihp7Va,0 + R gyvu
may be written
Va,ﬁ?hﬁ? - Voz,?7 =inyyo+ RaMVVVu. .
Yet vy, = V8, hence
VB, otyh 4 _Votfy ana0+RauﬁﬁVua
and using once again the commutation formula we started with, we obtain
b7 (Vﬁ,n +ihayypo + Rﬂua?)/u) — Yoy’ = in¥ao+ R yvu,
or
Vﬂ,?ahﬁ? +iYe,0+ Rﬂuaﬂyxt - Vot,77 =inyyo+ RaMVVVua
or
752 ~Ver” =i = Dyao+ (Ra"s” = Rg",, ’3) Vi -
——
=0
On the other hand [by (1.98) in Chapter 1],
Rauﬁﬁ — Rﬂ“aﬂ = thhﬁE [R

arfe RﬁXaE] =0

hence (5.40) becomes
vy’ =i —Dyao-
At this point, we may perform the following calculation:

Va.a? "+ (0= Dyzpr?T = DRy y”

(5.39)

(5.40)

(5.41)

by (538) =y, P+ (= DypprPT + 0= P [vpa™ +ivgo]

by (541) = yzP9+(n— DygvP7 + (= DyPyg" +v

= Vpa? P+ 150V + 0= D) 05V PT g TP

= ha¥ (1 — Dz

B

14
VB,V

’]
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where
he = vgar? wyi=vgav’

By the divergence formula,
/ [)ﬁayg’“ +(n— 1)7/3,7)/7’7 ++(n — 1)Ra37/°‘y§ ] O AW =0. (5.42)
M

Yet by hypothesis Ragy“yE > 0; hence

VB = 0, YBy = 0.
Then (5.39) becomes

ihg7Ve,0 + R gyyu =0
and contraction with 27 leads to
inyeo + Ra" Py, = 0.
Yet (by using twice (1.98))
R = Ryzht*:

hence

in¥u0+ Ryzy™ =0,

and Lemma 5.6 is completely proved. (]
As a byproduct, we obtain the following:

Proposition 5.10. Let M be a compact, strictly pseudoconvex CR manifold, of dimen-
sion dim(M) > 5. Let 6 be a contact form on M. If the pseudo-Hermitian Ricci tensor
RaB of (M, 0) is positive definite then

Y (M) = 0.
dp

Proof. By 1.J. Kohn’s “Hodge theory” for 9.

Theorem 5.9. (J.J. Kohn [246]) Any cohomology class in the Kohn—Rossi cohomology
group H%I(M ) has a unique smooth representative y with Upy = Q.

Then (5.42) yields Ragy“yg = 0; hence y = 0. O
To state the main result of this section we need the following definition:

Definition 5.13. We say that M has transverse symmetry if M admits a 1-parameter
group of CR automorphisms transverse to the Levi distribution. (]
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Precisely, if M has transverse symmetry, there is a tangent vector field V € X (M),
transverse to H (M), whose 1-parameter transformation group {¢;};cr consists of CR
automorphisms ¢; : M — M (since M is compact, the local integration of V fur-
nishes, of course, a global 1-parameter group of global automorphisms).

Theorem 5.10. (J.M. Lee [270])

Let M be a compact, strictly pseudoconvex CR manifold whose CR structure has a
vanishing first Chern class (c1(T1,0(M)) = 0). Let us suppose that (at least) one of
the following assumptions is satisfied

(i) M admits a contact form 6 with RaB positive semidefinite.
(Ii) M has transverse symmetry.

Then M admits a globally defined pseudo-FEinsteinian contact form.

Proof. To prove (i), let 6 be a contact form with R,z positive semidefinite. By Lemma

5.4 there are a 1-form o € Q'(M), a (0, 1)-form y € Q%1 (M), and a function f =
u+ive C®(M)® C such that

R50% A 6P + W2,00 NG — WE6F A6 =2mdo ,
2

fa= s Oty Yoy =0. " =0,

By Lemma 5.6 we get YBa = 0 and (by complex conjugation) yg z = 0. Finally, by
Lemma 5.5, €240 is pseudo-Einsteinian. O

Let us prove (ii). Let ;1 be a contact form on M and let us set A := 61(V). Since
T(M) = H(M)®RYV itfollows that A(x) # 0, forany x € M. Letusset6 := (1/1)6;
(hence 6(V) = 1). The Lie derivative of 8, in the direction V, is given by

.1 o1
(LyvO)y = lim — {9x - (Qat*e)x} = lim — {0y — A;(x)0:} = u(x)0yx ,
t—0t t—0 1
for some A, € C°°(M) (since ¢; is a CR map), where
o1
u(x) := lim —(1 — A;(x)).
t—0t

Then
ubd = Ly =(yd+dwy)0=V]do+d(V]0),
—_————
=0
and applying both members to 7',
u=ub(T)=(dO)V,T)=0
since T' | d6 = 0. We have proved that

6vVy=1, V]do=0,
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relations that uniquely describe the characteristic direction of d6, i.e., we may con-
clude that V = T, hence that T is an infinitesimal CR automorphism of M. By
S. Webster’s Theorem 1.5 in Chapter 1, (the Tanaka—Webster connection of) 6 has
zero pseudo-Hermitian torsion, i.e., T = 0. Hence the identity

py = Ryz.” =i(n— DAgy,*
becomes
py = Ryz" . (5.43)
Also, the commutation formula
04F7 ~ OuyB = ihagAﬁaﬁ — ihayABﬁoﬁ

(true for any (1, 0)-form 0,6% on M) yields (since Agp = 0) U, 5, = u

By or, by

’ ayp
contraction with 2Y¢,

”aﬁa = Maag- (5.44)
Let y be as in Lemma 5.4. By (5.37)
2n(ypa + va.p) = (n +2)(upg + ugp) — 2w (0,5 + 0a,p) + 2(n + 2)vohpg .

At this point, we may perform the following calculation:

27 (Vg o + Va,g)(yﬁ’“ +y*P) = Zﬂyg’“(yg,a + Yo p) F27VP (Vg + Vap)
=47 Re(yP(v5,, + Vo )]
= 2Re(yP(n + 2) (5 + uz,) — 21Y" (0, 5 + 05 ,) + 2(n + 20k, 5777},
Yet
ZH(%E + UE’Q) = Raﬁ + 4m70ha3.
Thus
27 (Vg o+ Va7 + D)
=2Re P [(1+2)(2u,5 — ihygu0) = Ryg — 4w00ly5 + 201 + Doz
= 2Re yP*[2(n + 2uyz — R,z + 2Re yPh 5 [(n +2)uo — iug) — 4moy],

ie.,

2 (Vg + VPP +74P) = 2ReyP 200+ Dugp — Ryp). (545
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On the other hand,
yﬁ,auag = (yﬁuaﬁ) .}/Euaﬁa
(by (5.44)) = (PPugg)” — v uas
(because of y’% =0) = (Vﬁuaﬁ)’a -~ (yﬁuaa)ﬁ
ie.,
yPugg = (rPugg)® = (Y ua®) 5. (5.46)
Moreover,
]/EQR&B = (VERO[B)’C[ — VERQE,O[
by 543) = (/PRg)" —vPrg
ie.,
Y R,z = (vPRg)" = (v"p) 5. (5.47)

Substitution from (5.46)—(5.47) into (5.45) leads to

27 (Vg V) WP+ 1)
2Re (2604 D[ (Pug) = (Pua) 5] = PR + () 5.

Finally, let us integrate over M and use the divergence formula. We get y5 , + v, 5 =
0; hence (by Lemma 5.5) 29 is pseudo-Einsteinian. O

5.7 The Lee conjecture

In this section, we deal with the Lee conjecture,? as stated in the preceding section.
We solve in the affirmative the Lee conjecture for compact strictly pseudoconvex CR
manifolds with a regular (in the sense of R. Palais [336]) contact vector. The regularity
assumption leads (via the Boothby—Wang theorem [75] and B. O’Neill’s fundamental
equations of a submersion [334]) to zero pseudo-Hermitian torsion (and we may apply
a result of J.M. Lee [270]).

Let (M, T1,0(M)) be a CR manifold of CR dimension 7. In the previous sections
we formulated the following natural problem: assuming that M is nondegenerate, find
a pseudo-Hermitian structure 6 such that (M, 6) is pseudo-Einsteinian. It turned out
that the solution to the local problem is intimately related to the question of embed-
dability, and then to classical results by M. Kuranishi [263] and T. Akahori [2], while

ZACR analogue of the Calabi problem.
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there are a number of obstructions to (the solution of) the global problem, such as
the first Chern class of the given CR structure. In the defense of the Lee conjecture
we construct an example of a compact strictly pseudoconvex CR manifold that carries
a globally pseudo-Einsteinian contact form with nonvanishing pseudo-Hermitian tor-
sion. This is obtained as a quotient of the Heisenberg group H,, by a discrete group of
CR automorphisms (and is the CR analogue of the construction of H. Hopf [211], en-
dowing §2"~! x S! with a complex structure). Precisely, we construct a family H,, (s),
0 < s < 1, of compact strictly pseudoconvex CR manifolds such that each H,,(s)
satisfies the Lee conjecture. We endow H,, (s) with the contact form (5.51). Our con-
struction is reminiscent of W.C. Boothby’s Hermitian metric (cf. [74]) on a complex
Hopf manifold (cf. also [125]).

5.7.1 Quotients of the Heisenberg group by properly discontinuous groups of
CR automorphisms

Let Dy : H, \ {0} — H, \ {0}, s > 0, be the parabolic dilations, i.e., Ds(z,t) =
(sz, szt). IfmeZ, m>0,weset D' = D;o---0 Dg (m factors). Also, we set
D™ = §8Y); and DY = I. Consider the discrete group Gy = {D" : m € Z)}.
Theorem 5.11. ([121]) Let 0 < s < 1 and n > 1. Then Gy acts freely on H,, \ {0}
as a properly discontinuous group of CR automorphisms of H,, \ {0}. The quotient
space H, (s) = (H,, \ {0})/ Gy is a compact strictly pseudoconvex CR manifold of CR
dimension n.

Proof. Clearly 65, x = x for some x € H,, \ {0} yields m = 0. Thus the action of G
on H,, \ {0} is free.

Let |x| be the Heisenberg norm on H,,. Let xo € H,, \ {0} and set U (xg) = {x €
H, \ {0} : |x — xo| < €}, € > 0.Let ||x|| be the Euclidean norm on H,, ~ R*'*!, By
a result in Chapter 1, for any x € H,, with |x| < 1 one has

Ixll < 1x] < flx)'/2.

Thus the sets Uc(x), x € H, \ {0}, 0 < € < 1, form a fundamental system of
neighborhoods in H,, \ {0}. To show that G is properly discontinuous, given xg €
H,, \ {0} one needs to choose € > 0 such that

8" (Ue(x0)) N Ue(x0) = 9, (5.48)

for any m € Z, m # 0. By Lemma 8.9 in [150], p. 449, there exists y > 1 such that
|x + y] < y(]x| + |y|) for any x, y € H,,. Consequently

x| = ylyl < ylx =yl (5.49)
for any x, y € H,,. Let

Em = 187" (x0) — xol



314 5 Pseudo-Einsteinian Manifolds

for m € Z. Since G acts freely on H,, \ {0}, it follows that &, > 0 and &,, = 0 <=
m = 0. Next, since 0 < s < 1, one obtains

0<m <m = sml < ";:mz s $—m1 < %’—m2.
Therefore

&n > min{é1, &1} = &

foranym € Z,m # 0.Letusset N =2y + 1. Choose 0 < € < %El. Letx € Uc(xp).
Then

187 (x) — 85 (x0)| = s |x —x0| < se <€
shows that
8" (Ue(x0)) € Ue (8" (x0))- (5.50)
Using (5.49)—(5.50) we have the estimates

YIxo — 85 ()| = ylxo — 87" (x0) — (87" (x) — 8" (x0))|
> |xo — 87" (x0)| — ¥ 185" (x) — &' (x0)|
>&y, —ye>E —ye>Ne—ye=(y+ e,
so that

y +1

|xo — D' (x)| > € > €.

This shows that 87" (x) & Ue(xp), for any x € Uc(xp), m € Z, m # 0, so that (5.48)
holds. O

Let 7 : H, \ {0} — H, (s) be the natural map. Let
2 ={x eH,: |x| =1}.

Then £2" is a compact real hypersurface in H,,. The map H,, (s) — =% x S! defined

by
z t 2milog |x|
ax)—~|—, —, exp (—)
x| " |xf? log s

is a diffeomorphism, x = (z, t) € H,, \ {0}. Thus H,,(s) is compact. Since 7 is a local
diffeomorphism, H,, (s) inherits the structure of a CR manifold (of hypersurface type)
of CR dimension n. Let (U, 2L 7, t) be the natural local coordinate system on
H,(s),z% = x* 4+ iy“. Let us set

6 = |x|—2{dt +2 Z (xdy® — y*dx®) } (5.51)

a=l1
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on U. The right-hand member of (5.51) is G -invariant and thus defines a global 1-
form on H,,(s). Let {6} be dual to T, where T, = 9/9z% + iz*9/0t on U. The Levi
form associated with (5.51) is given by

Lo = |x| 26,40 A 0

on U. Thus Hy := T7,0(H,(s)) is strictly pseudoconvex. Our Theorem 5.11 is com-
pletely proved. ]

Let
Vs i= y(Hy(s)) € H' (H,(s), P)

be the Lee class of H,(s), a CR invariant of H,,(s), as previously shown. Let
{(Ui, 27, ) }ics be an atlas on H,,(s) such that for any i, j € I with U; N U; # @ the

1
coordinate transformation reads

Y= 5"ty =M, (5.52)
for some m j; € Z. Let us define
n
6; =dt; + ZZ (xf‘dyf‘ — yf‘dxf’)
a=1

on U;, i € I.Each (Uj, 6;) is a strictly pseudoconvex CR manifold with a vanishing
Ricci tensor (in particular 6; is pseudo-Einsteinian). As a consequence of (5.52) one
has

0; = exp(2m j; log s)0;

onU;NU;.Letc = (2m;jlogs) € ZY(NU), R) be the corresponding cocycle, where
N ) is the nerve of U = {U;}icy. If

i:C'(NU),R) — C'(NWU), P)
is the natural cochain map then y; is the image of [c] via
i H' (Hy(5),R) > H'(H,(s), P).

We are going to show that (5.51) is globally pseudo-Einsteinian, so that y; = 0.
Yet ¢ # 0O (since ker(iy) # 0). Indeed [c] corresponds (under the isomorphism
H]p(H,(s)) ~ H'(H,(s), R)) to the de Rham cohomology class [w] of the 1-form
w =dlog |x|~1 (which is not exact).> Also y; = 0 yields c; (H;) = 0. We may show
that actually all Chern classes of H vanish (by constructing a flat connection D in
'Hs). We do this in the following more general setting.

3 Note that d log |x|~! is Gg-invariant, so that o is globally defined.
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Let (M, T1,0(M)) be a nondegenerate CR manifold. Let u € C*°(M) be a real-
valued smooth function on M. Let {7} be a frame in 77 (M) defined on some open
setU C M. Let

0= e, 9% =0% +2iu%0,
T

e (T —2iuP Ty + 2iuP T5),
where
u® = h"‘EuE, ug = Tz(u), u® =uc.
Note that with these choices, one has
T16=1, T]dd =0, T]6%=0.

Then Gé = e2”G9; hence f’aﬁ = e2”ha3, where flaﬁ = lé(Ta, TE)'

Let (M, T1,0(M)) be a nondegenerate CR manifold admitting a real, closed (glob-
ally defined) 1-form w. Let B = ", where # denotes raising of indices with respect to
go. Next, set B1'0 = 7, B. Locally, if

® = wu®* + wgh® + wyb,

where wg = Wy, then

B0 = n*PusT,.

By the Poincaré lemma, there exists an open covering {U;};c; of M and a family
{u;}ier of R-valued functions u; € C°°(U;) such that
a)|U. =du;, i el.

Let us set 6; = exp(2u;)0|y,. By applying the identities

PG = T + 2upd + 21085 .
g, =18, —2uhg,. (5.53)
UTE = TG, + 2085 — diugu’ + 2iug,” + 2T uP — 2T u

to u = u; it follows that the Tanaka—Webster connections of the nondegenerate CR
manifolds (U;, 6;),i € I, glue up to a (globally defined) linear connection D expressed
by

DzW =VzW 4+ 2{w(Z)W + w(W)Z},

DzW = VzW —2Lo(Z, W)B",

DrW = VW +2iVy B"0 + 4iw(W)B"? + 4i|| B1)1>w,

DzT, =2w(2)T,, Dr,T, =2w(T)T,,

(5.54)
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forany Z, W € T1 o(M). Here V is the Tanaka—Webster connection of (M, 8) and
T,=T—2iB"0 +2iB%!

Note that Ty, is transversal to H (M) (so that the formulas (5.54) define D everywhere
on T (M)). In analogy with I. Vaisman [415], we make the following definition:

Definition 5.14. We call D the Weyl connection of (M, 0, w). O

Theorem 5.12. Let O < s < 1 and n > 1. Then (i) all Chern classes of Hg vanish,
and (ii) the contact form (5.51) is pseudo-Einsteinian and has a nonvanishing pseudo-
Hermitian torsion.

Proof. Let M = H,,(s) with the C* atlas {U;, z7, t;};c; as above. Let u; € C*(U;)
be defined by u; = log |x;|, x; = (z;, t;). Then (by (5.52)) we have

uj —u; =mj;logs = const

on U; N Uj. Consequently, the local 1-forms du; glue up to a real (closed) global
1-form w on H,,(s). The Tanaka—Webster connections of the local pseudo-Hermitian
structures {6; };<; are flat, so that the Weyl connection D of (H,,(s), 0, @) (with 6 given
by (5.51)) is flat. Since DJ = 0 the Weyl connection is reducible to a (flat) connection
in H,. By the Chern—Weil theorem the characteristic ring of H; must vanish. O

Let (M, T1,0(M), 6) be a nondegenerate CR manifold. Let us set 6 = 0. As a
consequence of (5.53) one has

Aap = Agp + 2itty p — iuqugp. (5.55)

At this point we may prove (ii) in Theorem 5.12. Indeed, we may apply (5.55) with
u = log|x|~ !, Agp =0, and wg =0.1fTy, =9/3z% +iz*9/0¢ then

Ug = —1x17Zad,
e —8,2= =
Ta(uﬂ) = |x|""¢ Zalp,
where ¢ (z, 1) = ||z||® + it. Finally, since ¢ is CR-holomorphic, (5.55) yields
Aup = 2iTy(up) — dingug = i|x| 3Z4zp0>,

so that (5.51) has nonvanishing pseudo-Hermitian torsion. ]

Let (M, T1 o(M)) be a nondegenerate CR manifold of CR dimension n and 0 =
e2"9. Then the pseudo-Hermitian Ricci tensors Ran Raﬁ of 9, 0 are related by

Ryg = Rz — (n+2)(uy 5 +uz,) — [u,,f’ Fup? +40n + 1)upup] hyg - (5.56)

If M = H,(s) and 6 is given by (5.51) then we may apply (5.56) with R,z = 0,
u =log|x|™", hyg = Sup, and @§ = 0. Then
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n . _ _
up,” == 1xI7¢, wpu’ = glx 72l ug = —31x1 " Pbap
so that (5.56) yields
R,5 = (n+ DIx|?lz*h g5,

which means that (5.51) is pseudo-Einsteinian. Our Theorem 5.12 is completely
proved. ]

A remark is in order. Let R* >~ {(0,7) : r € R\ {0}} C H, \ {0}. The pseudo-
Hermitian Ricci curvature of the contact form (5.51) vanishes on 7 (R*), so that Propo-
sition 6.4 in [270], p. 175, does not apply. (]

5.7.2 Regular strictly pseudoconvex CR manifolds

Let M be an m-dimensional differentiable manifold.

Definition 5.15. A local chart (U, ¢) on M is cubical (of breadth 2a centergd atx €
M) if o(x) = (0,...,0) and ¢(U) = {(',....t") € R™ : |t/| < a,
1<j<m}. O

Definition 5.16. Let (U, ¢), ¢ = (xl, ...,x"™), be a cubic_al local chart on M. Let
l<p<mandr = (Pt ... ") e R" P suchthat 1Pt/ | <a, 1 <j<m-—p.
The p-dimensional slice ¥; of (U, ¢) is given by

S ={yeU:xPH(y)=tP 1<j<m-p). O
Let (M, T1,0(M), 0, T) be a nondegenerate CR manifold of CR dimension n.

Definition 5.17. T is regular if M admits a C™ atlas {(U, x%)} such that the in-
tersection of U with any maximal integral curve of 7 is a 1-dimensional slice of
(U, x"). O

Let (T') be the distribution spanned by T, i.e., (T), = RTy, x € M.

Theorem 5.13. (Theorem VIII and Theorem X in [336], pp. 19-20)
If T is regular then the quotient space® M /(T) admits a natural manifold structure
with respect to which the canonical projection w : M — M /(T) is differentiable.

Theorem 5.14. Let (M, T1,0(M)) be a compact strictly pseudoconvex CR manifold.
If M admits a contact form whose contact vector is regular then M admits a global
pseudo-Einstein structure.

To prove Theorem 5.14 we need to recall the essentials of the Boothby—Wang theorem
(cf. [75]). Since T is regular, its maximal integral curves are closed subsets of M (cf.
Theorem VII [336], p. 18). But M is compact, so that each maximal integral curve is
homeomorphic to S'. Let A be the period of T, i.e.,

4 That is, the space of all maximal integral curves of T'.
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Ax) =1inf{t > 0:¢;(x) =x}, x € M,

where {¢;}/er is the (global) 1-parameter group generated by 7. We may assume that
A = 1 (otherwise, since A = const > 0 (by an argument in [400]) we may replace T by
(1/A)T). Then, by the Boothby—Wang theorem, T generates a free and effective action
of S' on M. Next M becomes the total space of a principal S!-bundle 7 : M — B,
where B = M/(T). The projection map of any principal bundle is in particular a
submersion (and we may apply the results in [334]). Let gg be the Webster metric. Let
d/dt be the generator of Lie algebra L(S') ~ R. Then 6 ® (d/dt) is a connection
1-formin S' — M — B. Let us set

ho(X,Y)u = go (X, YH),,

where x € n_l(u), u € B,and X,Y € T,(B). Here X H Jenotes the horizontal lift
of X with respect to 0 ® (d/dt). The definition of sy (X, Y), does not depend on the
choice of x in 7~ (u). It follows that 7 : M — B is a Riemannian submersion from
(M, gg) onto (B, hg). Let P, Q be the fundamental tensors of m (cf. [334], p.460),
that is,

PxY = hV,xvY + vVyxhY, (5.57)
OxY =h§hth+v6hxvY, (5.58)

for any X,Y € T(M). Here V denotes the Levi-Civita connection of (M, gp). More-
over,h = my and vX = 6(X)T are the canonical projections associated with 7 (M) =
H(M) ® RT. Let us substitute from

V=V-di+A)QRT+TtR0+00J (5.59)

into (5.58). Since JT =0,tT =0, VT = 0 and H (M) is parallel with respect to V,
our (5.58) becomes

OxY =—{dO)(X,Y) + AX, )}T,
OxT =t(X) + JX, (5.60)
OrX =0, OrT =0,

for any X, Y € H(M). Since 7 is self-adjoint, by a result in [334], p. 460, Q is skew-
symmetric on horizontal vectors. Clearly the Levi distribution H (M) coincides with
the horizontal distribution of the Riemannian submersion 7 : M — B. Then the first
of the formulas (5.60) yields A = 0 and thus there is u € C*°(M) such that exp(2u)0
is globally pseudo-Einsteinian. The proof of Theorem 5.14 is complete. ]

A couple of remarks are in order.
(i) Let us substitute from (5.59) into (5.57). This procedure leads to P = 0. Con-
sequently the fibers of the submersion 7 : M — B are totally geodesic in (M, gg).
(ii) By a result of G. Gigante [175], p. 151, and by the proof of Theorem 5.14, any
compact strictly pseudoconvex symmetric (in the sense of [175], p. 150) CR manifold
is a Sasakian manifold.
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5.7.3 The Bockstein sequence

Let (M, T1,0(M)) be a nondegenerate CR manifold, and 6 a contact form. Let Ecr be
the sheaf of (local) CR-holomorphic functions on M.

Proposition 5.11. There is a short exact sequence

0> R -5 &cx -5 P -0, (5.61)
where
Jju :R—= EcrU), julc) =ic,
and
nu : Ecr(U) = PU), nu(f) =Re(f),

foranyc € Rand f € Ecr(U).

Indeed, let o, € Ker(n,), x € M. That is, there are an open set UcCM, x €U,and
a real-valued function v € C*°(U) such that [iv], = oy and v = 0. Then dpv = 0
(by complex conjugation) and dv = T (v)6. Exterior differentiation gives

0= (T ) A0 +T(v)d0 = (dT (v)) A0+ 2T ()h, 50" A 0P

Let us apply this to the pair (7, TE) to yield 0 = iT (v)h B> which (by contraction

with h"‘g) gives T (v) = 0, i.e., there is an open set V C U, x € V, and a constant
c € Rsuchthatv = con V. Thus oy = [ic]ly = jx(c). O

Consider the Bockstein exact sequence

o> H' (M, R) — H'(M, Ecp) 2> H' (M, P) 2> HX(M,R) — -

associated with (5.61). If M is compact and strictly pseudoconvex one may try to
show that (i) b(y (M)) = c1(T1,0(M)) and (ii) Im(n,) = O (by the results in the
previous sections, this would imply the Lee conjecture). The example H,, (s) kills a
hope to solve the Lee conjecture along the lines indicated above. Indeed, the map
r:H, \ {0} = =2 defined by

r(x) =94 -1(x), x € H,\{0},

is a deformation retract. Thus, by H,(s) ~ £?* x S! and the Kiineth formula, it
follows that

H?(H,(s),R) = H*(Z*",R) = H>(H, \ (0}, R) = H*(5*",R) =0,
and the Bockstein sequence yields

Im(n,) = H'(Hy(s), P).
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5.7.4 The tangent sphere bundle

Let M be a Riemannian manifold and U (M) its tangent sphere bundle. The natural
almost complex structure J of T(M) induces an almost CR structure H on U (M) (as
a real hypersurface of 7'(M)). Although J is rarely integrable (in fact, only when M
is locally Euclidean; cf. P. Dombrowski [116]) H may turn out to be a CR structure.
For instance, if M is a space form then H is integrable.

Theorem 5.15. (E. Barletta et al. [37])
Let M be an n-dimensional Riemannian manifold and H the natural almost CR struc-
ture of U(M). The following statements are equivalent:

(i) (U(M), H) is a strictly pseudoconvex CR manifold (of CR dimension n—1) whose
Tanaka—Webster connection has a vanishing pseudo-Hermitian torsion.
(ii) M is an elliptic space form M"(c) of sectional curvature c = 1.

The natural pseudo-Hermitian structure of U(M" (1)) is globally pseudo-Einsteinian.
In particular U(M"™ (1)) has positive pseudo-Hermitian scalar curvature and the first
Chern class of its CR structure 'H vanishes.

As a corollary, the first statement in Theorem 5.15 yields a short proof of a result by
Y. Tashiro [402] (the contact vector of U (M) is Killing if and only if M = M"(1)).
The proof of the second statement in Theorem 5.15 relies on a result by E.T. Davies
and K. Yano [113].

We need a brief preparation on the geometry of the tangent bundle over a Rieman-
nian manifold. Let (M, G) be an n-dimensional Riemannian manifold. Let D be the
Levi-Civita connection of (M, G).

Definition 5.18. (W. Barthel [48]) A C®° distribution on 7' (M),
N:veTM)— N, C Ty (T(M)),
is called a nonlinear connection on M if
T, (T (M)) = Ny @ [Ker(d,ID], (5.62)

forany v € T(M). Here I1 : T(M) — M is the natural projection. (I

D gives rise to a nonlinear connection N on T(M). Precisely, let (U, x') be a local
coordinate system on M and (M1 (U), x, y") the naturally induced{local coordinates
on T(M). Let F’l.k(x) be the coefficients of D (with respect to (U, x')) and let us set

5 8 ;0

where
Ni(x, y) =T (0)y*,

Then {S/Sxi : 1 <i < n}isalocal frame of N (on ).
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Definition 5.19. For each v € T(M) let 8, : T, (M) — N, be the horizontal lift, i.e.,
the inverse of d,I1 : N, — Ty (M), where x = I1(v). O
Locally, one has

0 8

P axi  Sxi’
Definition 5.20. The vertical lift y, : T,(M) — Ker(d,I1) is given by

Yo(w) = d—C(O),
dt
for any w € Ty(M). Here C : (—€,€) — T,(M) is the curve given by C(t) =
v+ tw, |t] <e. O
Locally
a a
Y ol = a_yi’

so that y is a bundle isomorphism. Let Q, : T, (T (M)) — Ker(d,I1) be the natural
projection (associated with (5.62)).

Definition 5.21. (P. Dombrowski [116])

The Dombrowski map K, : T,(T(M)) — T(M) is givenby K = y~1 0 Q. 0
Locally
8 d d
ox! ay! ax!

Next, we shall need the following definition:
Definition 5.22. The Sasaki metric g on T (M) is given by
gV, W)=G(KV,KW)+ GI1.V, I1,W)
forany V, W € T(T (M)). (]

This is a Riemannian metric on 7 (M) and the distributions N and Ker(I1,) are or-
thogonal (with respect to g).

Letus set UM)y = {v € T,(M) : G,x(v,v) = 1}. The disjoint union U (M)
of U(M), for all x € M is a real hypersurface of 7 (M) and the total space of an
S"~!bundle 7 : U(M) — M. The portion of U (M) over U is given by the equation

gij()y'y =1, (5.63)
where the g;; are the components of G with respect to (U, x"). Note that

Ny C T, (U(M)),
Ker(dym) = T, (U(M)) N Ker(d,I1),

for any v € U(M).
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Definition 5.23. Let J be the natural almost complex structure of 7'(M) given by

foﬁ:yandjoy:—ﬂ. |
Locally
- § -0 8
J— = —F, _— = ——
Sx! ayt ay' Sx?
Let us set

Ti o(U (M), = TH(T (M), N [T,(U(M)) @ Cl,

where T10(T(M)) C T(T(M)) ® C is the eigenbundle of J corresponding to the
eigenvalue i.

Proposition 5.12. H = T1 o(U (M)) is an almost CR structure on U (M), i.e., HNH =
0).

By aresult of P. Dombrowski [116], if D is flat then (T (M), J)isa complex manifold.
Corollary 5.3. If (M, G) is locally Euclidean then 'H is integrable.

For instance U (R") is a CR manifold (of CR dimension n — 1). In general,  is only an
almost CR structure, and the problem of studying the corresponding Cauchy—Riemann
pseudocomplex is open.

Let P = B o K. Then P, : Ker(d,I1) — N, is a linear isomorphism. We shall
need the following lemma:

Lemma 5.7. The maximal complex distribution H (U (M)) of the almost CR manifold
(U(M), H) is given by

H(UM))y = Ker(dym) @ [Py Ker(dym)]

foranyv € U(M).

Proof. Let E(1) — U (M) be the normal bundle of the immersion ¢ : U(M) — T (M).
Let us set v = y'3/dy’. Then v is a (globally defined) unit normal (v, € E(t),) on
U(M). Let us set £ = —Jv. Then £ is tangent to U(M). Locally, we have & =
yi8/8x’. Let n/ be the real 1-form on U (M) given by

n'(V)=g'(V.&),

forany V € T(T (M)), where g’ = (*g is the metric induced on U (M) by the Sasaki
metric g of T (M). Note that H(U (M)) = Ker(’). Also Ker(r,) C Ker(n'). Let us set
yi = gi;y’. Then n/(8/8x") = y;. At this point Lemma 5.7 follows from the fact that
a vertical tangent vector X = B'9/dy’ is tangent to U (M) if and only if g;;B'y/ =0
(by taking into account (5.63)). U
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Let us set U = {ym # 0} C 7~ YU). The portion of Ker(sm,) over U is the span
of {Yy : 1 <a <n— 1}, where

a a _ Va

ayn ’ o — yn .
Let us set ¢V = tan{JV} for any V e T(U(M)). Here tan, : T,(T(M)) —
T, (U (M)) is the natural projection associated with the decomposition

T, (T (M)) = t,(U(M)) & E(W),

for any v € U(M). The restriction J of ¢ to H(U(M)) and the complex structure
Jumy of H(U(M)) actually coincide. Note that J X, = Y, where

1) )
Xo =G~ Ao

Thus (by Lemma'5.7) H = T1,0(U(M)) is (locally) the span of {7}, where T;, =

Xy — 1Y, Let R;. ¢ b€ the components of the curvature tensor field R of D (with

respect to (U, x1). Let us set

Rlicf = Ri'keyj~
Note that
) 8 d
[—., —] = Rk (5.64)
Sxi’ SxJ J ayk

(so that the Pfaffian system dy’ + N; (x, y)dx/ = 0is integrable if and only if Rfj =
0). We shall prove the following lemma:

Lemma 5.8. The almost CR structure H on U (M) is integrable if and only if
Ry + AaRj, + AgR), =0 (5.65)
on U, for any local coordinate neighborhood (U, x') on M.

Proof. The generators Xy, Yy satisfy the commutation formulas

) . . . d

[Xa, Xﬂ] = {Xﬁ(Aot) - Xot(Aﬂ)}ax_n - {Rtlx/g + AaRjgn + AﬁR;la}a_yi’
0

8y”’
5 9 ,. L

[Xo, Y] = Yﬂ(Aa)Sx_" - Xa(Aﬂ)W + {Yg(N,) — A“Yﬂ(N”)}a_yi'

Yo, Yl = {Yp(Aa) — Ya(Ap)}

These follow from (5.64) together with the identities

5 9 A R
I:__’—_]:F..—, I:—,_]ZO
Sxi’ dy/ Vogyk’ Loyt 9yJ
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A straightforward calculation shows that
Xa(Ap) = Xp(Aa), You(Ap) =Yp(Aa),
Yo (Np) — ApYo(N;) = Yp(N}) — Ao Yp(N,),
so that

. 4 9
[Ta Tyl = —~{Rig + AaRly, + ApRig ). (5.66)

Finally, from (5.66) and from

8 .0 8 .0
ro= S (i)
ox% ay“ Sx" ay"

we see that [Ty, Tg] € ‘H if and only if (5.65) holds on U. O

Let X be areal (2m 4+ 1)-dimensional manifold. Let (¢, &, n) be an almost contact
structure on X. The restriction of ¢ to Ker(n) is a complex structure. Let us extend ¢ to
Ker(n) ® C and let us set T o(X) = Eigen(i). Then 77 0(X) is an almost CR structure
(of CR dimension m) on X. If (¢, &, ) is normal (in the sense of [62], p.48) then
(by a result of [214]) Ty ,0(X) is integrable. Going back to X = U(M), set § = 2§’
and n = (1/2)n’. Then (@, &, 1) is an almost contact structure on U (M). Next, set
g = (1/4)g’. Then (@, &, 1, g) is a contact metric structure on U (M) (in the sense of
[62], p. 25). By a result of Y. Tashiro [402], if M = M" (1) (i.e., (M, G) has constant
sectional curvature 1) then (¢, &, n, g) is a Sasakian structure on U (M). In particular
it is normal, so that by applying the theorem of S. Ianus quoted above, we have proved
the following:

Proposition 5.13. (Y. Tashiro [402])
U(M"™(1)) is a CR manifold.

Our Lemma 5.8 may be used to indicate examples of Riemannian manifolds M other
than those covered by Y. Tashiro’s theorem, for which U (M) is CR.

Definition 5.24. ([420]) (M, G) is a Riemannian manifold of quasi-constant curva-
ture if its curvature tensor field is given by

R = c{85gri — 88t + b{(8Tvk — Spvj)vi + (vjgri — vigjiv'), (5.67)
for some rea]-valued functions b, ¢ € C°(M) and some unit tangent vector field
V =v'9/0x' on M. (]
If M is a Riemannian manifold of quasi-constant curvature we write M = M , (V).
Proposition 5.14. (E. Barletta et al. [37]) Let M be an n-dimensional Riemannian
manifold. Then

Ryi + Ryj + Ry =0 (5.68)

on U (M) is a sufficient condition for the integrability of the natural almost CR struc-
ture H of UUM). If M = Mfﬁb(V) then (5.68) holds if and only if either n = 2 or
n > 3 and b = 0. In particular U(M" (c)) is CR for any space form M"(c).
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Proof. Clearly (5.68) yields (5.65), so that the first statement follows from Lemma 5.8.
Next (by taking into account (5.67))

Rf-kyi + R;yj + Rijk = bfTﬁkv

where
Tfik = 8§y,-vk — Sfijk +3fykvj — Sﬁykvi +8,€ij,- — S,fyivj
and f : U(M) — Ris f = v;y'. Note that

¢ ¢ ¢ ¢ ¢ ¢
Ti + T =T + Tipy = Tji + Tij = 0.

Clearly n = 2 or b = 0 yields (5.68). ]
Conversely, assume that (5.68) holds. Then
bfTh v =0,

1

or
(n =2)bf (fvx = y) = 0.

If n > 3 then b = 0. Indeed, if b(x) 7# O for some x € M then one may choose
u € U(M), such that {u, V,} span a 2-plane and G (u, V,) # 0. Then f(u) # 0 and
F)vi(x) —u’ # 0, a contradiction. O

Let us consider a C* manifold X carrying the contact metric structure (¢, &, 1, g).
Letusset T = —& and 6 = —n. By the contact condition (dn = & where ®(V, W) =
g(V,pW))onehas T |d9 = 0. Assume T o(X) = Eigen(i) to be a CR structure on X.
Again by the contact condition gy = g, so that (X, T71,9(X)) is a strictly pseudoconvex
CR manifold. Let V and V¥ be respectively the Tanaka—Webster connection and the
Levi-Civita connection of (X, g). Then VT = 0; hence

Vig=—¢p—1. (5.69)

In particular, the almost contact metric structure (¢, &, n, g) of X = U(M) satisfies
the contact condition (cf. [62], p. 133), so that the considerations above may be applied
to compute the pseudo-Hermitian torsion 7 of (U (M), n). Precisely, we establish the
following:

Lemma 5.9. Assume H = Ty,0(U(M)) to be a CR structure. Then

§ kool 4 0

T H (8 — yry )a_yﬁ’ (5.70)
3 8

T = Hik(s—k, (5.71)
y X

where

Hik = Rl{(j)’j +yiyk - 511(-
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Proof. Let us use
T = _%]X o(LrJx)

for X = U(M). Then (5.70)—(5.71) may be gotten from the following identities:

) _Hlwi ) iRk 0
Sand | TH Mg Y RiigyE |

e D] af
Tayi | SxJ Tayk|°

[, v] = —&,
E(yy) = 29"y |jk, il,

tan (8_)1’) = (& —yiy )W,

where £ = 2y'8/8x! and v = y'9/dy".
At this point we may prove Theorem 5.15. Assume (ii) holds. Then (5.68) holds
on U (M), so that U(M) is a CR manifold. On the other hand, M = M"(1) yields
Ry = 8f — yiy", (5.72)
so that (by Lemma 5.9) t = 0. Conversely, assume (i) holds. Then Lemma 5.9 yields
(5.72).Letx € M and X, v € T, (M) be two unit tangent vectors such that G, (X, v) =

0. Let us set X = X'3/dx’. Let us apply (5.72) at v and contract with X’ in the
resulting identity. This procedure leads to

R]gij(x)Xivj t= xk
(since X'v; = 0), or
Ry(X,v)v = X,

which (by taking the inner product with X) yields constant sectional curvature 1. [

Let us show that Y. Tashiro’s theorem ([402]) follows from the first statement of
our Theorem 5.15. Indeed, if M = M"(1) then (with the arguments above) it makes
sense to consider the Tanaka—Webster connection, and T = 0 yields normality by a
result in [120]. Thus U (M) is Sasakian (and any Sasakian structure is in particular K -
contact). Conversely, if the contact structure (¢, &, n, g) of U (M) is K-contact then
Vie = —¢p (by (8) in [62], p.64), which together with (5.69) yields T = 0 and
Theorem 5.15 applies. O

When M" (1) is compact U (M" (1)) is a compact strictly pseudoconvex CR man-
ifold; hence (by a result of L. Boutet de Monvel [77]) U(M" (1)) is locally embed-
dable (as a real hypersurface in C"). It is natural to ask whether U (M" (1)) is globally
pseudo-Einsteinian.
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Let K be the Ricci tensor field of the Sasaki metric gon T(M). By aresult of E.T.
Davies and K. Yano [113], one has

_ (5 8 ‘ .

K (8)(_/ 3,7) = Rji+ 35" |R§iRzirm + R;iiR},m} , (5.73)

R (20 ) = W ViRl + Rl log VA) (5.74)
ayl " axk ) T 2Y | Vi T Ry i (08 , .

~ (0 0 .

K <W’ W) B %Ri[rkszsyrys ’ (575)

where R i denotes the Ricci curvature of (M, G) and A = det[g;;]. We need the
Gauss equation (cf. [241], vol. I, p. 23) of U(M) in (T (M), g):
R(X,Y,Z, W)
=RX,Y,ZW)+4dX,a,2)g¥,a,W) — g'(X,a,W)g'(Y,a,Z), (5.76)

forany X,Y,Z, W € T(U(M)). Here a, is the shape operator of (. Taking traces in
(5.76) leads to

KX, Y) =KX, V) + ¢ (@X, a¥) — ¢ (X,a,V)|ull — R(X,v,¥,v), (577)

where K is the Ricci curvature of (M), ¢’) and p is the mean curvature vector of ¢.
At this point, a calculation based on the identities (2) in [62], p. 130, shows that

Ié(X, v,Y,v) =0,
for any X, Y € T(U(M)). Next, by taking into account

8
av(S_xi = O, ClVX = —X,

for any X € Ker(m,); cf. [62], p. 132, we obtain

of O ) . (4 )
K —, — | = K Y, — |,
oxt Sx/ oxt Sx/
K'X, V) =KX, ")+ (1 + |ulhg (X, Y), (5.78)
P ) - )
K'[X,—)=K|X,— ),
ox/ ox/

for any X, Y € Ker(s,). Note that g(Xy, Xg) = 2ha3, where haE is the Levi form of
(UM), 0).If M = R” then (5.73)—(5.75) and (5.78) lead to

K5 =201+ llulDh,g.
where Kzﬁ = K% (1T,, TE)' By a result in Chapter 1 of this book

0 _ _ 1y _
Kop = Kap — 2hap:

where KaB is the (pseudo-Hermitian) Ricci tensor (of (U (M), 6)).
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Corollary 5.4. U(R") is globally pseudo-Einsteinian.
Similarly, if M = M" (1) then (5.73)—(5.75) may be written as

7 1) 1) _ 2n —3 n—2
~ ad ad 1
K (W’ W) = §(gjk = YjiYi),

K a 8 _ 1 i i 8
K (W W) =208k — Sj)ﬁ(log«/Z)

on U(M" (1)), which together with (5.78) furnish
6 _ _
K7 =201+ |y
Thus

n
p=2n(n+||lt||)+5 > 0. O

Let ¢ (H) € H>(U(M" (1)), R) be the first Chern class of . Since U (M" (1)) is
pseudo-Einsteinian, we may conclude that ¢ (H) = 0. ]

5.8 Pseudo-Hermitian holonomy

Let (M, Ty 0(M)) be a strictly pseudoconvex CR manifold, of CR dimension n. Let
0 be a contact form on M such that the Levi form Ly is positive definite. Let 7 be
the characteristic direction of (M, 6). Let GL2n + 1,R) — L(M) —> M be the
principal bundle of all linear frames tangent to M. For each x € M, let B(6), consist
of all R-linear isomorphisms u : R+l 5 T, (M) such that

u(eg) =Ty, uley) € H(M)y, u(eqin) = Jyxuley),
8o.x(u(eq), u(ep)) = dup, go.x(uleq), ulegin)) = 0,

where J is the complex structure in H(M) and gy is the Webster metric of (M, 6).
Also {eg, ey, eq4n} C R?"+! is the canonical linear basis.

Proposition 5.15. B(6) — M is a U(n) x 1-structure on M, i.e., a principal U(n) x 1-
subbundle of L(M).

On a strictly pseudoconvex CR manifold, there are two natural families of holonomy
groups one may consider: the holonomy of the Levi-Civita connection of (M, g) and
the holonomy of the Tanaka—Webster connection. The Tanaka—Webster connection V
of (M, 0) gives rise to a connection I" in B(6). Let ®%(u) be the restricted holonomy
group of I', with reference point u € B(0).

Definition 5.25. We call ®°(u) the pseudo-Hermitian holonomy group of (M, 0)
atu. (]
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A systematic study of the (pseudo-Hermitian) holonomy of a CR manifold is still miss-
ing in the present-day mathematical literature. In this section we establish a pseudo-
Hermitian analogue of a result by H. Iwamoto [218].

Theorem 5.16. (D.E. Blair et al. [68])

Let M be a real (2n + 1)-dimensional Sasakian manifold, with the structure ten-
sors (¢, &, 1, g). The pseudo-Hermitian holonomy groups of (M, n) are contained
in SU(n) x 1 if and only if the Tanaka—Webster connection of (M, n) is Ricci flat
(Ric =0).

Proof. M is thought of as a strictly pseudoconvex CR manifold carrying a contact
form with vanishing Webster torsion (r = 0) and g is its Webster metric. For any
u € B®), ®°(u) c Un) x 1. Let 2 be the curvature 2-form of I. By Lemma 1 in
[241], Vol. 11, p. 151, given an ideal h of L(U(n) x 1), the Lie algebra of U(n) x 1,
one has the following:

Proposition 5.16. L(®°(u)) C h if and only if Q is h-valued.

Throughout, L(G) is the Lie algebra of the Lie group G. Let E ; € gl2n + 1,R)
be the matrix with 1 in the jth row and ith column and 0 at all other entries. Then
Q= Q’] ® E/. Abasis of L(U(n) x 1) is

B+1 +1 B+n+1 +n+1 B+1 +n+1 +1 B+n+1y .
{Ea+1 - E§+1 + Ea+n+1 - EZ+Z+1’ Ea+n+1 - E§+? + E§+n+1 - Ea+1 }

hence
i 1
Q) =0, Qj =0,
+1 +n+1
Qe = ot — % — @F

B+1 B4+n+1 — T B
+n+1 +1
QT = = Y vl

for some scalar 2-forms CD%, lllg on B(0). Since SU(n) = O(n) NSL(n, C) it follows
that Q is L(SU(n) x 1)-valued if and only if W§ = 0. On the other hand, using the
identity

2u (Q(XF, YD, u_l(Zx)) = (R(X,Y)Z)., u€ By, (5.79)

we may compute the forms Wg in terms of RAB cp- Here X, Y, Z are vector fields
on M and X' is the I'-horizontal lift of X. Let x € M and let {Xy, /Xy, T} be a
cross-section in B(0), defined on some open neighborhood U of x. Let us set &, =
%(Xa —iJXy) (hence 84 = dup). Letu = (x, {Xg x, @x Xo x, Tx}) and note that

u™" () = J5(ey —ieyin). Then (5.79) leads to
(R(X,Y)Ey), =245 — OF +i(W) + WIIX", Y )b

because of E j.ek = Slie ;- Take the inner product with &z and contract « and y in the
resulting identity. We obtain
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n

4iwE (X", X", = g(R(X, V)éa, Ex)s- (5.80)

a=l1

The curvature form €2 is horizontal; hence L(U(n) x 1)* | % = 0, where A* is the
fundamental vertical vector field associated with the left-invariant vector field A. Also

4 WEE ED =) Ra® 1807 = Ra"1 = 0.
o
Similarly
4i WS (T &) = Ry = Y Siz =0.
o

Finally (again by (5.80))
Ry(x) = 4iW5 (5] ED)u. (5.81)

Since W is a real form, (5.81) shows that W$ = 0 if and only if R;7 = 0. Yet when
7 = 0 the only nonzero components of Ric are R,z (cf. also Lemma 5.10). 0

Note that the hypothesis T = 0 was not fully used in the proof of Theorem 5.16
(only § = 0 was actually needed). Therefore, we have obtained the following result:

Theorem 5.17. Let M be a strictly pseudoconvex CR manifold, of CR dimension n,
and 6 a contact form with parallel Webster torsion (Vt = 0). Then the Tanaka—
Webster connection V of (M, 0) has pseudo-Hermitian holonomy contained in
SU(n) x 1 if and only if the pseudo-Hermitian Ricci tensor of (M, 0) vanishes

(Ryz = 0).

5.9 Quaternionic Sasakian manifolds

The closest odd-dimensional analogue of Kéhlerian manifolds seems to be Sasaki-
an manifolds. On the other hand, real 4m-dimensional Riemannian manifolds whose
holonomy group is contained in Sp(m) (the so-called hyperkdihlerian manifolds) or in
Sp(m)Sp(1) (the quaternionic-Kdhler manifolds) are quaternion analogues, and by a
well-known result of M. Berger [58], any hyperkihlerian manifold is Ricci flat, while
any quaternion-Kéhler manifold is Einstein, (provided that m > 2). Cf. also S. Ishihara
[216].

It is then a natural question whether a Sasakian counterpart of quaternionic-Kéhler
manifolds may be devised, with the expectation of producing new examples of pseudo-
Einsteinian contact forms.

Evidence on the existence of such a notion may be obtained as follows. Recall (cf.,
e.g., [60], p. 403) the following proposition:

Proposition 5.17. A Riemannian manifold (M*", g) is a quaternionic-Kdhler mani-
fold if and only if there is a covering of M*™ by open sets U; and for each i, two
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almost complex structures F and G on U; such that (a) g is Hermitian with respect
to F and G on U;, (b) FG = —GF, (c) the covariant derivatives (with respect to
the Levi-Civita connection of (M*", g)) of F and G are linear combinations of F, G
and H := FG, and (d) for any x € U; N U; the linear space of endomorphisms of
T (M*™) spanned by F, G, and H is the same for both i and j.

In an attempt to unify the treatment of quaternionic submanifolds, and of fotally real
submanifolds of a quaternionic-Kihler manifold (cf. S. Funbashi [161], S. Marchi-
afava [293], A. Martinez [294], A. Martinez, J.D. Pérez, and F.G. Santos [295], G. Pitis
[348], Y. Shibuya [371]) M. Barros, B.-Y. Chen, and F. Urbano introduced (cf. [47])
the notion of quaternionic CR submanifold of a quaternionic-Kéhler manifold, as fol-
lows.

Definition 5.26. Let N be a real submanifold of a quaternionic-Kihler manifold M*".
A C® distribution H(N) on N is a quaternionic distribution if for any x € N and any
i such that x € U; € M*" one has F(H(N)y) € H(N)x, G(H(N)y) € H(N)y
[and then, of course, Hy(H(N),) € H(N),]. A submanifold N of a quaternionic-
Kihler manifold is a quaternionic CR submanifold if it is endowed with a quater-
nionic distribution H (N) such that its orthogonal complement H (N )L in T(N) sat-
isfies F(H(N)) € T(N)yx, G(H(N)Y) € T(N)i and H(H(N)y) C T(N)i, for
any x € U; and any i. ]

Here T(N)*+ — N is the normal bundle (of the given immersion of N in M 4my Let
us also recall (cf., e.g., [60], p. 398) the following result:

Proposition 5.18. A Riemannian manifold (M*", g) is hyperkiihlerian if and only if
there exist on M*™ two complex structures F and G compatible with g and such
that (a) F and G are parallel, i.e., g is a Kdhlerian metric for both F and G, and
(b) FG = —GF.

Given a quaternionic CR submanifold (N, H(N)) of a hyperkihlerian manifold
M 4m g, F, G), by a theorem of D.E. Blair and B-Y. Chen [64], the complex struc-
tures F' and G induce two CR structures on N (provided N is proper, i.e., H(N) # 0
and H(N)* # 0) such that H(N) is the Levi distribution for both. Taking this situa-
tion as a model one may produce the following notion of abstract (i.e., not embedded)
hyper CR manifold.

Definition 5.27. Let (M, T} 0(M)) be a CR manifold of type (n, k) where n = 2m
(hence dimp M = 4m + k) and k > 1. Let H(M) be its Levi distribution and

F:HM)— HM), F(Z+2Z)=i(Z~-2Z), Ze T oM),

its complex structure. We say that (M, T ¢(M)) is a hyper CR manifold if it possesses
two additional CR structures, say 71 o(M)’ and 71 o(M)"”, with the same Levi distribu-
tion H (M), such that the corresponding complex structures G, H : H(M) — H(M)
satisfy
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F?=G?*=H?=—1,

FG=-GF=H, (5.82)
GH = —HG = F,
HF = —-FH =G. O

Definition 5.28. A quaternionic CR manifold is by definition a real (4m + k)-dimen-
sional manifold M, k > 1, endowed with a real rank-4m subbundle H(M) C T (M)
and a real rank-3 subbundle £ — M of H(M)* ® H(M) — M such that for any
x € M there is an open neighborhood U of x and a local frame {F, G, H} of E on U
satisfying the identities (5.82). U

A priori, the notions of a hyper CR manifold, or a quaternionic CR manifold, seem
not to be direct analogues of the notions of hyperkihlerian and quaternionic-Kéahler
manifolds, since there is no counterpart of the metric structure there. However, in
complex analysis one is interested in the metric structure arising from the complex
structure, e.g., the Levi form of a given CR manifold, extending (for nondegenerate
CR structures) to a semi-Riemannian metric (the Webster metric).

Let M¥"+tl bea hyper CR manifold such that (M 4m+1 T1,0(M)) is nondegenerate,
and let 6 be a fixed contact form.

Definition 5.29. We say that 6 is a hyper contact formif VG = 0 and VH = 0, where
V is the Tanaka—Webster connection of (M*"+1 9). O

More generally, let (M am+1 g (M), E) be a quaternionic CR manifold of the follow-
ing sort: M 4m+1 carries a nondegenerate CR structure 77 o(M) whose Levi distribution
is H(M) and for any x € M*"*! there is an open neighborhood U and a local frame
of E on U of the form {F, G, H}, where F is the (restriction to U of the) complex
structure in H (M) associated with 77 o(M) and satisfying the identities (5.82). Such
a local frame of E at x will be referred to hereinafter as an F-frame.

Definition 5.30. A contact form 6 on (M*"+1, T1,0(M)) is said to be a quaternionic
contact form if for any x € M*"*! there is an open neighborhood U and an F-frame
{F, G, H} of E on U such that

(d6)(FX, FY)+ (d6)(X,Y) =0,
(d6)(GX, GY) + (dO)(X,Y) =0, (5.83)
dO)HX, HY) + (d0)(X, Y) = 0,

for any X, Y € H(M), and moreover,

VxF =0,
VxG = p(X)H, (5.84)
VxH = —p(X)G,

for some 1-form p on U and any X € T (M), where V is the Tanaka—Webster connec-
tion of (M*"+1, F,0). O
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Note that the first row identities in (5.83)—(5.84) are written for uniformity’s sake (and
are automatically satisfied, one as a consequence of the formal integrability property
of T1,0(M), and the other by the very construction of V).

Definition 5.31. A quaternionic CR manifold carrying a quaternionic contact form 6
is said to be a quaternionic Sasakian manifold. (]

This is motivated by Theorem 5.18 below, according to which the Webster torsion of
0 vanishes (r = 0), i.e., the underlying Riemannian metric is indeed Sasakian.

Theorem 5.18. (D.E. Blair et al. [68])

Let (M4’"+1, 0) be a quaternionic Sasakian manifold. Then t = 0, i.e., the Webster
metric g of (M4’”+1, 0) is a Sasakian metric. Moreover, either the Tanaka—Webster
connection of (M*"+1,0) is Ricci flat, or m = 1. If this is the case (i.e., m = 1) then
(M3, 0) is pseudo-Einsteinian if and only if 4p + p 0 is a closed 1-form on U, for any
F-frame of E on U satisfying (5.83)—(5.84).

A few remarks are in order. By Theorem 5.16 any quaternionic Sasakian manifold
M*"+1 of dimension > 9 has pseudo-Hermitian holonomy contained in SU(2m) x 1.
By a result in this very chapter, the first Chern class of the CR structure of M*"*! must
vanish (c1(T1,0(M*"*1)) = 0). Finally, let M" (1) be a real space form of sectional
curvature 1. By a result in this chapter the pseudo-Hermitian Ricci tensor of U (M" (1))
is given by RQB = [% + 2(n + ||u||)]ga3, where p is the mean curvature vector

of U(M"(1)) in T(M"(1)). Therefore (by Theorem 5.18) UM *1(1)) admits no
quaternionic Sasakian structure for m > 2. O

To prove Theorem 5.18, let (M*"*1,0) be a quaternionic Sasakian manifold and
{F, G, H} a (local) F-frame on U satisfying (5.82)—(5.84). Let g be the Webster met-
ric of (M*"+19). Then

g(FX,FY)=g(X.Y),

g(GX,GY) =g(X,Y), (5.85)
g(HX,HY) =g(X,Y),

for any X, Y € H(M). The first identity is obvious. The second, for instance, follows
from
g(GX,GY)=(dO)(GX,FGY) =(d8)(GX,HY)
= —(d9)(G*X,GHY) = (d0)(X, FY) = g(X. Y),
by the definition of the Webster metric g. We shall need the following curvature iden-
tities
[R(X,Y), Gl =a(X,Y)H, (5.87)
[R(X,Y), H] = —a(X, Y)G, (5.88)
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forany X, Y € T(M), where « := 2dp. The first identity is a consequence of VF =
0. The second, for instance, follows from

[R(X,Y),GlZ=R(X,Y)GZ - GR(X,Y)Z
=Vx(VyG)Z — Vy(VxG)Z — (Vix,1G)Z
+ (VxG)VyZ — (VyG)Vx Z
=2dp)(X,Y)HZ + p(Y)(VxH)Z — p(X)(VyH)Z
—a(X,Y)HZ,

forany X,Y € T(M) and Z € H(M). O
Let us take the inner product of (5.88),

[R(X,Y),H|Z = —a(X,Y)GZ, Ze HM),
with GZ to obtain
a(X, V)| Z|1> =g(HZ,R(X,Y)GZ) + g(R(X,Y)Z, FZ). (5.89)
Consider a local orthonormal frame of H (M) on U of the form
(Xi:1<i<d4m}={X,, FX,,GX,, HX,: 1 <a < m}.

Let us set Z = X; in (5.89) and sum over i to obtain

4m
dma(X,Y) = Z{g(HXi, R(X,Y)GX;)+g(R(X,Y)X;, FX;)}. (5.90)
i=1

Since
{(GX;, HX;) : 1 =i <4m} = {(X;, ¢ FX;) 1 1 <i <4m},
where €; € {£1}, the equation (5.90) becomes

4m
2ma(X,Y) =Y g(R(X,Y)X;, FX;). (5.91)
i=1

We shall need the first Bianchi identity,

Y R, V)Z + Ty(Ty(X, Y), Z) + (VxTy)(¥, Z)} =0,
XYZ

for any X, Y, Z € T(M). Throughout ZXYZ denotes the cyclic sum over X, Y, Z.
Also, we recall that

Tv(X,Y) =2do) (X, T,

for any X, Y € H(M). Therefore (by VT = 0 and V2 = 0)
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Z (RIX,Y)Z —2Q(X,Y)tZ} =0, (5.92)
XYZ

forany X,Y,Z € H(M). Let us set Z = FX; in (5.92), and take the inner product
with X; in the resulting identity. Next, sum over i to obtain

4m
—2ma(X,Y)+ Z{g(Xi, R(Y, FXi)X) + g(Xi, R(FX;, X)Y)}

i=1

=2Q(X, Y)trace(tF) +2Q (Y, FtX) +2Q(FtY, X). (5.93)
Note that trace(z ) = 0, because © T1,0(M) € Tp,1 (M), and
QY,FtX)+ Q(FtY,X) =0,
by the symmetry property of A(X,Y) = g(tX,Y), with the corresponding simpler

from of (5.93). From the curvature theory developed in Chapter 1 of this book we
recall that

RX,Y)Z=RX,Y)Z+ (LX ALY)Z 4+2Q(X,Y)¢pZ
—g8(X,Y), 26 + n(Z)S(X,Y) —2¢((m A O)X, Y), Z)&
+2n(Z2)(n A O)(X,Y), (5.94)

forany X, Y, Z € T(M), where
L=¢p—1, O=r2—2(pr—1,

and (X AY)Z =¢g(X,Z2)Y —g(Y, Z)X. Here R is the curvature of (M, g). In partic-
ular, if X, Y, Z € H(M),

RX,Y)Z=R(X,Y)Z+ (LX ALY)Z +2Q(X,Y)oZ — g(S(X,Y), Z)& .

Let us take the inner product with W € H (M) to obtain

RW,Z,X,Y)
=g(R(X,Y)Z, W)+ g((LX ANLY)Z, W) =2Q(X, Y)QUZ, W), (5.95)

for any X,Y,Z,W € H(M), where R\W,Z,X,Y) = g(R(X,Y)Z, W) is the
Riemann—Christoffel 4-tensor of (M, g). Exploiting the well-known symmetry

R(WW,Z,X,Y)=R(X,Y, W, 2),

the identity (5.95) furnishes

g(R(X,Y)Z, W)
=g(R(W,2)Y,X)+ g(LW ALZ)Y,X) — g(LX ALY)Z, W). (5.96)
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Let us replace the vectors (X, Y, Z, W) by the vectors (F X;, X, Y, X;) in the formula
(5.96). We obtain

4m 4m
> g(R(FX;, X)Y,X;) = Y _g(R(X;,Y)X, FX;) + g(X, LY) trace(F L)
i=1 i=1
— g(X,LFLY) + g(LX,Y)trace(LF) — g(LFLX,Y).
Substitution into (5.93) gives

4m
Zma(X,Y) = Z{g(R(Y, FX)X, Xi) — g(R(Y, Xi)X, FX;)}
i=1
+ g(X, LY)trace(FL) — g(X,LFLY)
+ g(LX,Y)trace(LF) — g(LFLX,Y),

and by observing that

{(FX;, Xi):1<i<dm} ={(MX;, i FX;) : 1 <i <4m},
Aiy pi € {E£1}, Ajp = -1,

we obtain

2ma(X,Y) =2 Z ¢(R(X:, Y)X, FX;) + terms,
i

or (replacing X by FX)

2Ric(X,Y) =2ma(FX,Y)
+g(FX,LFY)—g(FX,LY)trace(FL)
4+ g(LFLFX,Y)—g(LFX,Y)trace(LF), (5.97)

for any X, Y € H(M). Next, let us take the inner product of (5.86),
[R(X,Y), F1Z=0, X,Y,Ze HM),
with GZ, so that
g(R(X,Y)FZ,GZ)+ g(R(X,Y)Z,HZ) =0.

Let us set Z = X; and sum over i to obtain

4m
Y {s(R(X.Y)FX;i, GX)) + g(R(X. Y)X;, HX))} =0

i=1
and observe that

{(FX;,GX;): 1 <i<4m}={(X;, e, HX;) : 1 <i <4m}, ¢ € {1}
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Therefore

4dm
> g(R(X.Y)X;, HX;) = 0. (5.98)
i=1

Let us set Z = HX; in (5.92) and take the inner product with X; in the resulting
identity. Then (by (5.98))

4m
> {g(R(Y.HX)X, X;) + g(R(HX;, X)Y, X))}
i=1

=2Q(X, Y)trace(tH) +2Q(Y, Ht X)) + 2Q(HY, X). (5.99)
Now replace (X, Y, Z, W) by (HX;, X, Y, X;) in (5.96) to obtain
g(R(HX;, X)Y, X;) = g(R(X;, V)X, HX;)
+e(LXi ALYYX, HX;) —g(LHX; AN LX)Y, X;)
and substitute into (5.99). Also observe that

{((HX;, Xi): 1 <i <d4m} ={(X;, wi HX;) 1 1 <i <4m},
Ay i € {1}, Aip = —1;
hence
4m
2 g(R(X:, V)X, HX;) — g(LHLY, X) + g(LY, X) trace(HL)

i=1

—g(LHLX,Y)+ g(LX,Y)trace(LH)

=2Q(X,Y)trace(tH) +2Q(Y, Ht X) + 2Q(HtY, X). (5.100)
The inner product of (5.88),
R(X,Y)HZ =HR(X,Y)Z —a(X,Y)GZ,
with X; gives
8§R(X,Y)HZ, X;) =g(HR(X,Y)Z, X;) —a(X,Y)g(GZ, X;),
or, replacing (X, Z) by (X;, X),
§(R(X;, Y)HX, X;) = g(H R(X;, V)X, X;) —a(X;, Y)g(GX, X),
and taking the sum over i we have

4m
> 8(R(Xi. V)X, HX;) = —a(GX.Y) — Ric(HX. Y),
i=1
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i.e., (by (5.100) and replacing X by H X)

2Ric(X,Y) =2a(FX,Y)+ g(LHLY, HX)
—g(LY,HX)trace(HL)+ g(LHLHX,Y) — g(LHX, Y) trace(LH)
+2Q(HX,Y)trace(tH) +2Q(Y, HtHX) + 2Q(HtY, HX), (5.101)
for any X,Y € H(M). To compute the pseudo-Hermitian Ricci curvature, set first

X =&, and Y = &7 in (5.97). We obtain

Ryg=imoz+ %(Af AEE — A A%)-

The torsion terms vanish (by A, = Agy); hence
R)Lﬁ = ima;ﬂ. (5.102)
Letus setalso X =&, and Y = &, in (5.97) and note that

g(F&,, LFLE,) = —2iAy, = g(LFLF§), &),

g(F&., L&) =iAy, = g(LF§, &),
trace(F L) = —4m = trace(LF),

ie.,
Ry =imoy, +2i(2m — 1) Ay (5.103)
Taking traces in (5.94), we obtain the following:

Lemma 5.10. Let M*'*! be a nondegenerate CR manifold, on which a contact form
0 has been fixed. Let g be the Webster metric of (M*"*1, ). Then

Ryp =2(845 — Ri5). Rup=i(n—1) Agp,
Rog = Sg » Reo = Roo =0,

for any local frame {&y} in Ty o(M). Here Riﬁ = Ii?c(éa, 53) and Ric is the Ricci ten-

sor of (M*" T, ¢). Also Sp-éa == S(Ep, &) with A, B, ... €{0,1,...,n,1,...,7}
and To=T.

Combining (5.103) and Lemma 5.10 (with n = 2m) gives m oy, +(2m — 1) Ay, = 0.
Yet « is skew, while the Webster torsion is symmetric, hence o, = 0 and A, = 0.
Thus g is a Sasakian metric. As another consequence of t = 0, (5.101) becomes

2Ric(X,Y)=2a(FX,Y)+g(FHFY,HX)+ ¢g(FHFHX,Y)
(since trace(H L) = trace(H F) = trace(G) = 0) and then (by (5.85))
Ric(X,Y)=a(FX,Y),

for any X,Y € H(M). Consequently R,z = ia,z and by (5.102) we get
(m — 1) R,z = 0; hence either m = 1 or the pseudo-Hermitian Ricci curvature van-
ishes. Therefore, if m > 2 then (by Lemma 5.10) Ric = 0. |
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Let us look now at the case m = 1. As a consequence of (5.89) we may write
a(FX, X)|Z|* = g(R(FX,X)Z, FZ) + g(R(FX, X)GZ, HZ),
a(HX,GX)||Z||> = g(R(HX,GX)Z, FZ) + g(R(HX,GX)GZ, HZ).
Summing up the last two identities we get
A(FX, X Z|* + «(HX, GX)|| Z|

= g(R(FX,X)Z,FZ) +g(R(FX,X)GZ, HZ)
+ g(R(HX,GX)Z,FZ) + g(R(HX, GX)GZ, HZ).

Note that the right-hand member of this last identity is symmetric in X, Z. Hence
[@(FX,X) +a(HX, GXIZ|* = {«(FZ, Z) + a(HZ, G2)}| X ||;
or
{Ric(X, X) + Ric(GX, GX)}IZ||> = {Ric(Z, Z) + Ric(GZ, GZ)}IX|*.
Let us set Z = X; and sum over i. We have
4
4{Ric(X, X) + Ric(GX, GX)} = Z{Ric(Xi, X;) 4+ Ric(GX;, GX)YIX |,
i=1

or, again due to the particular form of our frame,

4
2{Ric(X, X) + Ric(GX, GX)} = ZRiC(Xi, X,~)||X||2 .

i=1

Finally, trace(Ric) = 2p; hence (by T | Ric = 0; cf. Lemma 5.10 with t = 0)

Ric(X, Y) + Ric(GX, GY) = p g(X, Y), (5.104)

for any X, Y € H(M). Note that use was made of the symmetry of Ric on H(M) ®
H (M), a consequence of Lemma 5.10 as well. It remains to be shown that 6 is pseudo-

Einsteinian if and only if

d(4p+p6)=0. (5.105)
Dueto FG = —GF, G* = —I, and g(GX,GY)=gX,Y) forany X,Y € HM),
one has
Géu = Gt GLGy =8l 8.5 = GLGyam
for some smooth functions GE : U — U, where Gg = G_g Let us set apgp =

a (&4, &p) and note that oy, = 0, oy = 0. The identity (5.104) may be written
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Rag +i GEG%OI)\E = P 8up
Consequently 0 is pseudo-Einsteinian, i.e., R,p = (p/2) 845 if and only if

i3 = (p/2) 8,5 (5.106)

Since d(p0) = (dp) A 6 + p dO and 6 vanishes on H (M), (5.106) may be written

4(dp)Ga. §p) +d(p0)(Eas §5) =0,

ie.,d@dp+ pf) = 0on H(M) ® H(M). Finally, by Lemma 5.3 (established earlier
in this chapter) if a closed 2-form E vanishes on H(M) ® H(M) then E = 0; hence
(5.105) holds. O

5.10 Homogeneous pseudo-Einsteinian manifolds

A complete classification of all homogeneous pseudo-Einsteinian manifolds is ob-
tained in [319].

Definition 5.32. A pseudo-Hermitian manifold (M, 0) is said to be G-homogeneous
if there is a closed subgroup G C Psh(M, 6) such that G is transitive on M. |

Of course, if we fix a point xo € M then we may identify M and G/H, where H
is the isotropy group at xo. The results in [319] are mainly concerned with strictly
pseudoconvex CR manifolds M on which a contact form 6 has been fixed in such
a way that the Levi form Lg is positive definite and the corresponding characteristic
direction T is regular (in the sense of R. Palais [336]). If this is the case then M is
principal bundle over the orbit space B of all trajectories of T', with structure group '
or R. Indeed G-homogeneous pseudo-Hermitian manifolds (M, §) with Ly positive
definite belong to this class (cf., e.g., Proposition 3.4 in [319], p. 226).

In the terminology of [319] two pseudo-Hermitian manifolds (M, 6) and (M’, 6")
are contact homothetic if there is a C* diffeomorphism such that f*¢’ = s6 and
df)T = r T', for some r,s € (0,4+00). Here T and T’ are the characteristic direc-
tions of d6 and d6’, respectively. See [319], p. 230, for the definition of the principal
S'-bundle 7 : BV — B (appearing in Theorem 5.19 below). Also, given a posi-
tive integer k, let 7® : B® — B be the kth tensor power of 7" : B(D — B. Cf.
[319], p. 232. B admits a canonical pseudo-Hermitian structure related (via 7 %) to
(B, «/Eg), where g is the original Kihler—Einstein metric on B. If additionally (M, 6)
is pseudo-Einsteinian then B is a G-invariant homogeneous Einstein—Kihler manifold,
thus prompting the following result:

Theorem 5.19. (E. Musso [319])

Let M be a strictly pseudoconvex CR manifold and let 6 be a contact form on M with
Ly positive definite. Assume that (M, 0) is G-homogeneous and pseudo-Einsteinian.
(1) If (M, 0) has positive pseudo-Hermitian scalar curvature (p > 0) then M is a
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principal S'-bundle over B and the integral Chern class c1 (M) is an integer multiple
of c1 (B(l)), ie.,

c1(M) =k e (BY)

for some k € Z. Moreover, (M, 0) is contact homothetic to the canonical pseudo-
Hermitian manifold B®. (2) If (M, ) has negative pseudo-Hermitian scalar curva-
ture (p < 0) then the orbit space B is an affinely homogeneous Siegel domain of
the second kind with its Bergman metric and (M, 0) is contact homothetic to either
(i) B x S with the contact form

cdy +i(d —9)logK(z, 2),

where ¢ > 0 is a constant, y is a fiber coordinate, and K (z, ¢) is the Bergman kernel
of B, or to (ii) B x R with the contact form

cdt+i(d—9)logK(z,z2).

(3)If p = 0 then (M, 0) is contact homothetic to either (i) C* x S' with (he contact
form ¢ dy + 2y;dx*, or to (ii) C" x R with the contact form ¢ dt + 2y;dx".

A deeper analysis of the 3-dimensional case is due to D. Perrone [343]-[344].

Theorem 5.20. (D. Perrone [344])

Let (M, 0) be a simply connected 3-dimensional pseudo-Hermitian manifold such that
Ly is positive definite. Assume that there is a Lie group G C Psh(M, 0) such that
(M, 0) is G-homogeneous. Then M is a Lie group and both 6 and gg are invariant.
Moreover, the following classification holds:

(1) If M is unimodular then it is one of the following Lie groups:
(i) the Heisenberg group when p = ||t|| =0,
(ii) the 3-sphere group SU(2) when 42p > |7l
(iii) the group E(2), i.e., the universal covering of the group of rigid motions of
Euclidean 2-space, when 42p = |It|| > 0,
(iv) the group SL(2, R) when —||t|| # 4\/5,0 < Iz,
(v) the group E(1, 1) of rigid motions of the Minkowski 2-space when 4+/2p =
—lIzll <O.
(2) If M is nonunimodular then its Lie algebra is given by

[El, E2]l =aEy +2T, [E1,Tl=yEs [E2,T]=0,

where a # 0, with E\, E, = JyE1 € H(M) and 4«/5,0 < ||tll. Moreover, if
y = 0 then the pseudo-Hermitian torsion vanishes (t = 0), i.e., M is a Sasakian
manifold, and the pseudo-Hermitian scalar curvature is given by p = —a® /4.

Since it may be shown that

Izl o0 Il \2
4p— = =204 (1- %),
p V2 2 ( 2\/§>
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where pg is the (Riemannian) scalar curvature of gg, one gets the following corol-
lary: the 3-sphere group SU(2) is the only simply connected 3-dimensional manifold
that admits a structure of a homogeneous contact Riemannian manifold (respectively
Sasakian manifold) with scalar curvature pg > —2(1 — |||/ (ﬂ23/§))2 (respectively
po > —2). As another consequence, the Heisenberg group and SL(2, R) are the only
simply connected 3-manifolds that admit a unimodular homogeneous contact Rieman-
nian manifold structure of vanishing pseudo-Hermitian scalar curvature (o = 0).

The theory of homogeneous pseudo-Hermitian manifolds enters, of course, the
more general theory of homogeneous CR manifolds, as mentioned in the preface of
this book.

Definition 5.33. A CR manifold M is said to be homogeneous if there is a Lie group
G acting transitively> on M as a group of CR automorphisms. (|

A more pedantic terminology is to refer to a pair (M, G) consisting of a CR manifold
M and a real Lie G group acting on M as above, as a homogeneous CR manifold.
Any real analytic nondegenerate CR manifold is homogeneous, because in this case
(by aresult of N. Tanaka [397]) Autcr (M), the group of all CR automorphisms of M,
is a real Lie group. The only CR structure (of hypersurface type) on §>'*! (n > 2)
that admits a transitive action of a Lie group of CR automorphisms is the standard CR
structure inherited from C"*! (cf. R. Lehmann and D. Feldmueller [277]).

Much work has been done on the classification of compact homogeneous CR man-
ifolds. The history of the subject starts with the work of Y. Morimoto and T. Nagano
[316], under the assumptions that (1) M is strictly pseudoconvex and the boundary
of a domain in a Stein manifold, and (2) the fundamental group 71 (M) is finite. An
important consequence (cf. H. Samelson [360]) of the assumption (2) is that a max-
imal compact subgroup K C G acts transitively on M. The result by Y. Morimoto
and T. Nagano (cf. op. cit.) is that such M is either the sphere $>**1 < C"*! or a
finite cover of a sphere bundle in the tangent bundle of a symmetric space of rank
one.® H. Rossi [354], replaced Y. Morimoto and T. Nagano’s assumption (1) by the
requirement that (1’) M be strictly pseudoconvex and its real dimension be > 5. This
is known to imply (cf., e.g., A. Andreotti and Y.T. Siu [21]) that M is the boundary of a
domain in a Stein space Z. Then K acts on Z and has precisely one orbit £. Moreover,
either Z is a manifold and then one may apply the Y. Morimoto and T. Nagano result
above, or the singular set of Z (a K-stable analytic set) is precisely E, i.e., E = {xo}
is a fixed point. H. Rossi (cf. op. cit.) desingularizes, 7 : 7Z—>7Z , and shows (by using
the K -action) that Q := 7~ !(x¢) is a homogeneous rational manifold and that Zisa
K -invariant tube in the normal bundle of Q in Z. Therefore M is the boundary of a K -
invariant domain in an affine cone over Q. The story of the strictly pseudoconvex case
ends up with the work of D. Burns and S. Shnider [79], concerning the 3-dimensional

5 Certain authors (cf., e.g., H. Azad et al. [26]) assume also that the action of G on M is almost
effective.

6 Such a symmetric space is either a sphere, or a projective space over R, C, or H, or the
projective space over the Cayley numbers. Moreover, its tangent bundle possesses a natural
K -invariant complex structure as a Stein manifold.
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case. Their result is that any 3-dimensional strictly pseudoconvex compact homoge-
neous CR hypersurface M has a finite 771 (M). The case that M is a nondegenerate CR
manifold (compact, of hypersurface type) was examined by H. Azad et al. [26]. Any
such M is (via the so-called basic g-anticanonical fibration; cf. [26], pp. 130-133) a
principal S'-bundle over a homogeneous rational manifold Q, or a finite covering of
a CR hypersurface that is a G-orbit under a linear representation in CP™. In the S'-
bundle case M is the boundary of a tube in a line bundle over Q with nondegenerate
invariant Chern form. In the projective algebraic case the following may be proved.
Let G be a linear Lie group in PSL,,4+1(C) and let G be the smallest complex Lie
group containing G. Assume that there is p € CP™ such that the orbit M = G(p)
is a compact hypersurface in the G-orbit G( p). Then either the semisimple part K**
of K acts transitively on M or M is a CR- -product S! x Q, where Q is a complex ho-
mogeneous rational manifold. In particular, unless M is the Levi flat product S' x Q,

the fundamental group 7| (M) is finite. Moreover, if S is the complexification of K%
in PSL,,4+1(C) then M is a hypersurface in Q := S(p) that is Zariski open in its S-
almost homogeneous closure X (and X is a rational algebraic variety). See [26] for the
detailed classification, according to whether the g-anticanonical fiber is S! or finite.
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Pseudo-Hermitian Immersions

Let M and A be two CR manifolds, of CR dimensions n and N = n + k, k > 1,
respectively. A CR immersion f : M — A is an immersion and a CR map. If f is
the inclusion then M is a CR submanifold of A (a CR hypersurface when k = 1).
For instance, let M>"*! be the intersection between the sphere S*"*3 and a transverse
complex hypersurface in C"*2. Then M?"*! is a CR hypersurface of $?**3 (in par-
ticular M?"*1 is strictly pseudoconvex). Let M be a CR submanifold of A. Then M
is rigid in A if any CR diffeomorphism F : M — M’ onto another CR submanifold
M’ of A (e.g., F may be the restriction of a biholomorphic mapping) extends to a CR
automorphism of A (e.g., if A = §2"*3 then F should extend to a fractional linear, or
projective, transformation preserving $2'+3).

A theory of CR immersions has been initiated by S. Webster [424]. There it is
shown that §?"*! is rigid in $>*3 if n > 2. Also, if n > 3 then any CR hyper-
surface of §2"*3 is rigid. The basic idea in [424] is to endow the ambient space
$§2113 with the Tanaka—Webster connection (rather than the Levi-Civita connection
associated with the canonical Riemannian structure) and obtain CR analogues of the
Gauss—Weingarten (respectively Gauss—Ricci—-Codazzi) equations (from the theory of
isometric immersions between Riemannian manifolds). In the end, these could be used
to show that the intrinsic geometry determines the (CR analogue of the) second fun-
damental form of the given CR immersion.

The main inconvenience of this approach seems to be the nonuniqueness of choice
of a canonical connection on the CR submanifold (i.e., the induced and “intrinsic”
Tanaka—Webster connection of the submanifold do not coincide, in general). In [120]
one compensates for this inadequacy by restricting oneself to a smaller class of CR
immersions, as follows. Let f : M — A be a CR immersion between two strictly
pseudoconvex CR manifolds on which contact 1-forms 6 and ® have been fixed. Then

0 =10

for some C* function A : M — R.If A = 1 then f is called isopseudo-Hermitian
(following the terminology in [219]). An isopseudo-Hermitian immersion f : M — A
is a pseudo-Hermitian immersion if f (M) is tangent to the characteristic direction of
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(A, ©). If this is the case then (by a result in [120] and the first section below) f is
an isometry (with respect to the Webster metrics of (M, 6) and (A, ®)). Also, one
may use the axiomatic description of the Tanaka—Webster connection to show that the
induced and intrinsic connections on M coincide. Moreover, by a result of H. Urakawa
(any CR map f : M — A satisfying fuT = ATy for some L € C®(M) with
T (A) = 0 is harmonic with respect to the Webster metrics of M and A; cf. Corollary
3.2 in [413], p.263) any pseudo-Hermitian immersion is actually minimal. Cf. also
Theorem 7 in [120].

The scope of Chapter 6 is to present the theory of pseudo-Hermitian immersion
together with its application to the problem of the existence of pseudo-Einsteinian
pseudo-Hermitian structures (cf. Chapter 5 of this book) on (locally realizable) CR
manifolds.

As in [120], our main tool will consist of pseudo-Hermitian analogues of the
Gauss and Weingarten equations. In particular, we shall introduce the concept of
normal Tanaka—Webster connection V- (of a given pseudo-Hermitian immersion be-
tween two strictly pseudoconvex CR manifolds). When V= is flat we use the (pseudo-
Hermitian analogues of the) Gauss—Ricci—Codazzi equations to relate the pseudo-
Hermitian Ricci tensors of the Tanaka—Webster connections of the submanifold and
ambient space and prove the following theorem:

Theorem 6.1. (E. Barleta et al. [36])

Let f : M — A be a pseudo-Hermitian immersion between two strictly pseudoconvex
CR manifolds (M, 0) and (A, ®). If the normal Tanaka—Webster connection is flat
(i.e, Rt = 0) then

R, = trace{Z > RA(Z, feTo) f«Tg). 6.1)

In particular, if ® is pseudo-Einsteinian, then 6 is pseudo-Einsteinian, too.

As a corollary, we may regard the Lee class y (M) (a cohomology class in the first
cohomology group of the given (locally realizable) CR manifold M with coefficients
in the sheaf of CR-pluriharmonic functions; cf. Chapter 5) as an obstruction to the
existence of pseudo-Hermitian immersions f : M — S*N*! with a flat normal
Tanaka—Webster connection of a strictly pseudoconvex CR manifold M into an odd-
dimensional sphere.

The methods we employ are similar to those in B.Y. Chen and H.S. Lue [93]
(where holomorphic immersions between Kihler manifolds are dealt with). We ex-
ploit the symmetries of the curvature tensor field of the Tanaka—Webster connection
(rather than the Riemann—Christoffel tensor field in [93]) and deal with the highly
complicated (due to the presence of torsion terms there) of the Bianchi identities (cf.,
e.g., (6.60)). The key points (leading from (6.78) to (6.1) in Theorem 6.1) are Lemma
6.8 (the (0, 2)-tensor field E, is proportional to the Levi form of the submanifold) and
a nontrivial cancellation of torsion terms.

As abyproduct we prove (cf. Theorem 6.10) the nonexistence of pseudo-Hermitian
immersions of H, (s) (cf. Chapter 5) into a Tanaka—Webster flat strictly pseudoconvex
CR manifold (e.g., Hy or Uy g).



6.1 The theorem of H. Jacobowitz 347

6.1 The theorem of H. Jacobowitz

In this section we refine a result by H. Jacobowitz (any real analytic CR map between
real analytic CR manifolds (of hypersurface type) of the same dimension is a local
diffeomorphism or a constant map; cf. [219]) to the case in which the dimensions of
the source and target CR manifolds are not necessarily equal (cf. Theorem 6.2). The
proof parallels closely the proof of the original result in [219]. Lemma 6.2 is however
new. Our point of view is that Theorem 6.2 may be regarded as a motivation for the
study of CR immersions (submersions) between (abstract) CR manifolds. As a main
objective of the present chapter, a study of CR immersions is carried out in the next
two sections.

Definition 6.1. Let ®(z, ¢) be an R-valued function (defined on some domain D C H,,
with 0 € D). Then & is said to be of weight r if ®(sz, s2t) = s"d(z,t), for any
s € R. O

If & is real analytic, one may regroup the terms of its Taylor series expansion to obtain
a decomposition

where @, is of weight x. Then @ is of weight greater than or equal to r if and only if
&, =0for0< xy <r-—-1

Let M be an orientable C* nondegenerate CR manifold of CR dimension n. Fix
apoint xp € M.

Lemma 6.1. (H. Jacobowitz [219])
There exist Folland—Stein local coordinates (V, z%, u) with origin at xo and there are
functions k*(z, u), h*F(z, u) of weight at least 2 such that

6 =du+ Y {(iz% +Kk)dZ* + (—iz" +K*)dz") (6.2)

a=1

is a pseudo-Hermitian structure on M and

n
0% =dz* + Y h*PdzF (6.3)
B=1

is a frame of Ty o(M)* on V.

Cf. also [150], p.471, and [227], p. 177, and Chapter 4 of this book. The proof of
Lemma 6.1 is omitted. Cf. [219], p. 233, for details. Let f : M — A be a CR map,
of class C*°, between two orientable C°*° nondegenerate CR manifolds of CR dimen-
sions n and N, respectively. By Lemma 6.1, we may choose Folland—Stein coordinates
(Z7,U) on A with origin at f(xo), and respectively a pseudo-Hermitian structure ©
on A and a (local) frame {©/}, <<y of T o(A)* given by
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N . . ) )
O =dU + Y {(Z) +K)dZ' +(—iZ' +K')dz'}, (6.4)
j=1
©/ =dz/ +) H*dZ", (6.5)
k=1

for some functions K/ (Z, U), ij(Z, U) of weight at least 2. Since f is a CR map
we have

f*©'U =0 mod 6, 6%, (6.6)
f*© =0 mod 6. (6.7)

Using (6.2)—(6.3) the equations (6.6)—(6.7) may be written
AL o G, SRTLT
B au P ou

- af ) pa £ _aafj S ik (7o —aaﬁ
+;hﬁ{£ % Ejuk;mk(z % W)} (6.8)

0 N _
Eafozka%+2 (lf/+KJ)(_£af]+kaafl)

e,

= ou
— . afi
+(if/+KJ)(—£°‘ff +k“i)}, (6.9)
ou
where

3 3
a_ T s a?
L=z i

(the Lewy operator) and fj =Zlo f, f0 =Uof.

Theorem 6.2. Let f : M — A be a real analytic CR map between two orientable real
analytic strictly pseudoconvex CR manifolds of CR dimensions n and N, respectively,
M connected. Then either f has maximal rank or f(M) is a point.

Proof. Let xo € M. Choose, as above, Folland—Stein coordinates (z%, u) and (Z/, U)
at xo and f(xp), respectively, pseudo-Hermitian structures € and ®, and (local) frames
{6*} and {®/} given by (6.2)—(6.5). Since the CR structures on M, A are supposed to
be real analytic, one may choose k¢, h*P. K7 and H’* to be real analytic, too. The
proof of Theorem 6.2 follows from a direct inspection of the equations (6.8)—(6.9) and
is a refinement of the proof in [219], pp. 234-238. Let

=Y =0 (6.10)
x=I

x=1
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where fo, f){ are of weight y, for y > 1 (since (Z7, U) have origin at f(xg) one has
£90) =0, f7(0) = 0 and the Taylor series of f°, f/ contain no terms of weight
zero). Arguments analogous to that in [219] (which we omit) furnish

Lofl =0 6.11)
and

%(0) =0. (6.12)

07

Finally, the commutation formula
[, 27] =25 9
’ P o
and (6.11) lead to

aro afi 9 fi
saﬂ%(o) = af?(o) %(0)- (6.13)

Letus set f/ = X/ +iY/ and z% = x® + iy®. By (6.12) the (real) Jacobian of f at
z =0, u = 0is given by
X1a(0) =Y}.(0) X7(0)
JR(AHO) =1 Y. (0) XL.(0) Yi(0)
0 0 f)O

(where subscripts denote partial derivatives). We distinguish two cases. Either
rank JR(f)(0) = min{2n + 1, 2N + 1} and then we are done, or

rank JR(f)(0) < min{2n 4+ 1,2N + 1}. (6.14)

If (6.14) holds we show that the derivatives of arbitrary order of f J, f Oatz = 0,
u = 0 vanish, so that the statement in Theorem 6.2 may be obtained by analytic
continuation. O

Lemma 6.2.

af’
S0 =0.

Proof. Let M : C" — CN be the C-linear map defined by

N .
Py
Mey = E %(O)Ej,

j=1
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where {ey} and {e;} are the canonical linear bases in C" and C! respectively. By
(6.13), for any x € C” one has

0
IMxIP = (MM, x) = L0y (6.15)

u

The proof of Lemma 6.2 is by contradiction. Assume that ff (0) # 0. Then M is
injective, by (6.15). We distinguish three cases: n = N, n > N,and n < N. When
n = N our Lemma 6.2 follows from [219], p.237. If n > N the fact that M is
injective already leads to a contradiction. Hence we may assume that n < N. Let
G1,...,ip) € {1,...,N}', i1 < --- < ip. Denote by A;,..;, the square matrix of
order 2n extracted from Jr(f)(0) as follows:

(1) The first n lines of A;,..;, are the lines iy, ..., i, of JR(f)(0).

(2) The last n lines of A;,...;, are the lines iy + N, ..., i, + N of Jr(f)(0).

(3) From each line chosen at (1)—(2) one has previously eliminated the elements of
the last column of Jr(f)(0).

For instance,

A o (X © =Y
P =Y 0) X950 )

Since n < N, our (6.14) yields rank JR(f)(0) < 2n + 1, so that all determinants of
order 2n + 1 of Jr(f)(0) must vanish. Thus

£2(0) det (Aj..,) =0,
and consequently
det (Ailu.in) =0.

Then
2

df'e
det [ Py (0)] =det (Aj..i,) =0,

i.e., rank(M) < n, a contradiction (M is injective). Our Lemma 6.2 is completely
proved. |

Using (6.13) and Lemma 6.2 we obtain

ofl
@(0) =0,

and the proof of Theorem 6.2 may be completed by using the following fact:

Lemma 6.3. (H. Jacobowitz [219], p.237)
For any real analytic CR map f = (f Lo N, 9 with the weight decomposition
(6.10), iff){ =0,1<yx <r, then (i) ff =0,1<yx <2r+1, and (ii) frj_H =0.
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A remark is in order. The assumption of strict pseudoconvexity in Theorem 6.2 is mo-
tivated by the following example. Let Q3 C C? be the hyperquadric Q3 = {(z1, z2) :
Im(z2) — |z11> =0}. Let A = {z € C? : Im(z3) = |z11* — |z2/*} and f : Q3 — A the
CR map given by f(z1,22) = (z1,21,0). Then rank(f) = 1 and f is nonconstant.
Our Theorem 6.2 does not apply since A is only nondegenerate. (]

6.2 The second fundamental form

Let (M, T1,0(M)) and (A, T1,0(A)) be two CR manifolds of CR dimensions n and
n +k, k > 0, respectively.

Definition 6.2. A CR immersion is a CR map f : M — A such that rank(d, f) =
dim(M) atany x € M. U

That is, a CR immersion is an immersion and a CR map. For instance, let M 2 be a
complex n-dimensional Hermitian manifold and 7'1-0(M?") its holomorphic tangent
bundle. Then (M, T1-%(M?")) is a CR manifold of type (n, 0). Let M be a proper CR
submanifold of M?" (in the sense of A. Bejancu [56]; see Chapter 1 for definitions).
Then the inclusion j : M — M?" is a CR immersion.

Definition 6.3. Let f : M — A be a CR immersion. The CR normal bundle of f is
defined by

vE(f) = La/felu . 6.16)

where L) and L4 are the bundles whose total spaces are H(M) and H(A) respec-
tively (i.e., the Levi distributions regarded as vector bundles). ]

When A is a strictly pseudoconvex CR manifold the CR normal bundle (of the given
CR immersion f) is isomorphic to the orthogonal complement of f,Ls in £4 with
respect to the (real) Levi form of A.

Let (M, T1 0(M), 6) and (A, T1,0(A), ®) be two strictly pseudoconvex CR man-
ifolds of CR dimensions n and n + k respectively (thus dim(M) = 2n + 1 and
dim(A) =2(n + k) + 1).

Definition 6.4. Let f : M — A be a CR immersion. Then f is isopseudo-Hermitian
if

£*0 = 0. 6.17)

Let f : M — A be an isopseudo-Hermitian CR immersion. (77 o(A), ®) is strictly
pseudoconvex, hence (A, gg) is a Riemannian manifold. Let v2K(f) be the normal
bundle of f and E(v2*(f)) its total space. Then

Try(A) = [f T (M)] ® EW*())x (6.18)

for any x € M. Note that (6.17) yields
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£5d© = do. (6.19)
Using the fact that f is a CR map,
Jao fiu = feoJ; (6.20)
hence
f*Ge = Gy. (6.21)

Yet in general, the immersion f fails to be isometric (with respect to the Riemannian
metrics gg and ge) unless f (M) is tangent to the characteristic direction T4 of (A, ®);
cf. our Theorem 6.3 below. Again, since f is a CR map,

fxH(M) S H(A). (6.22)

Let E (v%[k( f))x be the orthogonal (with respect to Geg,f(y)) complement of
(dx fYH(M)y in H(A) f(x), for x € M. Then E(v%ik(f)) is the total space of a (real)
rank-2k vector bundle isomorphic to v%ik (f) (and denoted by the same symbol in the
sequel). Moreover,

H(A) o) = [(de /YH (M), 1 © EWf (), (6.23)

for any x € M. The CR normal bundle vlz_}‘( f) and the normal bundle v2*( f) do not
coincide (i.e., E(v%}‘(f))x £ EW¥*(f))y, for x € M) in general, unless f(M) is
tangent to T4. Yet we have the following:

Proposition 6.1. v%[k( f) and v3*(f) are canonically isomorphic.

If N is a manifold, let Ty be its tangent bundle. To prove Proposition 6.1, we construct
a bundle isomorphism

D La/fsly — Ta/feti
by setting
Q. (X + [ H(M)x) = X + [T (M),

where X € H(A) s(x) and x € M. Since L4/ f+Ly and T4/ fsTy have the same rank,
it is sufficient to check that & is a bundle monomorphism. To see this, assume that
X + fiTx (M) = 0 for some X € H(A) r(x). Then X € H(A) pxy N fiTx(M). Since

f*H(M)x - H(A)f(x) N f*Tx(M) - f*Tx(M)
and dimgr H (M), = 2n, dimg T, (M) = 2n + 1, it follows that either
H(A)f(x) N fulx(M) = f  H(M)y

and then we are done, or
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H(A)f(x) N f*Tx(M) = f*Tx(M)-

Yet since f is isopseudo-Hermitian, the last alternative does not occur. Indeed, if
ST (M) € H(A) f(x) then f, T, € H(A) f(x) and by (6.17) one has

0= ®f(x)(f*Tx) = (f*G))x(Tx) =0x(Ty) =1,

a contradiction. O

Let tan,, nor, be the natural projections associated with (6.18). Let us set Tj‘ =
nor(7Ty). Let VA be the Tanaka—Webster connection of (A, ®). Let X, Y € T(M). Let
us set

VxY =tan{Viy fi¥}, a(f)(X,Y)=nor(V{y f,Y}.

Then V is a linear connection on M, while a(f) is C°°(M)-bilinear and has values
in E(v*(f)). Thus, by (6.18), one obtains the following CR analogue of the Gauss
formula (from the theory of isometric immersions between Riemannian manifolds):

VixFY = AVxY +a()X,Y), (6:24)
Next, if X € T(M) and € € E(v3*(f)) then we set
a:X = —tan{V4 y&), Vy& =nor{V} x&}.

Then a is C*°(M)-bilinear, while V. is a connection in v (f). We are led to a CR
analogue of the Weingarten formula (from Riemannian geometry)

VA xE = —fuac X + Vxé . (6.25)

In general, the “induced” connection V in (6.24) does not coincide with the “intrinsic”
Tanaka—Webster connection of (M, 6) (unless TAl = 0), noris a(f) (the CR analogue
of the second fundamental form of an isometric immersion between Riemannian man-
ifolds) symmetric.

Theorem 6.3. Let f : M — A be an isopseudo-Hermitian CR immersion between
two strictly pseudoconvex CR manifolds of CR dimensions n and n + k. The following
statements are equivalent:

(i) f*ge = go.
(ii) T = 0.
(iii) EQF(f)x = EQ*(f))x, for any x € M.
Lemma 6.4. The following identities hold:
X410 =1-IT41% Xq1do =—f* (T} 1d0),

where X 4 = tan(T4).
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The proof of Lemma 6.4 is straightforward. At this point we may prove Theorem 6.3.
To this end, assume (i) holds. For any X € T (M) one has

80 (X4, X) = go(fiXa, [xX) = go(Ta, fxX) = O(fiX) = 0(X) = go(T, X)

and thus X4 = T. One still has to show that T4 is tangent to f(M). To see this, apply
© to Ta = fT + T;-. This procedure yields ||73"|| = 0.

Conversely, if (ii) holds, then X4 = T by Lemma 6.4. By (1.16) in Chapter 1 and
(6.19) the verification of (i) amounts to checking that

go(fiT, f:X) =0,

for any X € H(M). This follows from (6.22).

Assume (iii) holds. Since Ti- € E(v?*(f)), by (iii) and (6.23) it follows that T €
H(A). Thus | T3 [1? = go(Ta, T{) = 0. Conversely, if (ii) holds then T4 = f.T by
Lemma 6.4. Let & € E(v%,"‘(f))x and X € Ty(M), for x € M. By (1.20) in Chapter 1
one has

X=Y+cT,, Ye HM),, ce€R.
Thus

go(&, fiX) =cgo, fxT) =cge(§,Ta) =0

and thus E (f))x € EQW*(f))y, for any x € M. O

Taking into account Theorem 6.3 we define the following central notion.

Definition 6.5. A pseudo-Hermitian immersion is an isopseudo-Hermitian CR immer-
sion with the additional property TAL =0. ]

Let f : M — A be a pseudo-Hermitian immersion. Let mga(f) be a vector-valued
form defined by (g (f))(X,Y) = a(f)(rg X, wgY), forany X, Y € T(M). Here
wy : T(M) — H(M) is the projection associated with T (M) = H(M) & RT.

Theorem 6.4. Let M, A be two strictly pseudoconvex CR manifolds and f : M — A
a pseudo-Hermitian immersion. Then

(i) V is the Tanaka—Webster connection of (M, 6).
(ii) mga(f) is symmetric.
(iii) ag is H(M)-valued and for any x € M, (ag)x : H(M)x — H(M), is self adjoint
(with respect to Gy x).

We organize the proof in several steps, as follows.
Step 1. H(M) is parallel with respect to V.

Let Y € H(M). Since f is a CR map, f.Y € H(A). Then (6.24) and Theorem 6.3
yield

a(f)(X,Y) e EO*(f)) = E0iF(f)) C H(A).
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Thus, again by (6.24), one has f,VxY € H(A). To complete the proof of Step 1,
recall that since f is pseudo-Hermitian, one has

(dx HYHM)x = [(dx HT (M) N H(A) f(x)

forany x € M.
Step 2. J is parallel with respect to V.

This follows from VAJ4 = 0, (6.20), (6.24), and Step 1. Moreover, since £ €
E(v%{k (f)) = Jaé € E(vlzqk (f)), besides VJ = 0 one additionally obtains

a(HX,JY) = Jaa(f)(X,Y) (6.26)

forany X € T(M), Y € H(M).
Step 3. gy is parallel with respect to V.

This follows from (6.24) since f is an isometric immersion. By Tanaka’s theorem (i.e.,
Theorem 1.3 in Chapter 1), it remains to show that Ty is pure.

Step 4. Tv is pure.
LetZ e T o(M), W e T(M) ® C. Since f is a CR map,

T Tya(fiZ, fiW) =0 (6.27)

(by Theorem 1.3 and the equivalent formulation of the purity conditions (1.36)—(1.38)),
where Tya is the torsion of V4. Also nf : T(A) ® C — T1,0(A) is the natural pro-
jection. We have

VL2 LW = VW +a(f)(Z, W)

since both sides are C-linear and coincide (by (6.24)) on real vectors. Then (6.27) may
be written

TMAT(Z, W) + a(fIZ, W) —a(f )W, 2)} =0 (6.28)
forany Z € T1 o(M), W € T(M) ® C. We have
T(A)®C = [f.T(M)®Cl&[EM*(f)) ®Cl.

As noticed above, J4 restricts to a complex structure on v2k( H= v%ik (f)). Extend
Ja to E0?(f)) ® C (by C-linearity) and set

EW* ()"0 = Eigen(J4; i).

Since f isa CR map, fyomy = n_f o f, and the restriction of nf to EO*(f) ®C
is the natural projection EW*(f) @ C — E@* (o, Finally, note that

Ti.0(A) = [fxT1.o(M)] ® EW* ('O,

so that (6.28) yields 7 Ty (Z, W) = 0. Thus part (i) in Theorem 6.4 is proved. U
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Note that since VAT, =0, VT =0, and Ty = f«T, the identity (6.24) yields
a(f)(X,T)=0, (6.29)

for any X € T(M). Let us consider the (vector-valued) differential 1-form Q €
[®°(T*(M) ® E(,(f))) defined by

OX =a(f)T, X), (6.30)
for any X € T(M). Then
A feX = fit X 4+ 0X. (6.31)

Here 74 denotes the pseudo-Hermitian torsion of V4. At this point (6.24), (1.60), and
(6.31) yield

a(HXY)=a(f)Y, X)+200 A )X, Y). (6.32)

Therefore, in general, «(f) is not symmetric. Yet by (6.32), since 6 vanishes on
H(M), rga(f) is symmetric. This proves part (ii) in Theorem 6.4. O
Let us use (6.24)—(6.25) and VA gg = 0 to obtain

go(a(f)(X,Y), &) =go(a: X, Y), (6.33)

forany X,Y € T(M), & € E(v2k(f)). Letus set Y = T in (6.33) and use (6.29). It
follows that

0(agX) = 0, (6.34)

that is, ag is H(M)-valued. Then (6.33) and the symmetry of mgza(f) complete the
proof of part (iii). (]

6.3 CR immersions into H,,;

‘We may state the following theorem:

Theorem 6.5. Let f : M — A be a pseudo-Hermitian immersion between two strictly
pseudoconvex CR manifolds M and A of CR dimensions n and n+k, respectively. Then
f is a minimal isometric immersion. Consequently, there are no pseudo-Hermitian
immersions from a compact oriented strictly pseudoconvex CR manifold of CR dimen-
sion n into the Heisenberg group H, 1y (carrying the standard strictly pseudoconvex
pseudo-Hermitian structure).

Proof. Let f : M — A be a pseudo-Hermitian immersion. Then

trace[rya(f)] = 0. (6.35)
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Let now V4 be the Levi-Civita connection of (A, go). We shall need the Gauss for-
mula of (M, gg) in (A, ge), i.e.,

VA FY = fiVxY + B(f)(X.Y) (6.36)

forany X, Y € T(M). Here B(f) denotes the second fundamental form (of the isomet-
ric immersion f), while V is the Levi-Civita connection of (M, gp). Since vA, vA
are related (cf. (1.61)), the Gauss formula (6.36) and its CR analogue (6.24) furnish

B(f)=a(f)+0Q6. (6.37)
By (6.29), QT = 0. Thus (6.35), (6.37) lead to
trace[B(f)] = 0, (6.38)

that is, f is minimal. Next, we need a lemma on the Riemannian structure of H,,
(endowed with the pseudo-Hermitian structure (1.25)). Let us use (1.61) (with 7 = 0)
to obtain

V =V —(dby) ® Xo+ 60O J, (6.39)

where Xo = 9/0t. Let us set {9;}1<i<ont+1 = {9/0x%,3/0y%, 9/dt}. By (6.39), we
obtain

VxY = X(YH8; +3(d6o)(X, Y)Xo + (60 © J)(X,Y) (6.40)

forany X,Y € T(H,), where Y = Y9;. Let A = H, 4. Letus set f = (f%), 1 <
i <2(n+k)+ 1. Then (6.40) and the Gauss formula of M in H,,; yield

(AfHd; = trace[B(f)].

Here A is the _Laplace—Beltrami operator (on C°°(M)) associated with gg. Thus, by
(6.38), each f* is harmonic. O

Let us look at a few examples.
(1) Let n < N and consider the natural embedding f : H, — Hy given by

fGE L =@, 20,...,0,0).

Then f is a CR map and f(H,) is tangent to X9 = 9/9¢. Also
N ) ) ) . n
flae+id @az —Fazh| =di+iy ] @dz -z,
=1 a=1

so that f is isopseudo-Hermitian. Next a( f) = 0 (by (6.24)) and f is totally geodesic
(with respect to the Webster metrics) by (6.37). O
(2) Letay,...,ay €Z, aj > 2, and

X(ai,....ane1) =, ..., " @ @HT 4 4 @ THB = 0).
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Then X (ay, ..., ay+1) is an algebraic hypersurface with one singularity (at the origin)
and X (aq, ..., an+1)\{0} is a complex n-dimensional manifold. The Brieskorn sphere

22 Yay, . ane) = [X(at, ..., ang) \ {0} 0 S2H

is a CR manifold and the inclusion 2! (ai,...,an4+1) — $27+1is a CR immersion.
Ifa; =---=ay+1 = athen »2n-1 (a, ..., a)istangent to the contact vector of g2+l
(and Theorem 6.5 applies). ]

Let f : M — A be a CR immersion. We may give the following geometric
interpretation of wy o (). We start by giving the following definition:

Definition 6.6. (D. Jerison and J.M. Lee [227])
A regular curve y : I — M, defined on some open interval I containing the origin, is
a parabolic geodesic of the nondegenerate CR manifold (of hypersurface type) M if

(@) y(0) € H(M)y(0).
(i1) There is ¢ € R such that

Vi¥)yay = 2cTy (6.41)
foranyr € I. ]

Lemma 6.5. Let f : M — A be a pseudo-Hermitian immersion such that for any
parabolic geodesic y of M, f oy is a parabolic geodesic of A. Then tga(f) = 0.

The proof is straightforward. Let y : I — M be a parabolic geodesic. Then

d . d . .
70 =80 (r, T) =g (Vyy, T) =2cg(T, T) = 2,

so that

y(@) =mpy(f) + 2Ty . (6.42)

The converse of Lemma 6.5 does not hold, in general. Indeed, if 7ya(f) = 0 and
y is a parabolic geodesic of M then (by the pseudo-Hermitian analogue of the Gauss
equation) we get only as much as

Vi fey = 2Ta(f(y (1) + 2c1 Q( ).

Nevertheless, if O = 0, i.e., the entire fundamental form o ( f) vanishes, then f o y is
a parabolic geodesic of A. ]

As another useful tool in the theory of isometric immersions between Riemann-
ian manifolds, one derives the Gauss—Codazzi—Ricci equations, relating the second
fundamental form of the given immersion to the Riemannian curvature of the ambient
space and submanifold, respectively. It is of course desirable to have CR, or pseudo-
Hermitian, analogues of these equations, relating « ( f) to the curvature of the Tanaka—
Webster connections V4 and V, respectively. To this end, let f : M — A be a pseudo-
Hermitian immersion. Using (6.24)—(6.25) and (1.60) one may derive
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an{R (X, 1Y) fiZ} = R(X, Y)Z + aw(p)x,.2)Y — da(r)(v.2)X. (6.43)
nor{RA (£ X, fi¥) fxZ = (Vxa(f)(Y, Z) — (Vya ()X, Z) + 0(X)a(f)(tY, Z)
—0Y)a(fH)(tX,Z)+ [dO)(X,Y)0Z, (6.44)
go(RM(fuX, fiY)E, ) = go(RE(X, Y)E, 1)
+go(as X, ayY) — go(agY, ayX), (6.45)

forany X,Y,Z e T(M)and &, n € E(v2k(f)). Here R4, R, and R~ denote the cur-
vature tensor fields of V4, V, and V1, respectively. Note that only the CR analogue
(6.44) of the Codazzi equation presents a different aspect with respect to its Rieman-
nian counterpart. The additional terms in (6.44) are a manifestation of the pseudo-
Hermitian torsion 4. By (6.31), t and Q are its tangential and normal components,
respectively.

Definition 6.7. Let M be a CR manifold and x € M. A parabola tangent to M at x is
acurve y : R — T, (M) given by

y(s) =sX + (s> +as + b)cT,, s €R,

for some X € H(M), and a, b, c € R. O

Let {Xy, J X} be a holomorphic frame of H (M) defined on some open neighborhood
of x. This induces an isomorphism #, : T, (M) — H,, given by

hy : X +cTy —> (z,¢), X € H(M)y,

where X = 297, , +2%Tax, 2= (',....2") € C",c e R,and T, = (X —iJ Xa).
Lety : R - T,(M) be a parabola tangent to M at x. If a = b = 0 then h,(y (s)) =
D;(z, ¢) (where Dy : H, — H,, is D (z, ¢) = (sz, s%¢), s > 0), i.e., parabolas tangent
to a CR manifold correspond to parabolic dilations under the natural identification of
tangent spaces with the Heisenberg group.

Each Dy, s # 0, is a CR automorphism of H,,. On the other hand, if (z,c) —
(sz, (s*> + as + b)c) is a CR map for at least two distinct values of s # 0, then
a=b=0.

Definition 6.8. A curve y : R — H,, given by y(s) = (2, 1) - (sZ, s2¢) (Heisenberg
product), s € R, for some (z, t), (Z, ¢) € Hy, is called a parabola in H,,. O

If z =0, ¢t = 0 then y is a parabola through the origin (neutral element) in H,,.
Lemma 6.6. Any parabolic geodesic of H,, is a parabola.
The proof is straightforward.

Theorem 6.6. Let M be a strictly pseudoconvex CR manifold of CR dimension n and
f: M — H,4x a pseudo-Hermitian immersion. Then

(i) The Tanaka—Webster connection of M has a negative semidefinite Ricci form.
() If f=(f)then Apf' =0,1<i <2(n+k)+ 1
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(iii) The pseudo-Hermitian scalar curvature R vanishes if and only if for any parabolic
geodesic y of M, f oy is a parabola in H, 1. In particular, if R = 0 then M is
a Sasakian space-form.

Here Ap is the sub-Laplacian of (M, 0). If A = H,, 1 then t4 = 0 and consequently
T =0, Q0 =0, by (6.31). In particular M turns out to be a Sasakian manifold. Next
RA = 0, so that (6.43) becomes

R(X,Y)Z = au(f)v,2)X — aa(f)(x,2)Y.

A suitable contraction of indices then leads to

2k
Ric(X,Y) = — Z g (@;X.Y), (6.46)
j=1

where a; = ag; and {&;}1<j<o« is a given (local) orthonormal frame of vk ( f). Since
O = 0 each qa; is self-adjoint and thus Ric(X, X) < 0 for any X € T(M). Yet
Ric(X, T) = 0, i.e., Ric is degenerate.

Let f' be the components of f : M — H, 4. Then Af’ = 0 by the proof of
Theorem 6.5. Also, since X é = 0, it follows that

T(fFOY =1, T(f =0, 1<a<2(m+k).
At this point (ii) follows from a formula of A. Greenleaf ([186]),
Apu = Au+ T(T (u)), (6.47)

for any u € C*°(M). A further contraction of indices in (6.46) gives

2k
— Z trace(ajz-).
Jj=1

Then R = 0 if and only if «(f) = 0. This follows from (6.33). Indeed, since Q = 0,
there exists a local frame with respect to which a; = diag(A; 1, ..., Aj2,41). Thus

= dlag(k2 oo A 2rlJr]) At this point we may apply Lemma 6. 5 Finally, if the
pseudo Hermltlan scalar curvature vanishes then the Tanaka—Webster connection of
M is flat and (1.71) in Chapter 1 becomes

RY(X,Y)Z = ;{0(X)go(Y, Z)Xo — 0(Y)go (X, Z)Xo
+60(Z2)0(Y)X —0(2)0(X)Y
—(JXANIY)Z+2dO)X,Y)IZ}, (6.48)

for any X,Y,Z € T(M). An inspection of (6.48) in comparison with (3) in [62],
p- 97, shows that M (with the Sasakian structure (J, Xo, 8, g9)) is a Sasakian space-
form. Theorem 6.6 is completely proved. (]
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We close this section with a remark relating Sasakian and pseudo-Hermitian ge-
ometry. By a result of S. Tanus [214], any (2m + 1)-dimensional manifold A carrying
a normal almost contact structure (¢, &, n) is a CR manifold. Precisely, let £ be the
distribution on A given by the Pfaffian equation n = 0. Then ¢> = —I on L. Let
us complexify £ and ¢ and set £'° = Eigen(g; i). Then (A, £1°) is a CR manifold
(of hypersurface type) of CR dimension m and 7 is a pseudo-Hermitian structure. Let
(¢, &, 1, g) be a Sasakian structure. Then G_,, = g on L, so that (A, Lo —n) is
strictly pseudoconvex. Conversely, we have the following theorem (thus completing a
discussion started in Chapter 1):

Theorem 6.7.

Let (M, Ty 0(M), J, 0, T) be a strictly pseudoconvex CR manifold. Then (J, T, 0, gg)
is a contact metric structure on M. The almost contact structure (J, T, 0) is normal if
and only if t = 0. In particular, the Heisenberg group (carrying the Sasakian structure
(J, —2T, —%9, }‘g(g) with 0 given by (1.25)) is a Sasakian space-form of ¢-sectional
curvature ¢ = —3.

6.4 Pseudo-Einsteinian structures

As mentioned in the introduction to this chapter, the machinery in the previous sections
may be applied to the study of pseudo-Einsteinian structures; cf. our Chapter 5, from
which we recall a few basic facts concerning the Lee class. These are used to establish
Theorem 6.8.

6.4.1 CR-pluriharmonic functions and the Lee class
Let f : M — A be a pseudo-Hermitian immersion. Then
apf = f"0pn (6.49)

for any (0, ¢)-form 1 on A. Here the symbol 3, denotes both the tangential Cauchy—
Riemann operators on M and those A. Let P4 be the sheaf of CR-pluriharmonic func-
tions on A. Assume for the rest of this section that f is a homeomorphism on its image.
As a consequence of (6.49), we have the following result:

Proposition 6.2. If D € A is open and v € Ps(D) then v o f € P(V), where
V=D f)).

We need to recall the construction of the CR-invariant cohomology class y(A) €
H'(A, P,) built in Chapter 5 of this book. Assume from now on that A is locally re-
alizable. Then there is an open covering D = {D;} jex of A and a pseudo-Einsteinian
pseudo-Hermitian structure ®; on each D;, j € X.If I;; : D; N D; — D; are
inclusions, then

;0 = expU;i)1};0;,
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for some C* functions Uj; : D; N D; — R. By Theorem 5.6 in Chapter 5, U;; €
Pa(D; N Dj). Let N(D) be the nerve of D. Let C € CY(N(D), P,) be the 1-
cochain mapping each 1-simplex o = (D;D;) of N(D) in Uj; € Pa(No). Then
C € ZY(N(D), Py), i.e., C so built is a 1-cocycle with coefficients in P4. Finally
y(A) € H' (A, P,) is the equivalence class of [C] € H (N(D), Py).

Proposition 6.3. Each pseudo-Hermitian immersion f : M — A such that f : M ~
f (M) (a homeomorphism) induces a map on cohomology

f*:HP(A,Pa) — HV (M, P).
Let Cov(A) be the set of all open coverings of A. LetI" € H” (A, Py4). Since
HP (A, Pa) =1lim HP (N(D), Pa),

thereis D € Cov(A) and h € HP(N(D), P4) suchthatI' = [h]. Let V; = f_l(D.,' )
f(M))andsetV = {V;}ex. Then V € Cov(M). Letus set f*I" = [ f*h] where

f*HP(N(D), Pa) > HP(N(V), P)

is described as follows. Let ¢ € ZP (N (D), P4) be such that h = [c] and set f*h =
[ f*c], where

f*:CP(N(D),Pa) — CP(N(V), P)
is described as follows. Let o = (Vj; - - - Vi,) be a p-simplex of N (V) and set

(f*e)o = pprooc(fro),
where f*o = (Dj,--- Dj,), while

Pf*o,0 - PA(ﬂf*o’) — P(ﬂo’)’ pf+a’a(v) —vo f7

for any CR-pluriharmonic function v : Dj, N ---N D — R. It is an elementary
matter to check that the definition of f* doesn’t depend (at the various stages) on the
choice of representatives. Throughout we use the notation and conventions in [178],
pp- 272-275.

Theorem 6.8. (E. Barletta et al. [36])

Let f : M — A be a pseudo-Hermitian immersion (so that f : M — f(M) is a
homeomorphism) between two strictly pseudoconvex CR manifolds M and A of CR
dimensions n and N = n + k. Assume that both M, A are locally realizable (e.g.,
either M, A are compact or n > 2). Then

f v (A) —y(M) € Ker(j),

where j : HY(M,P) — H'(M, &) is the map induced on cohomology by the natural
sheaf morphism P — £ (and & is the sheaf of C* functions on M). Let us set ¢; =
ffe;, v, = f’l(Dj N f(M)), j € X. Ifeach (V}, ¢;) is pseudo-Einsteinian then
f*v(A) = y(M); in particular, if A admits a global pseudo-Einsteinian structure,
then so does M.
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Proof. Let V = {Uylaer € Cov(M) and ug, € P(Uy N Up) such that i;‘ﬁQ,g =
exp(2u,30,)i;a9a, where iqg : UyNUpg — Upg are inclusions. Then y (M) € H'(M,P)
is the equivalence class of [c] € HY(NU), P), where ¢ : A(af) — ugy. Let W e
Cov(M) so that W < U and W < V. Let us set W = {W,},c;s. There are maps
¢:J — Tand : J — X suchthat W, C Up) N Vy(q) for eacha € J. Let us set
Ao = 1}0p() and (g = S}y ) where rq : Wy — Upq) and s, 1 Wy — V(o) are
inclusions. Note that

kyphp = expQhpa)kpyras (6.50)

where kqp : W, N W, — W, are inclusions and hp, = ugy o rgp With o = ¢(a)
and B = ¢(b), and ryp : W, N W, C Uy N Ug. In other words hpq = ppo,o (Upea),
where pgo,o 1 P(N¢po) — P(No) is the restriction map (6 = A(ab) € N(W)) and
¢ : NOW) — N(U) the natural simplicial map. If¢: CL(NU, P) - CLUNOW), P)
is the induced map on cochains, then (pc)o = hpg, and if ¢* : HA(NU), P) —
H'(N(W), P) is the induced map on cohomology then ¢*g = [pc] with ¢ = [c], so
that

y(M) = [¢"g]

(one checks that g ~ ¢*g by looking at W as a common refinement of itself and {).
Both (W,, A,) and (W,, u,) are strictly pseudoconvex CR manifolds, so that

Ha = exp(2vg)Lq (6.51)

for some v, € E(W,). Let v € CL(N(W), £) be given by v : A(a) — v,. Similarly
to (6.50) we have

kiin = exp(hpa)kjglia, (6.52)
where hp, = ijjoSqp Withi =¥ (a), j=v(b)ands., : WoNW, C V;NV;. Also
uji ="Ujio fijand f;; : ViN'V; — D; N D; is induced by f. Finally (6.50)—(6.52)
lead to

Fpa = Vb 0 kap + hpg — Vg © kpg. (6.53)

Let j : CH(NOW), P) — C{(NOW), &) be induced by the natural sheaf morphism
P — & (e, P(U) — E(U) is the inclusion, for each U C M open). Then (6.53)
may be written

JUf*C =8gv+ joe,
where
sg :CHINOW), &) = CEH(NOW), &)

is the coboundary operator. Consequently
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Jovw f*G = jouwse.

where j : H'(NOW),P) — H'(N(W), £). Finally, since j and ¢* (respectively
J and ¥*) commute, it follows that j(f*y(A) — y(M)) = 0. Note that in general
Ker(j) # 0 (because B'(N(W), P) C BL(N(W), &), strict inclusion). If each p, is
pseudo-Einsteinian then v, € P(W,) and (6.53) may be written

dfFC = 8v + e,
where § : C1(N(W), P) — C>(N(W), P) is the coboundary operator. Thus
dvw G = duws.
that is,
[y (A) =y (M),

and Theorem 6.8 is proved. ]

6.4.2 Consequences of the embedding equations

In order to prove Theorem 6.1 we shall need the following lemma:

Lemma 6.7. For any X, Y € T (M) and any & € v**(f) the following identity holds:

go(as JX + Jaz X, Y) = go(Tya(fuX, fiY), Ja$). (6.54)

Using
go(as X, Y) = go(a(f)(X,Y),§),
a(HX,Y) —a(HY, X) =nor{Tya (fuX, 1)}, (6.55)
a(f)(X, JY) = Jaa(/) X, T),

we may perform the calculation

golagJX,Y) = go(a()(JX,Y),§)
=go(@ ()Y, JX) + Tya(fi /X, fiY). &)
= go(Jaa(f)(Y, X) + Tya(fi J X, fiY), §)
=go(Jaa(f)(X,Y),§) + go(Tya(fiJ X, fiY), §)
— go(Janor{Tya(fuX, fi¥)}, ).

Finally,

Ji=—-1+0QTx,
go(JaX, JuY) =go(X,Y) —OX)O(Y), X,Y €T(A),

lead to (6.54). U
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Let £ € v**(f) be such that R+(X, Y)& = 0, forany X, Y € T(M). Then

g0 (R X, fx1)E, ) = go(RT(X, )&, n) + go(ayY, ag X) — go(ayX, agY),

aneX =JagX,
furnish
RASX, fuY. 6, JpE) = go(JarY, a: X) — go(Jas X, azY).  (6.56)
Throughout, R(X, Y, Z, W) = go(R(X,Y)Z, W). O

Note that (6.55) may be restated as
go(a: X, Y) = go(X, agY) + go(Tya (fu X, fiY), §). (6.57)
By (6.57) and J?> = —I + 6 ® T we obtain
go(JagY,aeX) = —golasJas X, Y) — go(Tya (fiY, fuJas X), §). (6.58)
Let us replace X by ag X in (6.54) of Lemma 6.7 to obtain
golagJas X, Y) = —go(Ja; X, Y)
+ go(Tya(fraz X, fiY), Jad) + go(Tya(fias X, fiY), ). (6.59)
Substitution from (6.59) into (6.58) now leads to
go(JagY, as X) = go(Ja}X.Y) — go(Tya (frae X, f¥), Ja8). (6.60)

On the other hand, we may replace X by Y and Y by Jag X in (6.57). The resulting
identity and (6.59) furnish

golas X, a:Y) = —ge(faé?(, Y) + go(Tya(frac X, fiY), Ja8). (6.61)
Finally, by (6.60)—(6.61) the (CR analogue of) Ricci’s equation becomes
RAKX, fiY. 6, Ja8) = 289(Ja2X, V) — 2g0(Tya(faac X, f¥), Ja8). (6.62)
for X, Y € T(M) and & € v?*(f) with the property that R (X, Y)& = 0. Let
{81, 8k Jadr, oo Jadk)
be a local orthonormal frame of v ( f). Moreover, let
{Ev, ..., Eony1}

be a local orthonormal frame of 7(M), with Ez,y1 = T and E; € H(M), for any
1 <j<2n.Let

K(Z, W) = trace{V — RA(V, Z)W}.
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It is our purpose to compute K (fi X, fiY) for any X, Y € T(M). To this end, note
that

tan{RA(fi X, fi¥) fiZ} = R(X, Y)Z + ao(pyx.2)Y — ap)v.2)X

may be restated as

RA(f*Xv f*Ys f*Zs f*W) = R(X’ Y’ Zs W)
+ go(a(NHY, W), a(f)(X, Z)) — go(a(f)(X, W), a()(Y, Z2)), (6.63)

forany X, Y, Z, W € T(M). To compute traces we use

2n+1

K(fiX. fi¥) = ) RYfEi X, Y, foED)

i=1

k
+ Y (R Ea. fiX. [Y. Ea) + RA(Unka. fiX. Y. Jaka)).

a=1
We may assume that Ey4, = JEy, 1 < a < n. Consequently

2n+1

> a(f)(Ei, E)) =0.

i=1

Of course, here a(f) is not the second fundamental form of f (with respect to the
Webster metrics of M and A) but rather its pseudo-Hermitian analogue. Nevertheless,
as previously shown, the “true” second fundamental form of f is traceless as well (and
f is a minimal isometric immersion). This is natural since pseudo-Hermitian immer-
sions appear to behave very much like holomorphic isometric immersions between
Kihlerian manifolds. The implications of minimality have been discussed earlier in
this chapter. Next (6.63) leads to

Ric(X,Y) = K(fiX, fY)

k
=Y AR Ga, X, 1Y, 80) + R (Jaka, [ X, 1Y, Jaka))
a=1
2n+1

- Z go(a(f)(X, Ei), a(f)(E;, Y)), (6.64)
i=1

forany X, Y € T(M). O

At this point we may start the proof of Theorem 6.1. We shall need the first Bianchi
identity for vA (cf., e.g., S. Kobayashi and K. Nomizu [241], Vol. I, p. 135)

YO RNV, W = Y (Vi Tya)(Z, W) + Tya(Tya(V, Z), W)}, (6.65)
VZW VZW
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for any V,Z, W € T(A). Here ZVZW is the cyclic sum over V, Z, W. Let us set
V = fiX,Z = JagfiY and W = &, in (6.65) and take the inner product of the
resulting identity with J4&. This procedure leads to
RAfX, JafeY, €, Jaka) = Ea(X,Y)
+ RYEa, JafsY, fi X, Jaka) — R (Ea, fu X, JafiY, Jaka).  (6.66)

where

Eo(X,Y) = go((V} xTyn)(JafeY. &), Jaka)
+80((V], 1,y Tva) Gar X, Jaga) + 80 (Vi Tun) (fiX. Jafs¥), Jaka)
+ g0 (Tya(Tya (fu X, Ja fi¥), &) Iaka) + 80 (Tya(Tya(Ja fuY, &), X)), Jaka)
+ go(Tyaa, f+X), Ja fiY), Jaa).
Note that
RA(V, Z)JaW = JARA(V, Z)W (6.67)

(as a consequence of VAJ, = 0) for any V,Z, W € T(A). By (6.67)and ®(&,;) =0
we obtain

RA(%_av So X, Ja 1Y, Jaba) = RA(é:aa FiX, [:Y, 84). (6.68)
Next, replace & by &, and Y by JY in (6.62) to obtain (provided R+ = 0)

RAFX, fid Y, Ea, Jaka)
=2go(a; X, V) — 280 (Tya (frag, X, fJY), Jaga). (6.69)
for any X,Y € T(M). At this point we may use (6.68)—(6.69) to write (6.66) as
follows:
2g0(az, X, Y) — 280 (Tv (fraz, X, fxJY). Jaka)
= R Ea, JafuY. X, Jaka) — R Ga, X, fi¥. &) + Ea(X,Y),  (6.70)

for any X, Y € T(M). To deal with the torsion terms in (6.70) we need the following
lemma:

Lemma 6.8. Let T, = 3(Eq —iJEy), 1 <o <n. Then
Eo(Ty, Tg) = igo(taka, Jaka)hyp. 6.71)

The proof of Lemma 6.8 is a straightforward consequence of
Tya(Z, W) = Tya(Z, W) =0,
Tya(Z, W) =2iGe(Z, W)Ty,
TAZ € To,1(A),
forany Z, W € Tj o(A). U
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Lemma 6.9. Forany X,Y, Z, W € H(A) the following identity holds:

RAX,Y,Z,W)=RYZ,W,X,Y)
—Ap(Y, 2)dO)(W,X) — Ae(X, W)(dO)(Z,Y)
—Ap(W,Y)(dO)(X, Z) — Ap(Z, X)(dO)(Y, W),
where Ag(X,Y) = go(t4X, Y).

6.72)

For the proof of Lemma 6.9 the reader may see Chapter 1 of this book. Using (6.72)

we may compute the first curvature term in (6.70) as

RA(ga» f*JY, f*X, JAEa)
= RM(fuX, Jaka, Ea, [IY) — Ae(fiJY, £ X)(dO)(Jaka, &4)
— Ae (&, Jab)(AO)(fiX, fixJY),
forany X, Y € H(M). Also
RACfX. Jaka, Ear I Y) = =R (Jaka, [ X, Y. Jaba).
Let us substitute from (6.73)—(6.74) into (6.70) and use the identities
dO)(fuX, fiJY) = go(X,Y),

to obtain

2g0(az, X, Y) — 2g0(Tya(feag, X, fu¥), Jaka)
= RA(Jakas fiX, fxY, Jaka) = R (as fiX, fiY, 6a)
+ AX, JY) — go(X, Y)Ae(8a, Jaba) + Ea(X,Y),
for any X, Y € H(M). On the other hand (using (6.54)) one may show that

2n+1

Y go(a(f)(X, E), a(f)(Ei, ¥))

i=1

=y {289(61?“)(, Y) + go(Tya(fiY, frag, X), &)

a=1

— go(Tya(f+Y, fulag, X), JAf;'a)}~

Finally, substitution from (6.75)—(6.76) into (6.64) gives

Ric(X,Y) = K(f: X, fY)

a=1

—AX, JY) + go(X, Y)Ae (&, Jaba) — Ea(X, Y)},

k
- Z {gG(TVA(f*JaxiaXa fY), 8a) — 280 (Tya(frag,, fxJY), Jaka)

(6.73)

(6.74)

(6.75)

(6.76)

6.77)
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for X,Y € H(M). Let us extend both sides of (6.77) by C-linearity to H(M) ® C.
It follows that (6.77) holds forany X, Y € H(M) ® C - (since both sides are C-linear
and coincide on real vectors). Letusset X = Z, ¥ = W, with Z, W € T1o(M). We
obtain

k
Ric(Z, W) = K(fuZ, [ W)+ Y _{Ae(Ea, Ja8a)g0(Z, W) — Eo(Z, W)}. (6.78)

a=1

Finally, we set Z = T, and W = Tg in (6.78) and use (6.71) to obtain (6.1). O

6.4.3 The first Chern class of the normal bundle

Let (M, 6) and (A, ®) be two strictly pseudoconvex CR manifolds and f : M — A
a pseudo-Hermitian immersion. The purpose of the present section is to look at the
converse of Theorem 6.1, i.e., it may be asked whether (6.1) yields RL = 0. We
establish the following weaker result. Let v>*(f) — M be the normal bundle of f. By
a result in this chapter, v2k(f)x C H(A) s(x), for any x € M, so that J4 descends to a
complex structure J= in v%( f). Let us extend J+ by complex linearity to v (f) ® C
and let V2% ( £)1-0 be the eigenbundle corresponding to the eigenvalue i.

Theorem 6.9. Let f : M — A be a pseudo-Hermitian immersion with the property
R, = Kyp where K =K (fuTy, f TE)‘ If the Tanaka—Webster connection of A

has parallel pseudo-Hermitian torsion (that is, VAt = 0) then c; (v (£)10) = 0.

Throughout, if E — M is a complex vector bundle then c{(E) € H 2(M, R) denotes
its first Chern class. To prove Theorem 6.9 we need the following lemma:

Lemma 6.10. Let f : M — A be a pseudo-Hermitian immersion. If the ambient
space A has parallel pseudo-Hermitian torsion then

(VxA)(Y, Z) = go(a(f)(X, 2), Q(f)Z) + go(Q(NHY, a(f)(X, Z)), (6.79)
forany X, Y, Z € T(M).

The proof of Lemma 6.10 follows from VA7, = 0, the (pseudo-Hermitian analogues
of the) Gauss—Weingarten formulas, and

A fuX = fir X+ 0()X
in a straightforward manner. ]
Let us recall that ¢1(T7,0(M)) is represented by (i /(27))dwS, where
o _ p _po B a B _ W% b
dw, = Raﬁe N6OP + aﬂe N WEBQ NGO,

W

L = Apyoh®, Awpy = (Vi A)(To, Tp).

Here a)%l are the connection 1-forms of V. Cf. Chapter 5 of this book. Moreover, let

{@1, R @N} be the admissible coframe corresponding to {71, ..., Ty, {1, - -+, Sk}
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where ¢, = (1/2)(&, —iJa&,). Then f*O% = 0% and f*@**" = 0. Next ¢ (T1,0(A))
is represented by (i/ (Zn))dQ;., where Q’] are the connection 1-forms of V4 and
(A(“))ij,E =0 yields
b _ o k
de = KjkO A OF.

Finally (6.79) gives Ayg 7 = 0, so that f*c1(T1,0(A)) = c1(T1,0(M)), and the direct
sum decomposition

T1.0(A) fo) = [(de ) T1o(M) 1@ vE(HLO) x e M,

yields ¢; (VK (£)10) = 0. O
Let f : M — A be a pseudo-Hermitian immersion. Assume that R4 = 0 (e.g.,
A = Hy). Then (6.64) gives

2n+1

Ric(X, ¥) = — Y go(@(f)(X, Ep), a(f(E;, Y)),

i=l
or (by computing traces)
20 = (N> <0. (6.80)

Theorem 6.10. (E. Barletta et al. [36])
There is no pseudo-Hermitian immersion of

(Hn(s), |x|—2{dz +2 Zn:(x“dy“ - y“dx"‘)})
a=1

into a Tanaka—Webster flat strictly pseudoconvex CR manifold.

Proof. By a result in Chapter 5 of this book, we have

R,z = (n+ DIx|2z]*hyg5. (6.81)

or (by computing traces)
p=n(n+ x| 7|z]|. (6.82)

Assume that there is a strictly pseudoconvex CR manifold A with R4 = 0 and a
pseudo-Hermitian immersion f : H,(s) — A. Then (6.82) contradicts (6.80) and
Theorem 6.10 is completely proved. (]

A remark regarding the analogy with Kéhlerian geometry (cf. [93], p.554) is in
order. Let f : M — A be a pseudo-Hermitian immersion. Assume that c1(77,0(M)) =
0. Then there is a real 1-form n on M such that

T = d, (6.83)

where I' = (i/(2m))dw}.
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Deiin@on 6.9. A C-valued 2-formon M isa (1, 1)-formif T |n =0and n(Z, W) =
n(Z,W)=0forany Z, W € T o(M). O

Let AL1(M) be the bundle of (1, 1)-forms on M.
Definition 6.10. Let

Lo : C®(M)®C — AV(M)
be defined by setting
Lof =—fdo,
for any C* function f : M — C. Also, we consider
Ag: AM(M) - C®(M) ® C
given by
(Aov. o = (¥, Lefo. ¥ € T(AN (M), O

Here (, )g is the usual L? inner product

@ = [ 6.916 Ao,
for any (1, 1)-forms ¢, ¥ on M, at least one of compact support, where
(b, V) = bgv®”
¢ = ¢ 50% NP, U = ,56% A 6P,
A A A e
We may extend Ay to an operator
Ag : A’T*M ®C — C®(M)® C

by declaring it to be zero on A%2(M) @ A2O(M). Then
1
AH r=- —pP,
T

and we may apply Ay to (6.83) to obtain

1
—p =nn +1i div(Z), (6.84)
2

where 11 = 746 + g0 + o6 and Z = Z%Ty — 29T, with Z* = h*Png. The
divergence in (6.84) is taken with respect to the volume form W = 6 A (d60)". There-
fore, if fM no¥ > 0 then (6.80) gives «(f) = 0 and thus Rt =0(sa consequence
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of the (pseudo-Hermitian analogue of the) Ricci equation) provided that R4 = 0.
Yet, by a previous result, if (M, 0) is pseudo-Einsteinian, one representative of I is
n = (1/(2mn))pd, so that (in view of (6.80)) the hypothesis fM noW¥ > 0 is gener-
ically not satisfied. Indeed, let n’ be another real 1-form such that I' = dn’. If for
instance H'(M,R) = 0 then ' = n + du for some C* function u : M — R and
(6.84) yields

/ TV =0,
M

/néd’:/no\llfo. ]
M M

Let us look at several examples.

that is,

(1) (Heisenberg groups) Let H,, be the Heisenberg group, endowed with a standard
strictly pseudoconvex CR structure spanned by 7,, = 9/3z%+iz%d/dt, and the contact
form 6y = dr +i ) ,,_{z¢dZe — Zadza}, 2% = 2o. Themap f : H, - Hy, N =
n+k, k > 1, induced by the natural inclusion C* — CcV Ge., f(z,t) =(z,0,1), 0 e
C¥), is a pseudo-Hermitian immersion with a flat normal Tanaka—Webster connection.
R = 0 follows from the Ricci equation.

(2) (Quotients of the Heisenberg group by discrete groups of dilations) Let H,, (s),
0 < s < 1, carry the CR structure induced by the covering map  : H,, \ {0} — H,,(s),
and the contact 1-form 6 given by

Or(x) = x| 2601 0 (dy) ™", (6.85)

for any x € H, \ {0}. The map F : H,(s) — Hpy(s) induced by f : H, \ {0} —
Hy \ {0} (iie., Fomr =Ilo f,where Il : Hy \ {0} — Hy(s) is the natural covering
map) is a pseudo-Hermitian immersion. Indeed, if Hy (s) is endowed with the contact
1-form ® given by

Onw) = |X| 7200 x o (dx) 7!, (6.86)
N
®g=ds + Z{w,-dwj —widw;},
j=1

forany X € Hy \ {0}, then | f (x)| = |x| (Heisenberg norms), x € H,, yields F*® =0
(i.e., F is isopseudo-Hermitian). Moreover, we may write (6.85)—(6.86) as

0 = ey, ©=eY0

(with U = log |X |=1 and u = U o f). Therefore, the characteristic directions 7 and
T4 of (H,(s),0) and (Hy (s), ®) are respectively given by

8 —
_ ,2u _ 9B B
T =e {at 2iufTg + 2iu Tﬂ},

P . -
Ta=e V! — —2iU0/W; +2iU W=} .
ds 4
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Note that
U7 (f () = [xPWU) 5oy
and
W5(U) = —31X|"*w;®
where ®(w, s) = |w|* + is (note that ® is CR-holomorphic). Finally
U® = |x|*Ug, Ugo f=ug, U%o f =u",
and
Te() = =311 206

(where ¢ = ® o f)yield f, T = T4. Next, let us compute the curvature of the normal
Tanaka—Webster connection V- of F. We perform our task in a more general setting,
as follows. Let f : M — A be a pseudo-Hermitian immersion between (M, ) and
(A,©) and set 6 = ¢29, © = ¢2VO, with U € C®(A), u = U o f. Readily
£*© = 6. Let us set

T =e 2T = 2iuPTs + 2iuf Tg),

where T is the characteristic direction of (M, 6). Since U o f = u® we obtain

Ta(f(x)) = (f:T)(f(x))
+ 2ie 21 OUEF(f () Wagn (f (1)) — U (f () Wan (f (X))},

for any x € M. Thus f*f‘ = f"A (i.e., f is a pseudo-Hermitian immersion from (M, é)
into (A, @)) if and only if £z(U) = 0. Let us look now at the relation between V- and
vi (the normal Tanaka—Webster connection of (M, é) in (A, @)). Let D2k ( f)x be the
orthogonal complement (with respect to 86, f(x)) of (dy f)Tx(M) in Ty (x)(A), for any
x € M. Then D% (f), = vk (f),, although the Webster metrics gg and ge are not
conformally related.

Assume from now on that f is a pseudo-Hermitian immersion both as a map of
(M, 0) into (A, ®) and as a map of (M, é) into (A, @). We need to recall (cf. Chap-
ter 2) the following result:

Lemma 6.11. Let (M, Ty o(M), 0, T) be a nondegenerate CR manifold. Then, under a
transformation 6 = >0, the Christoffel symbols of the Tanaka—Webster connections
of (T1,0(M), 0) and (T1,0(M), 0) are related by
ﬁga = Fga +2upgdy + 2ua8§,
o __ o op_
Fﬁa = Fﬁa —2u hﬁa’
1T = TG, +2u0d] + iug,” + 20Tq,u" — 2T7 ut,

where uy ° = u, Bh”ﬂ.
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Using Lemma 6.11, the Weingarten formula, and
Vi xE = —fule X + Vx£,
for X € X(M) and & € T®W3(f)), we obtain
V7,60 = Vi, + 2upta,
VEta=Vila, (6.87)
Vila = Vit + 2upe 2.

If M = H, and A = Hy we have VA¢, = 0 and thus V¢, = 0. Thus (by (6.87)) if
M = H,,(s) and A = Hy (s) the normal Tanaka—Webster connection of F is given by

V%‘-ﬂ $a = 214/3 Cas
V%ﬁ ¢ =0, (6.88)
V%ga = 2“06_2u Cas
with u = log |x|~!. Next (as a consequence of (6.88)) we may use the identities

. ad
[Ty, Tg] =0, [Ty, TE] = _218(1,35,

and
Vg‘/a[{a = 2(up + 2iu5uﬂ)§a
to obtain
RY(Ty, Tp = ¢4 =0, R-(Tw, Tp)¢q =0, (6.89)
and

R (Ty, Tg)la = {—2T5(ue9 + 4i8ap (uo + 2iugu®)}a.
Finally, taking into account the identities
o = —31x| 72, Tglta) = —31x|*8upg,

V=4, 4T 4
uo = —zx7°t, ¢ = x|,

ugu® = 31x|7*z|%,
it follows that
R (Ty, Tg)ta = — x| *$Supa- (6.90)

Summing up, the pseudo-Hermitian immersion F' : H, (s) — Hy (s) has (by (6.90))
R+ # 0. However, (6.81) yields Ko = ARyg with A = (N +1)/(n + 1).
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(3) (Pseudo-Siegel domains) Let (a, 8) = (x¢1,...,05,08) € Z’frl be a fixed
multi-index and

n
Dop = {1, ....z0, w) € C"T: Z 2;1%% + Im(wP) — 1 < 0}
P

(cf. [45]). Then Dy is the Siegel domain in C**! (and dD1,1 =~ H,). Assume that
B > 1 from now on. The boundary 9Dy g of Dy g inherits a CR structure (as a real
hypersurface of C"*!) spanned by

) 9
Tj= — —2ifj— 6.91
1= iy (631

in some neighborhood of w # 0 where

o _g ai—1_o;
sz_fwl ,BZ_] Z}

B J J

Hence we have the commutation relations

[T}, Tk] = 0,
2] (20 —1) 21, 12(ax—1)
2i Ol]|Zj| J | aj |z 0
Endow 9 D, g with the pseudo-Hermitian structure 6 = 6, g given by
n
6 = pw?'dw + pwlldw + 2i Z(g,-dzj —3,dZ)), (6.93)
j=1
where
gi =z 7.
Therefore the Levi form of (0 Dy, g, 0) is diag(A1, ..., A,), where

A = 4|z, 2@V,
Therefore, if ; > 1, 1 < j < n, then Gy is degenerate at each point of U’;: 1 M,

where M is the trace of the complex hyperplane L; = {(z,w) : z; = 0} on the
boundary of D, g. Next

n
Uap = 0Da.p \ [U Mj]
=1

(an open subset of d Dy g) is a strictly pseudoconvex CR manifold. The characteristic
direction T of
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do = —4ia’)z;|* @i~ Vdz; A dZ

is given by

d d
— 1 B—1
4,3|w|2(/3 1){ qw T aw}'

Note that (6.92) may be written

j # k= 1T}, Tr] =0,
[T}, T:] = idT.

Also
[7;,T]=0.
Using the explicit expressions of the Christoffel symbols in Chapter 1, we derive the
(Christoffel symbols of the) Tanaka—Webster connection of (Uy, g, 6):
N a (S N S 4
F]k—mzj' ijjS, F7k=0, F0k=0‘ (69 )
j

Therefore (Uy, g, 0) has a vanishing pseudo-Hermitian torsion (t = 0). As a straight-
forward consequence of (6.94) the Tanaka—Webster connection of (Uy, g, 0) is flat
(R=0).

Finally, we look at the structure of the points of weak pseudoconvexity of d Dy g.
Let1 < p < n and set

Mjl"‘jp = aDasﬂ n LJI AN Ljp'
Then

~ -
M;,...j, ~ 9D g c i

Ajyip>
(a diffeomorphism), where & j,...;, = (a1, .. ., Gjpyeees &jp, ..., 0y). A natural ques-
tion is how Mj,...;, sits in Dy g, i.e., equivalently study the geometry of the immer-
sion f : 0D,,... 1), — 0Dq,p induced by the natural map
ChxC—C"xC, (z,w) > (z.0,w), 0 C*, 0 <k <n.
Using (6.91) one may show that f is a CR immersion. Finally (6.93) yields
[ Oup = Oa....c00). 8-

i.e., f is isopseudo-Hermitian.
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Quasiconformal Mappings

Our scope in Chapter 7 is to report on results by A. Koranyi and H.M. Reimann [254]—
[256]. The central notion is that of a K -quasiconformal map, that is, a contact transfor-
mation f : M — M’ of a strictly pseudoconvex CR manifold M, whose differential
df is a quasi-isometry asamap df : H(M) — H(M’), with respect to the Levi forms.
One of the main results of A. Kordnyi and H.M. Reimann (cf. op. cit.) is that the exis-
tence of smooth K -quasiconformal maps f : H, — M c C"*! from the Heisenberg
group is tied to the existence of solutions to the fangential Beltrami equations, very
much as in the one complex variable counterpart of the theory, cf. L.V. Ahlfors [1].
We also present a generalization of the celebrated Fefferman theorem (cf. [139]) that
biholomorphisms of strictly pseudoconvex domains extend smoothly up to the bound-
ary, and therefore induce CR isomorphisms of the boundaries. Here one weakens the
hypothesis on the given transformation F : Q — €, i.e., one assumes only that F' is
a symplectomorphism (with respect to the Kéhler form associated with the Bergman
metric) that extends smoothly up to the boundary. The (weaker) conclusion is that the
boundary values of F give rise at least to a contact transformation (cf. Theorem 7.6).
The proof relies on the Fefferman asymptotic expansion of the Bergman kernel of €2.
Symplectomorphisms of the Siegel domain are shown to satisfy the (several complex
variables) Beltrami system (cf. E. Barletta et al. [41])

af x Of

o = ;df S (7.1)
The reader may consult L. Wang [419], for an analysis of the solutions to (7.1). Clos-
ing a circle of ideas, the boundary values of solutions to (7.1) satisfy the tangential
Beltrami equations.

7.1 The complex dilatation

Let (M, T1,0(M)) be an orientable CR manifold (of hypersurface type) of CR dimen-
sion n. Let H(M) be its Levi distribution.
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Definition 7.1. A C? diffeomorphism f : M — M’ of M onto another CR manifold
M’ is a contact transformation if

(dxf)H(M)x = H(M/)f(x) y
forany x € M. ]

Assume from now on that both M and M’ are strictly pseudoconvex and let 6 and 6’
be pseudo-Hermitian structures, on M and M’ respectively, whose corresponding Levi
forms are positive definite. Let f : M — M’ be a contact transformation. Then

0 = )xf(O,Q/)G (7.2)
for some nowhere-vanishing C* function A ¢ (6, 0): M — R.

Proposition 7.1. For any contact transformation f : M — M’ of strictly pseudocon-
vex CR manifolds, the property

Ap(@,0") >0 (7.3)
(when achieved) is a CR invariant property.

Indeed, if 6 and 6’ are pseudo-Hermitian structures on M and M’ such that the corre-
sponding Levi forms are positive definite, then there are C®> functionsu : M — R
andu’ : M’ — Rsuch that§ = ¢"6 and 0’ = ¢“ 0'. Let v := u’ o f. Then (by (7.2))

Ap@,0") =e""ar (0,6,
and Proposition 7.1 is proved. ]
We shall need the following lemma:

Lemma 7.1. Let M and M’ be two strictly pseudoconvex CR manifolds and f : M —
M’ a contact transformation. Assume that f possesses the CR invariant property (7.3).
Then (dxf)7 does not belong to Tl,o(M/)f(x),for any Z € Ty o(M)x, Z # 0, and
any x € M.

Proof. The proof is by contradiction. Assume that

(di f)Z € TioM) f(vy

for some Z € T1,0(M),, Z # 0, and some x € M. Let 6 and 6’ be pseudo-Hermitian
structures on M and M’ respectively such that the corresponding Levi forms Lg and
Ly are positive definite. Then

Ly, ) (d /)Z, (dc [)Z) > 0.
On the other hand,
Ly, f)(dx )Z, (dx [)Z) = =i(d0") f(x)(dx f)Z. (dr [) Z)
= —i(f*d0")(Z, Z) = —id(h10)x(Z, Z)
=—i{(drp) NO+Arypdo) (Z,Z)
=il (d0)(Z,Z) = —rsLg(Z,Z) <O,

a contradiction. Here A ¢ is short for A £ (6, 0. U
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Definition 7.2. Let T; (M) y C H(M) ® C be defined by setting
TioM); ={Z e HM)QC:(df)Z € T o(M")}. U

Lemma 7.2. Let f : M — M’ be a contact transformation as in Lemma 7.1. Then
there is a C-antilinear bundle map n : Ty o(M) — T1,0(M) such that

Tio(M)y ={Z — uZ: Z € T1 o(M)}.

Proof. Let iy | : H(M') ® C — To,1(M’") be the natural projection. Then
T o(M)y = Ker(néﬁl o (df)).

Let {T,} be a frame of 71 o(M) on U, and {T})} a frame of T} o(M’) on U’, such that
f(U) CU'. Then

ANTe = fET+ [T, @NTs = fITh + 1175,

for some ff,ff - U — C. Here f(f = ff and f; = ff. The matrix [f;] is

nonsingular at each point of U. Indeed, if det ( f; ) = 0 at some xg € U then

oot =0, 1=p=n,
for some (¢',...,¢") € C"\ {0}. Letus set Z = $%Ty.xy € T1,0(M)x,. Then

(dey )Z = T%dxy N Tavg = £ fL GO TS i) € T10M) f(x0) -

in contradiction to Lemma 7.1.
Let u : Ty o(M) — T 0(M) be defined by setting

nTo =Ty
B

a
e sy =17

Finally, note that Ty, — uTy € T1,0(M) r. Indeed

followed by C-antilinear extension, where - is given by

701 0 (@) (Tu = uTo) = 74,1 © (df) (Lo — b Tp)
=0, ST+ fET — nb (S} Ty + 1 T))
= (f§ = uh )T =0,

where ,ug = ,ug. ([l
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Definition 7.3. The bundle map p : Ty o(M) — Ti0(M) (determined by f via
Lemma 7.2) is called the complex dilatation of f. |

When danger of confusion may arise, we denote 1 by 1 ¢. Note that
(dO)(Z, W) + (dO) (W Z, W) = 0,

forany Z, W € T1 o(M). Indeed, let Z € T1,0(M). Then (by Lemma 7.2) Z — nZ e
T1,0(M) r; hence (by the definition of T1,o(M)¢) (df)(Z — nz) e T1.0(M"). By the
integrability of the CR structure T o(M), the 2-form 46 vanishes on complex vectors
of the same type. Hence

0 = @) ((df)(Z — uZ). @df YW — xW))
= A @O)Z — WZ, W — W)
= —2s ((@0)(Z. kW) + (dO) (HZ, W)).

A couple of remarks are in order.
(1) Let f : M — M’ be a contact transformation of strictly pseudoconvex CR
manifolds possessing the property (7.3). Then f is a CR map if and only if 1y = 0.
Q) If f: M — M'isaCRmapthen f*Gg = A7Gg on H(M) ® H(M). This
is no longer true when f is only contact. Nevertheless, one may change the complex
structure on H (M) in a suitable way. That is, let J5 : H(M) — H (M) be given by

Tpx=(def)™" 0 T} 0 (drf)
for any x € M. Also, let us set
Gr(X,Y)=(dO)X, JrY)

forany X,Y € H(M). Then f*Gg =1y Gy on HM) ® H(M).

Proposition 7.2. Let f; : M — M;, i = 1,2, be two contact transformations of
strictly pseudoconvex CR manifolds, both possessing the CR invariant property (7.3).
If fi, i € {1, 2}, have the same complex dilatation, i.e., L f;, = (L f,, then ¢ = fzofl_1 :
M| — M3 is a CR diffeomorphism.

Proof. Let us choose contact forms 6, 6; on M, M;, respectively, and adopt the notation
Ai=Arp(0,6), i e€{l,2},
so that
70, =26, A > 0.

It is easy to see that
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hence
Al
Ap = Ap(01,02) = — > 0.
A2

In particular ¢ is a contact transformation of M into M, possessing the CR invariant
property (7.3). Let then ug : T1,0(M1) — T1,0(M1) be its complex dilatation. Since
the maps f; have the same dilatation,

Ker(rg ') o (df1)) = Ker(ny] o (df2)),
where n(gfi : H(M;) ® C — Tp,1(M;) are the natural projections. Then
(Z = 19Z : Z € Ty,o(M1)} = Ker(xg] o (d9))

< (@fi) (Ker(rg o @f2)) = (@f) (Ker(rg) o @f)))
=@dfiNZe HM)®C: df1)Z € Tio(M)} € Ti0(My).

Consequently, for any Z € Ty o(My) we get Z — uyZ € T1,0(My). It follows that
meZ € Ty o(My) N Ty 1 (M) = (0);

hence g = 0. O

We close this section by relating the notion of Beltrami differential (such as intro-
duced by L. Lempert [278]) to the notion of complex dilatation.

Let M be a 3-dimensional CR manifold. Let {g; : ¢ € § 1Y be a positive contact
action of S' on M. Let p e M and X € H (M), ® C be such that {X, X} are linearly
independent. Since M is 3-dimensional, H (M), ® C has complex dimension 2; hence
{X, X} span H(M), ® C. Since we have Ty (M), C H(M), ® C it follows that
there is (o, B) € Ci with

aX +BX € To1 (M), .
ThenaX + BX € T1,0(M)p; hence {aX +BX, aX + B X} are linearly indepepdent.
As an immediate consequence || # |B]. Indeed, if || = |8] = r then &« = re'? and
B =retV (r #0)and
aX + BX =r(?X + eV X) = reéd V(e X 4+ e7VX) = YTV @x + B X),

ie, {aX + BX, @X + B X} are linearly dependent, a contradiction. O
Consequently, either |o| < |B] or |o| > |B|. We adopt the following definition:

Definition 7.4. X is said to be a (1, 0)-like vector if

{(, B) € C2:aX 4 BX € To1 (M)} C {(a, B) € C* : || > |BI}. O
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Here C2 = C?\ {(0, 0)}. Since 8¢ : M — M is a contact map for each ¢ € S!, one
has

(dpg) X, (dpge)X € HM)g () ®C,

and {(dpgc)X, (dp g;)Y} are linearly independent (since dpg; is a linear isomor-
phism). Therefore, there is (a, b) € Ci such that

a(dpge)X + b(dpge)X € To 1 (Mg (p).-

Definition 7.5. Let 1 : S! — C U {00} be defined by n(¢) = b/a. w is called a
Beltrami differential associated with the orbit of p. (]

Note that 11(¢) is uniquely determined. Indeed, if (a’, b") € C2 is such that
d'(dpge)X +b'(dpg)X € To,1(M) g, (p).

then (since Tp 1 (M) g (p) has complex dimension 1)

a'(dypge)X +b'(dpge)X = Ma(dpge)X + b(dpge) X1

for some A € C; hence a’ = Aa, b’ = Ab (and A # 0). O
Next, let us observe that [;.(¢)| < 1, forany ¢ € S'. Indeed, note first that z(1) =

B/a; hence |u(1)| < 1. Moreover, it may be seen that |({)| # 1, by an argument

entirely analogous to that leading to the conclusion || # |B|. Therefore, it must be

that [1.(¢)| < 1 foreach ¢ € S. O
The terminology adopted in Definition 7.5 is justified by the following result:

Proposition 7.3. (L. Lempert [278])

Let p' = gu(p) be a point in the orbit of p (w € S"). Let 1’ be the Beltrami differential
determined by p’ and by a vector X' € H(M),» ® C of (1, 0)-type. Then there is an
automorphism ¢ € Aut(A) of the unit disk A C C such that 1/ (¢) = ¢(u(w?l)), for
any ¢ € S'.

In his paper [278], L. Lempert wrote, “Let us remark here that ‘Beltrami coefficients’
on CR manifolds have first been introduced by Kordnyi and Reimann." ... Although
our Beltrami differentials are in spirit related to theirs, there is no logical relationship,
and they are different kind of objects.” As it turns out, mathematical reality is for once
better than the researcher’s expectations. In the remainder of this section we shall
demonstrate the actual relationship between the Beltrami differential associated with
the orbit of a point and the complex dilatation associated with a contact transformation.

Assume M to be strictly pseudoconvex and let 6 be a contact form on M with Lg
positive definite. Since g; : M — M is a contact transformation,

g;@ = )\{ 9,

Lt A Koranyi and H.M. Reimann [254]-[255].
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where, with the notation adopted earlier in this section, A, = A g (0, 0). Assume that
A¢ > 0 everywhere on M and let

e = pg, + Tro(M) — T o(M)

be the complex dilatation associated with g.. Let {T1} be a local frame of T o(M),
defined on an open set U € M. Then

dgo)Th = [T + AL ©OTy,
(dg)Tr = f7 (OT1 + f7 (DT,

for some smooth functions f é‘ : U — C such that fl1 (¢) is (C\ {0})-valued. Then the
complex dilatation p; of g; is given by

f©
fl@y
Let p e Mandlet X € H(M), ® Cbe a (1, 0)-like vector, i.e.,

ueTr= g (OT, ppQ) =

Ap(X) S {(, ) € C*: |a| > |Bl},
where A, (X) := {(a, B) € C2: aX + BX € To,1(M),}. Next, let us set
By(X:¢) == {(a.b) € C : a(dpge)X + b(dpge)X € To 1 (M)g, (p)}-
As previously shown, B,(X; ¢) C {(a,b) € C? : |a| # |b|}. Let (a, b) € B,(X; ¢).
If X = ATy, + BT; , then
To1 (Mg, (p) a(dy,g)X +b(dpge)X
= (@A +bB){f{ (O + f{ (OT;}p + @B +bA [ (OT + £ (OT7}p

= {(@A +bB) f{ (1) + @B + bA) f{ () p}T1.p

+{(@A +bB) f1(£)p + @B + bA) fL (), T,

= [ ©pl@A+bB)ui(), +aB + bAIT;

+ @) plaA + bB + @B + bA L ()T

hence (since f1(¢), # 0)

(aA + bB),u%({)p +aB +bA =0.

Note that A + bB # 0. Indeed, if it were aA + bB = 0 then aB + bA = 0 as well;
hence a(d,g:)X + b(dpg:)X = 0, i.e., one would get a = b = 0, a contradiction.
Consequently (by taking into account that i : S' — A is given by u(¢) = b/a)
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Ap@)+ B
p@)p =——— . (7.4)
Bu@)+A
Our claim is proved. An elegant formulation of the result is
E—— Ap@)+B
Uepl@X+pX)=———=(aX+8X (7.5)
o @EX 1P T) = LS X 1)

for any X = ATy, + BTT,p and any (o, B) € A,(X). To prove (7.5) let (a, B) €
Ap(X). Then oB + BA = 0. If for instance A # 0 then 8 = —(B/A)« and

e == |AI? —|B|* _
Hep@X +B X) = @A+ B B)up(©)pTip = ——=——@ug(0)p Tp-
Then (7.4) and
T, = A X B X
PPTAR = BET T AR =B
yield (7.5). 0

7.2 K-quasiconformal maps

The following notion is central to the present chapter.

Definition 7.6. Let K > 0 be fixed. A contact transformation f : M — M’ satisfying
the CR invariant property (7.3) is called a smooth K -quasiconformal map if

)\' .
%GH(X, X) = Go(df)X, df)X) =2 KGo(X, X), (7.6)
for any X € H(M), for some contact 1-forms 6, " with Ly, Ly positive definite (and

thus for all). O

Note that (7.6), when satisfied, is a CR invariant property. The following reformulation
of K-quasiconformality is elementary, yet useful.

Proposition 7.4. Let f : M — M’ be a contact transformation. Then f is a K-
quasiconformal map if and only if

1
g OoX. X) = Gr(X, X) = KGo(X, X),

for some contact 1-form 6 on M and all X € H(M).
As to compositions of quasiconformal maps, we have the following theorem:

Theorem 7.1. Let f; : M — M; be K;-quasiconformal, i € {1,2}, for some
K; > 0. If the maps f; have the same complex dilatation then ¢ = f> o ffl is a
K -quasiconformal map, of zero dilatation, with K = K1 K».
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The proof is left as an exercise to the reader.
Let f : M — M’ be a contact transformation of complex dilatation w. For further
use, let us define ||u|| : M — [0, 0co0) by setting

lielly = sup{Lox(x Z, ux 2)V? 1 Lox(Z,Z) = 1, Z € T1,o(M)y}

forany x € M.

7.3 The tangential Beltrami equations

Let f : H, — C"! be a C% map of components f = (f', ..., f**t1). Then

0

ek O -5 0
@1 T = Tu() o + TP .

where T, = 0/0z% +iz*9/dt. Since Ty, € T1,0(Hy,), if f is a contact transformation
of complex dilatation px then

Ty — nTy € T o(H,) r = Ker (70,1 0 (df) |n@,ec)

(where mp,1 : H(M) ® C — Tp,1(M) is the projection and M = f(H,,) carries the
CR structure induced from (the complex structure of) crthy, Throughout, we assume
M to be strictly pseudoconvex. The complex dilatation of f is a bundle morphism
w: Ti0(H,) — T1,0(Hy); hence we may write

uly = ué Ty

and
0 =m0, (@f) (Tu = 1 T5))
—x [(T (-2 4T, (F)i>
I A T R T
a ] — 0
—ub <T5(fk)ﬁ + Tg(fhﬁ)}
— 9 5 o— 0
= Ta(f 5z = ,ung(f")ﬁ

(where ,ug = ,ug ), whence

To(f) = ubTp(f"). 1<k <n+1. (7.7)

Definition 7.7. The equations (7.7) are referred to as the rangential Beltrami equa-
tions. ]
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The reason for the choice of terminology will become apparent when we discuss the
boundary behavior of a symplectomorphism (cf. [256]) of the Siegel domain to itself.
A. Koranyi and H.M. Reimann refer to (7.7) as the Beltrami equation (cf. [255]) by
analogy with the Beltrami equation d; f = ud, f in one complex variable (cf., e.g.,
[1]). However, as we shall see later on, the trace on 9€2,,+1 of any solution f € Cc3(Q,)
of the ordinary Beltrami system (cf., e.g., [419]) satisfies the tangential Beltrami equa-
tions on some open subset; hence our terminology seems the most appropriate.

Let f : M — M’ be a contact transformation of complex dilatation p and let {7}
be a (local) frame of 77 0(M). Then (by an earlier observation)

(d0)(Ty, uTp) + (d0) (uTy, Tg) =0,

ie.,
Hap = Hpa,
where
Wap = Hap  Map = hyalt.
Let us set

. n
0o = dt + ’5 3 (2dz — zdz).

a=1

We have shown that the components of a contact transformation f : H, — M =
f(H,) c C"*! satisfy the tangential Beltrami equations (7.7). As to the converse of
this statement, we have the following result:

Theorem 7.2. (A. Koranyi and H.M. Reimann [255])
Let f : H, > M = f(H,) C C"! be a diffeomorphism each of whose components

K satisfies the tangential Beltrami equations Tz (f ky = [,Lg Ts(f kY for some smooth
B

Sunctions p;

Then

:H, — Csuch that piop = |Lgo. Assume M to be strictly pseudoconvex.

(i) The map f is a contact transformation and there is a contact 1-form 6" on M such
that A 7 (6o, 6 =1.

(ii) Let i be the complex dilatation of f. If |||l < 1 then Ly is positive definite,
where ||| is computed with respect to 0y and 0’ (furnished by (1)).

Proof. Let us set
0 0
_ k _ ook
VO(_TOZ(f )azkﬂ WO(_TO((f )aZk
Then, on the one hand,

(df)Toz =Vy+ Wg,
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where W5 = Wa, and on the other, since f k satisfies the tangential Beltrami equations,
Wo = ulvg.

Let us show that
@f) (To = 1 T5) € Tio(M). (7.8)
Indeed
@f) (Ta = HETg) = Ve + Wa — u (Vs + Wp)
= Vo + Wa — Wo — ufiWp € THO(C") N [T (M) ® C] = Ti o(M).
As our next step, let us observe that the complex tangent vectors
Zo = f) (Tu ~ 1l Ty )

are (pointwise) linearly independent and span 77,0(M). At this point, we may prove
the existence of a pseudo-Hermitian structure 8’ on M such that f*6’ = 6. Indeed,
let 8” be just any pseudo-Hermitian structure on M and let us set

= n
B = span [Ta _ Mgrg}a_l c T(H,) ®C.

Then dimc B, = n, x € H,,. Note that Re{B & B} € H(H,,). Yet Re{B & B} has real
rank 2n; hence we have equality, i.e.,

H(H,) = Re{B @ B}. (7.9)
Taking into account (7.8), we have
(f*0") B =0"(df)B < 0"(T1,0(M)) = 0.
Then, by complex conjugation (f*6”) B = 0; hence (by (7.9))
(f*0") HH,) = 0.
Consequently
0" =260,

for some A € C°°(H,). Note that A(x) # O for any x € H,. Indeed, if A(x) = 0

for some x € H, then (f*@”)x =0, ie, 9}1()‘) o(dyf) = 0. Yet d, f is a linear

isomorphism; hence 9}’@) =0, i.e., Sing(8”) # @, a contradiction. Then we set

/ 1 9//

)»of_l
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Therefore
1 1
(f70), =0f 0 (def) = M%) °df)= s (f*0"), = bo.x,
or
f*e/ — 9 ,
i.e., f is a contact transformation with A ¢ (6o, 0 =1. O

To prove the se@d statement in the theore_m, note that, by the definitions, iZ IS
T oH,)thenZ —uZ € Ty o(Hy,) r,ie., Z—puZ € HM)®Cand (df)(Z —uZ) €
T1,0(M). Consequently

Ti,0(M) = Span{Zy}g,_;

and to see that Ly is positive definite it suffices to estimate Lg/ (Z,, Zz) from below.
Indeed

Lo(Za, Za) = =i(d0')(Za, Za)
= —i(df*0")(To — ufT5. Ta — n1T,)
= —i(d60) (T Ta) — i(d00)(T5, Ty )l
= Loy(Ta- Ta) — Loy (0T nTo)

Loy (T, nTy) }
L@o(TOlv Tﬁt)

> Ly (Ty, Tz)(1 — [|i2]|?) > 0. 0

= Lay(Tu T) |1 -

7.3.1 Contact transformations of H,,

Theorem 7.3. (A. Kordnyi and H.M. Reimann [254])
Let f : H, — H,, be a contact transformation with A = Ay (6o, 6p) > 0. The following
statements are equivalent:
(i) f is a K-quasiconformal map.
(ii) The complex dilatation p of f satisfies

<< .
el = 27—
Proof. We adopt the following notation:

0 aa
€a=Xa=8xa+2y EzTa'i‘T&,
0 o0 .
eatn =Y =W—2X EZZ(TO[_T&)’

(df)ea = FBep,

1 B
g = [—F ] :H,, - GL(2n, R),
ﬁ A Eé—;iﬁ "
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where {e4s} = {ey, €x+n}. Consider

Sp(2n,R) = {g € GL(2n,R) : g' Jog = Jo},

(0 =1,
Jo = ( I, 0 > .
Since f*0p = A6y and exterior differentiation commutes with the pullback by C'!
maps, it follows that

where

F*(dbo) = (d1) A B + X(db);
hence
(d0o)((df)X. (df)Y) = A(dBo)(X. Y),
forany X, Y e H(H,). In particular
F{ Fg (d6o)(ec, ep) = (d6o)((df)ea, (df)ep) = X(dB0)(ea, ).

On the other hand,

(@60) (e, en) = 2i( Y dz* AdZ")(ea, e)
a=l1

=i Z (dz%(ea)dz% (ep) — dz%(ep)dZ® (en))

a=1
and by
dz%(ep) = 85,  dz%(ep4n = i3,
dz%(ep) = 85, dz%(eptn) = —idg,
we get

(dbp)(eg, ) =0, (d6o)(ep, ey+n) = 23py ,
(dOo)(ep+n» €y) = —28p,, (dOo)(ep+n, ey+n) = 0.

Consequently (for A = « and B = f)
0= FS FP(do)(ec. ep)
= F}F}(d6o)(es. eu) + F F4 ™" (d00) (ex. €pin)
o+ EEER 00) @, e) + FEPEL (d00) (@3, €pn)
= 2F) F " 80, — 2F) T FY S,
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or

n
3 (FQFQ“‘ — F;”’FQ) —0,
=1

(7.10)

for any 1 < «, 8 < n. Similar calculations for A = «, B = B + n, respectively for
A=oa+n,B=p,and for A = o +n, B= B+ n, lead to the following identities:

n
S (FEFptn = ol ) = hdap

A=l

n

A A A )
Z(Fa+nFﬂ+” Fa-QJ-rr’llFﬁ)z_)‘(Saﬁ’
A=l
A A ) A
(F(x-Q—nFﬁj—_rrzl Fai_l?FﬂJrn) =0.
r=1
Note that
B B
a=[ %%, %t ) e Sp2n,R)
Ao a+n
if and only if
Z (a&’”a}; — agagH) =0,
Y
+
(a +n g _aa+nag ”) = dup >
Y
Z (a”” [ ayayH) =
Agin a%B4n )] — af s

14
y+n y Yy y+n\ _
Z( Ayindgin — aa+naﬂ+n> =0.
14

Then, by taking into account (7.10)—(7.13), we have the following result:
Proposition 7.5. g : H, — GL(2n, R) is actually Sp(2n, R)-valued.
Next, let K C Sp(2n, R) be given by

={k € Sp2n,R) : k' =k~ 1}
and let us set

={a =diag(e,..., e, e, .. eT™):t; eR, 1 <j<n},
g j J
=faecA:1=tr>--->1t, >0}

We shall need the so-called Cartan decomposition of Sp(2n, R):

(7.11)

(7.12)

(7.13)
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Proposition 7.6. Sp(2n, R) = K AT K
Let

j:GL(@#,C) — GL2n,R), j:A+iB+— (2 _AB>.

Note that K = O(2r) N j(U(n)). Using
AN T = fLTp+ £0T5.
ANTs = 275+ £215,
woty =1l
To =% (e —i€atn), Ta =% (€a+itatn),
one has
L(@f)ew — i@dfYeasn) = @) To = fETs + fPT;

-3 (e

where gg‘ =F g‘ /~/A are the components of g : H,, — Sp(2n, R). Therefore
S8+ S8 = (g~ ighia)
18— 18 =i (sb —ighlh).

. . B+
e+ gﬁ+ €p4+n — lg£+,1€ﬂ - 185+Z€ﬂ+n) )

By summing up (respectively by subtracting) these identities, one gets
78 = IV (sl 4 ) + ST (s~ b)) (7.14)
i
78 = IV (sl — lt) — ST (e + ). (7.15)
Since g is Sp(2n, R)-valued, we may write

g=jkyajk), (7.16)

for some functions k, k' : H,, — U(n) and a : H, — A™. Since the matrices j (k),
respectively a, have the form

k% k%
j(k)=( 4 ﬂ+">,
“hhen K

. ! 1, —t —1,
a = diag(e’!,...,e", e, ..., e ),

we have
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y+n"B+n B+n

kjofkg/efy — k% k’}/ ety kgk’)’ elv + k;t_,_nk/ﬁye_ty
e ke ke )

j®yaj k') = (

hence (7.16) has the following scalar form:

gf =Kok e — kS k), e,

y+n"™B+n
Blan = KEY, 0 + L
gg"_n = —kz_,_nkg/e[l’ — k;jkl/gy_’_ne_ly ,
510 = ks K]

At this point, we substitute into (7.14)—(7.15) to obtain
« = (k% —ik%, ) (k) — ik}, )cosht
B 2 y+n B B+n y
&= (k% +ik® kY — ik}, )sinht, .
B Y y+n B B+n Y
Let us substitute into ,ug fg = fg . We get

ubnYng cosht, = hYh(g sinht,,

where hY = kY — ik!

&1n» €tc. Let us contract with hg = h}. We get

ughghg’hg cosh 1y = h}h< hY sinh i, . (7.17)
On the other hand, because of
k= (k) = (;} ‘AB),
AA"+BB"'=1,, BA' — AB" =0,
we may compute hgh;: as

hyhs = (kY —iky ) (k) +iky )

= (kg - ik<};+n)(k7€ - ikj‘,’+") = dops
and (7.17) becomes
/Lgh:;) cosht, = hgs sinht,

(here p is not a summation index). Finally, by contracting with h;f we get (because of
1010
hghy = 8gy)

n

_I\B -
,Mg = Z (h’ 1)(7 hY tanht,,

o=1
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or
u=h'""diag(tanhty, . .., tanh )}’ . (7.18)
At this point, we may compute || ||. Taking into account

(d60)(Te, Tg) = idap

> Loy(nZ, n2)
Iul®= sup ————=—
ZETl.O(Hn) LGO(Zﬂ Z)
Z = aaTa € Tl,O(Hn),

we get

Il = sup 3~ a“a” ugul.

aeC"
lal=1 o By

On the other hand (by (7.18)),
S ulub =" (tanh1y)? nZHS
B o
2 o 2
< max (tanh ;) ;hg’ h7 = (tanh11)” 8,y .

Then

il < (tanh1)* )y a%a’8ay = (tanh11)? ) " Jaa|* = (tanh1) |
a,y o

ie.,
||l < tanhty . (7.19)

On the other hand, let Z = a*T;, € T1,0(H,) such that }_, a“h(’f = 81,. With this
choice of Z we have

Loy(nZ, nZ) = (tanh,)* .
Hence (by (7.19) and the definition of || u]|)
lpll = tanht .

Consequently

l+pll 1+ tanhy
1 —|lull  1—tanhs

Also
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maxjy=1 Ig()| e T4 |ull

ming =1 [g0)] e T —lull’

If f is K-quasiconformal then
1
EG(%(X’ X) =< G(Q()(gX? gX) < KGQO(Xv X),
for any X € H(H,). Here gX is the ordinary? matrix product. Thus
Cixf? < Jgxl? < Klx
% =< =

for any x € R?". It follows that

max|y=1 |g(x)| -
ming =1 [g(x)] ~

’

or

K —
< )
Il = 77

The converse is left as an exercise to the reader.

7.3.2 The tangential Beltrami equation on H;

An interesting question (posed by A. Kordnyi and H.M. Reimann (cf. [254], p. 65))
is to decide which antilinear morphisms p may arise as complex dilatations of K-
quasiconformal mappings. Let f : H, — C"*! be a C* map such that M := f(H,)
is a real hypersurface in C"*!. Assume from now on that M is a strictly pseudoconvex
CR manifold (with the CR structure induced from the complex structure of C"*+1y and
f + H, — M is a K-quasiconformal map. In particular f is a contact transforma-
tion possessing the CR invariant property (7.3), so that we may consider its complex
dilatation . = . We set

Jux = (def) o Jrwyodif), x €N,

where J : H(M) — H(M) is the complex structure (of the Levi distribution of
M). Then J, x is a new complex structure in H (H,),. As the notation suggests, J,,
is determined by the complex dilatation . To see that this is indeed so let Z, =
0/0z% 4+ iz* 9/0t and let us write

TuZo =I5 Zg + JE (W) Z5 (7.20)

2 One identifies X toa R?"-valued function X on H,, (by using the (global) frame {e4}), and
identifies back g X with a section (denoted by gX) in H (H};).
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for some C* functions JO’,3 (w), Jf () : H, — C. Given alocal frame {T, : 1 <« <
n} of T1 o(M), defined on an open set U C M, the left-hand merllber of (7.20) may

also be written (df) ' J(f£ Ty + f£T5) or i(df)~'(f4 Tu — f4T5). Hence (7.20)
yields

Wy + 1w 1 =ify . (7.21)
1w ff + 3w 1= -if7. (7.22)

on f~1(U). Let us recall that the complex dilatation y is locally given by uZ, =
/,nglg, where

fygy ) gﬁ] fﬁ ]_
Let us contract with gf,; in (7.21) (respectively with gg in (7.22)). We obtain
TE ) + ulIZ () = sk, (7.23)
uE IS () + JP () = —ipf. (7.24)
Next (7.23)—(7.24) may be also written as
ULIY (0) = iGF + uluS), ULTT () = —2iuf (7.25)

where

Lemma 7.3. det[U§ (x)] # 0 for any x € f~'(U).

Lemma 7.3 shows that JJ (n) and JZ (u) are completely determined by . The proof
of Lemma 7.3 is by contradiction. If det[Ug (x0)] = 0 for some x¢ € f ~1(U) then

thereis ¢ = (¢',...,¢") € C"\ {0} such that Ug(xo)gﬂ =0,ie.,
% = p(xo)uf (xo)¢” . (7.26)
Let 0 = dt +i(z%dzy — Zodz®) (with z = z%). Let us set
= 1217 % Zany € Tro(Hy)x, »
where |¢|2 = 8,4¢%¢F and ¢¥ = Z%. Then Ly ., (Z, Z) = 1 and

Loy (g Z » g Z) = 121770 g (x0) 1y (x0) 86

On the other hand, as shown earlier in this chapter, p is symmetric, i.e., o = Uga;
where o = ugh g7 (here of course haE = d4p). Then (by (7.26))
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Loy (ixgZ , 1y Z) = 18172787 1% (x0) 1y (x0) 8
= 121720707800 = 1.
Finally
llxp = SUP{Lo.xo (1o W, g W) = Loxg(W, W) =1, W € Ti o(Hy)zo} > 1,

which contradicts ||u|| < (K — 1)/(K + 1) < 1. Lemma 7.3 is proved. Hence if
[V§]:=[Ug]™" then

T =ivieE +ugul. 1w =2iviul.
Let us set
Vo = Zo — i Z € Tro(Hy).
Then

IV = (I (10) = mh ) Zy + Y ) = w1 (1) Zy

= i(V) = uguG Vi) Zy = iV = ulubus Vi) Zy

=ivjulz, - inM;ngy,
ie, J, Vo = iVy. Let H(n) C H(H,) ® C be the complex subbundle spanned by
{Vo : 1 <= a =< n}. Then, as we have just shown, H(u) is the eigenbundle of J,,
corresponding to the eigenvalue i. Assume from now on that n = 1. Then H(u) is
a new CR structure on Hj such that J, is the corresponding complex structure in
HH,) ® C="H(n) & H(uw).

Conversely, let us assume that /L% : Hi — C is a C* function such that the
antilinear morphism p : T10(MH;) — Tj0(H;) given by uzZ, = M%Z 1 satisfies
lull < (K —1)/(K + 1). Then a K-quasiconformal map f : Hj — M C C?
with = p exists if and only if the CR manifold (R3, H(w)) is embeddable in
C2. Also the CR manifold (R3, H(u)) is CR equivalent to Hj if and only if there is a
K -quasiconformal mapping f : H; — H; with the complex dilatation p. The embed-
ding problem is particularly difficult. H. Jacobowitz and F. Treves [224], have shown
that the complex dilatations 1 such that () is not embeddable are dense. Clearly,
if £/, j € {1,2}, are C' solutions to the tangential Beltrami equation Z f = u Zf
(with Z = Z;) satisfying df' A df? # 0 then locally (f', f2) : Hf — C? gives an
embedding of (R3, H(w)) in C2. We are left with the natural question, for which u
does the tangential Beltrami equation Z f = u Zf have nonconstant solutions? In the
remainder of this section we report on a result of A. Kordnyi and H.M. Reimann (cf.
[254], p. 73) exhibiting a class of functions p with the property that the tangential Bel-
trami equation on the lowest-dimensional Heisenberg group H; admits nonconstant
solutions. We assume throughout that u is a measurable function of compact support
such that
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litlloo = ess SUPyeH, lw(x)] < 1.

Let A € R\ {0} and denote by H, the space of all holomorphic functions ¢ : C — C
such that

Il = (2 /Cexp (~1122) 1@z ) " < co.

Definition 7.8. Let 7, : H — Endc () be the Bargmann representation of Hy, i.e.,
the unitary representation on H; given by

exp (—4(zl> +ir) —22L) ¢ +2), A >0,

O
exp (5(Iz? — i) +228) p(¢ +2), A <O.

[Th(z, )91 () = {

Definition 7.9. Given a function f in the Schwartz class S(Hy) its Fourier transform
at A (A € R\ {0}) is the operator T, (f) on H, given by

[T (f)é1 (¢) = /H £ D) [Ta(z, D] () dx dy dt. 0
1

Definition 7.10. The trace norm of T) (f) is given by
IT5. (O = trace(T5.())*To(f)- O

Using the inversion and Plancherel formulas (cf. J. Faraut [136]) one may extend the
Fourier transform 75, to functions in L2(H; ). Next, let L%F(Hl) be the orthogonal com-
plement of

L>H) ={f € L>(H)) : T.(f) = 0 fora.e. » > 0}.

Under the rotation group the space L?(H;) decomposes into the mutually orthogonal
subspaces

UN={feL’M): [z, =" f(z.1), 9 R}, kel
Consider the complete orthogonal sums
D; =Hut.
k<j
We also need the following definition:
Definition 7.11. Let Wlp (H1) be the Sobolev type spaces

Wl (Hy) = {g € L, (H)) : Z(g), Z(g) € L"(H)))}. O

Theorem 7.4. (A. Koranyi and H.M. Reimann [254])
Assume that h is a CR-holomorphic function (Z(h) = 0) and n € L (H,). If one of
the conditions

() p € L3(Hy), pZ(h) € LL(Hy) and |l < 1//2,

() pe Dy, pZh) € D_yand |plleo < 1/v2,

() eDoNL2MH), pZh) € Doy NLEMHY) and |plleo < 1,
holds, then the tangential Beltrami equation Z(f) = u Z(f) has a unique solution f
such that f —h € WZ(H)).
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The proof is based on the integral representation for solutions of the equation Z( f) =
g, cf., e.g., P.C. Greiner, J.J. Kohn, and E.M. Stein [188]. O

It is an open question whether one may solve the tangential Beltrami equation
Z(f) = nZ(f) with |(x)| < 1 a.e. in Hy, but not necessarily ||it|loc < 1. For the
ordinary Beltrami equation, G. David has shown (cf. [112]) that given constants & > 0
and C > 0 and a measurable function i : C — C such that

meas ({z € C: |u(@)| > 1 —€}) < Ce /¢

for sufficiently small € > 0, then there is a unique homeomorphism f of C fixing
0, 1, and oo such that f admits (locally integrable) partial derivatives and df/dz =
n-(af/9z) ae.in C.

7.4 Symplectomorphisms

Let @ C C" be a strictly pseudoconvex domain and K (z, ¢{) the reproducing (or
Bergman) kernel for L2 H (2), the space of square integrable functions, with respect to
the Lebesgue measure in R?" that are holomorphic in 2 (cf., e.g., S. Bergman [58]).
Consider the complex tensor field

82
H= ( log K (z, )d- d7;
Z 9207, 0gK(z,2))dz; ® dz;

1<i,j<n

and the corresponding real tangent (0, 2)-tensor field g given by

g = Re{H |x@xx@}-

Then g is a Kéhlerian metric on 2 (the Bergman metric of €2, cf., e.g., S. Helgason
[196]); hence w = —iaglog K (z, z) is a symplectic structure (the K&hler 2-form of
(£2, g)). One of the problems we take up in the present section may be stated as fol-
lows. Let F' : Q — Q be a symplectomorphism of (€2, w) into itself, smooth up to the
boundary. Does F : 92 — 92 preserve the contact structure of the boundary? The
interest in this question may be motivated as follows. If F :  — € is a biholomor-
phism, then by a celebrated result of C. Fefferman (cf. Theorem 1 in [139], p.2) F is
smooth up to the boundary; hence F : 02 — 02 is a CR diffeomorphism, and in par-
ticular a contact transformation. Also, biholomorphisms are known to be isometries of
the Bergman metric g (cf., e.g., [196], p. 370); hence symplectomorphisms of (€2, w).
On the other hand, one may weaken the assumption on F' by requiring only that F
be a C* diffeomorphism and F*w = w. Then, by a result of A. Kordnyi and H.M.
Reimann [256], if F is smooth up to the boundary then F : 92 — 0€2 is a contact
transformation.

7.4.1 Fefferman’s formula and boundary behavior of symplectomorphisms

We wish to report on the result by A. Kordnyi and H.M. Reimann quoted above.
The main ingredient in the proof of this result is that a certain negative power of
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the Bergman kernel (p(z) = K(z, 7)Yty g a defining function of €2, allowing
one to relate the symplectic structure of 2 to the contact structure of its boundary.
In turn, this is a consequence of C. Fefferman’s asymptotic expansion of K (z, ¢) (cf.
Theorem 2 in [139], p.9), which we now proceed to recall.

Let © be a smoothly bounded strictly pseudoconvex domain 2 = {z € C" :
¢(z) < 0}, where ¢ is such that the Levi form L, satisfies

Ly(w)§ = CIlg*, £ e C",
for p(w) < 8o, §o > 0, and C; depending only on 2. Let us set

W(L,2) = (F(E2) = p@)x (It —z) + (1 = x(g =zt — 2P,

where

n 2

_ N N e
F({.z) = ;az,@(;’ z) Py azjazk@@f 2))(&k — 2k)

and y is a C* cut-off function of the real variable ¢, with x (r) = 1 for |¢| < €9/2 and
x () = 0 for |t| > 3¢p/4.
Theorem 7.5. (C. Fefferman [139])
Let K (¢, 7) be the Bergman kernel of Q2. Then
K(¢,2) = calVo@)* - det Ly(2) - (&, 2)" "V + E(¢, 2),

where E € C®(Q x Q\ A), A is the diagonal of 9Q x 9%, and E satisfies the
estimate

1
|E(Z, 2)| < cpl¥(E, 2"V log |w(z, 2)I].

From now on it is understood that €2 is a strictly pseudoconvex domain satisfying all
hypothesis of Theorem 7.5.

Theorem 7.6. (A. Koranyi and H.M. Reimann [256])

Let F be a symplectomorphism of (2, w), i.e., a C* diffeomorphism F : Q@ — Q
with F*w = w. If F is smooth up to the boundary then F : 0Q — 92 is a contact
transformation.

Proof. By aresult in [58] one has the representation

K@) =) ¢
k
for any complete orthonormal system {¢y} in L2H(Q). Hence K (z,z) > 0 (because

for any z € Q there is f € L2H () with f(z) # 0). Then it makes sense to consider
the function
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p(2) = K(z, )~/

By Theorem 7.5

)

1 ~1/(n+1)
p(z) = le2)| {‘b(Z) + C|<P(Z)|2|10g|</?(z)||}

for some ® € C®(Q) such that ®(z) # 0 near 9€2. Hence p(z) — O as z — 0%2.
Also, as a corollary of Theorem 7.5 one has

K(z,2) = ®@)|p@)|~ "D + &(2) logl¢(2)],

for some ®, ® € C®(Q), ®(z) # 0 near 92; hence p € C°(R) and Vp # 0 on 92,
i.e., p can be used as a defining function for Q2 (and Q2 = {p > 0}).

We need some notation. Let F be the foliation of U (a one-sided neighborhood of
the boundary of €2) by level sets of p (so that p~!(0) = 9R2). Each leaf M, = p~!(c)
is a strictly pseudoconvex CR manifold with the CR structure 77 o(M.) induced from
the complex structure on U. Let 71 o(F) be the subbundle of 7' (U) ® C whose portion
over M, is T1 0(M.). Since Q is strictly pseudoconvex, there is a uniquely defined
complex vector field & of type (1, 0) on U that is orthogonal to T7,o(F) with respect
to 85,0 and for which 9p(§) = 1 (cf,, e.g., [274], p. 163). Let us define r : U — R by
setting r = 2 (85,0) (€, &), so that £ and r are characterized by

£100p=rop, dp(&)=1. (7.27)

Letd =i(d — d)p/2 and N = 2Re(§). Then (dp)N = 2 and 6(N) = 0. Note that

99 9p A D
p_wn p). (7.28)

w=in+1)|— —
( P p?
Let us set H(F) = Re{T1,0(F) @ T1,0(F)} (so that the portion of H(F) over a leaf
M. is the Levi distribution of M,). Then (by (7.28))
w(X,N) =0,

for any X € H(F). On the other hand, we may write (7.28) as

bl

w=(n+1)(%—dp/\6)

02
hence (by F*w = w)

0=w((dF)X, (dF)N)
=0+ Dp Y (dO)(dF)X, dF)N) — (n+ D)p~2(dp A O)((dF)X, (dF)N)

for any X € H(F). Since F is smooth up to the boundary,
dO)((dF)X, (dF)N)
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stays finite near 0<2. Hence, in the limit,
dp)(dF)X)0((dF)N) — (dp)(dF)N)O((dF)X)

vanishes on 9Q2. If X lies in H(92), the Levi distribution of 42 as a CR manifold,
then (dF)X € T(0S2); hence (dp)((dF)X) = 0. Finally (dp)((dF)N) # 0 (since
F is a diffeomorphism and dp # 0 on 9€2); hence O((dF)X) = 0 for any X €
HORQ). O

7.4.2 Dilatation of symplectomorphisms and the Beltrami equations

Let @ C C" be a bounded domain. Let F be a symplectomorphism of (2, ) into
itself. We have

Lemma 7.4. For any z € Q and any Z € T'(Q)., Z # 0, one has (d.F)Z ¢
TH0(Q) F o).

The proof is imitative of that of Lemma 7.1. Assume that (d,F)Z € T10(Q) F(2)
for some Z € TI’O(Q)Z, Z # 0, and some z € Q. Since F is a diffeomorphism,
(d.F)Z # 0. Hence

0 < I(d:F)ZI1* = gy.r(x)(d:F)Z, (d,F)Z) = —iw, . (Z, Z) = —|| Z||*,
a contradiction. O

Let T19(Q)F consist of all Z € T(2) ® C with (dF)Z € T'0(Q).

Lemma 7.5. For any symplectomorphism F of (2, w) there is a C-antilinear bundle
map

dil(F) : TYQ) — T710(Q)
such that

T'YQ)pr ={Z—-dN(F)Z:Z e T" Q).

The proof is imitative of that of Lemma 7.2. Let mg 1 : T(22) ® C — T79%1(Q) be the
natural projection. Then

T'9(Q)r = Ker(mmo,1 o (dF)).
Let (z!, ..., z") be the natural complex coordinates on C”. Let us set

j_ oF/ g oF/

K7ggk 7 Tk T gk
etc. Then det(Fj’E) # 0 everywhere on 2. Indeed, if det(FJ]fE (z0)) = 0 at some zg € Q2
then ), Flg(z())g_k =0,1<j <n,forsome (¢',...,¢") € C" — {0}. Let us set
Z=Y,;¢/(3/82)), € 719(Q),,. Then Z # 0 and
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_ — 9
_ kJ 9 1,0
(dyF)Z = E ¢RF7 (20) <8zf)F € T () F(zg)s
Jik (z0)

a contradiction (by Lemma 7.4). Let dil(F) : T'%(Q) — T'9(Q) be given by
dil(F) (8 /077 ) = (dil(F )]}8 / azk (followed by C-antilinear extension), where

0 _ : k ot
Fi= Xk:dll(F)j Ft. (7.29)

Finally, note that 3/dz/ — dil(F)d/dz/ € Ker(mo, 1 o (dF)). O

Definition 7.12. The bundle map dil(F') is referred to as the complex dilatation of the
symplectomorphism F. ]

Proposition 7.7. Let F be a symplectomorphism of (2, w) and dil(F) its complex
dilatation. Then

o(Z,dil(F)W) + o(dil(F)Z, W) =0,
forany Z, W € TY0(Q). Also, dil(F) = 0 if and only if F is holomorphic.

Indeed, if Z € T1O(Q) then (dF)(Z — dil(F)Z) € T'9(Q). Therefore, since w
vanishes on complex vectors of the same type,

0= w,(dF)(Z — d(F)Z), (dF)(W — dI(F)W))
= w,(Z —dil(F)Z, W — &I(F)W)
= —w, (Z, GI(F)W) — w, (d(F)Z, W),

forany Z, W € TLo(Q).

By (7.29), each component F/ of the symplectomorphism F satisfies the first-
order PDE (with variable coefficients)

ﬁ - d’iﬂ (7.30)
9zl 4Tk '

where dji = dil(F)’]i.
Definition 7.13. We refer to (7.30) as the Beltrami equations. O
Cf,e.g., [419].

Theorem 7.7. (A. Koranyi and H.M. Reimann [256])

Assume that the symplectomorphism F : Q — Q with complex dilatation dil(F)
extends smoothly to the boundary. Then dil(F) restricted to H(JF) converges to the
complex dilatation of the boundary contact transformation.

Proof. The complex dilatation dil(F') describes the pullback of the complex structure.
But on the boundary, the Levi distribution H (9d€2) is invariant under the boundary
contact transformation. The pullback of the complex structure within H (9€2) there-
fore has to be the limit of the pullback of the complex structure in the interior, after
restriction to H (F).
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7.4.3 Boundary values of solutions to the Beltrami system

Let ©2,, be the Siegel domain in C" and let d;ﬁ be smooth functions defined on some

neighborhood of €2,,. The complex vector fields 3/ BEj - djﬁ_a /8¢ span a rank-n

complex vector subbundle B C T (£2,) ® C. For the Siegel domain €2,,, the vector field
& (determined by (7.27)) is given by & = 2i9d/ a1, The CB isomorphism ¢ : H,_| =~
0€2,, maps the Lewy operators Ly into Zg = 8/8?1 + %, 2<a <n.

Proposition 7.8. Let D be an open neighborhood of Q,, and
w: T (D) — T"(D)

a fiberwise C-antilinear bundle morphism that maps T 0(02y,) into itself. Let B, C
T (092,)®C be the rank-(n—1) complex subbundle spanned by Z&—/Lg Zg,2<a=<mn,
where ,ug are given by u(Zy) = ,ugZﬂ. Let d;-f be given by u(9/9¢7) = dj§8/8§k and
seth(t) =2i Yy dfzﬂ —dl — 1. Then

B, =[T(32,) @ CIN B

on 32, N{¢ : h(¢) # 0. In particular, the trace on 32, of any solution f € C*®(,)
of the Beltrami equations (7.30) satisfies the tangential Beltrami equations Zg f =
ugZ/gf on the open set {¢ € 92, : h(¢) # 0}.

Indeed, since w(71,0(02,)) € T1,0(082,),

b =dl —2it,d’, 2iplty =d} - 2ityd],
where ¢, = ¢%. Consequently Z = a’ (8/8? — d;.?a/agk) is tangent to 32, N {h #
0}ifand only if a! = —2ig,a%, ie., Z € T®(By). O
7.4.4 A theorem of P. Libermann

Let M be a nondegenerate CR manifold and 6 a contact 1-form on M. Let f; : M —
M, |s| < €, be a (local) 1-parameter group of contact transformations. Then f*0 =
As0, for some C* function Ay on M (depending smoothly on the parameter). Let V
be the tangent vector field on M induced by ( fy)|s|<e. Let u be the C* function on M
defined by

d
p(x) = 7 (As(x))s=0, X €M.
s
Then f'0 = A0 yields Ly6 = u6 (where L is the Lie derivative). Next, let us set
p=0(V)e C®M).

Then (by Cartan’s formula Lx = ix d + dix)



404 7 Quasiconformal Mappings
ivd0 +dp = Ly0 —diy0 +dp = uf .
Let T be the characteristic direction of (M, 6). Then
V=0(V)T +h(V), (7.31)

where h(V) = gV (and my : T(M) — H(M) is the projection). The local in-
tegration of T furnishes a flow F on M (the contact flow of M). Let le (F) be
~B

2
the C°°(M)-module of all semibasic k-forms (with respect to the foliation F, i.e.,
T(F)]n=0foranyn € le (F)). Consider the map
5B
2

ag : T®(H(M)) — Q]IB(]-'), ag 1 X > ixd6.
3

ayp is well defined because of iTixdf = 0. Also, if ixd6 = 0, then by the nondegen-
eracy of df on H (M), it folloyvs that X = 0, i.e., o is injective. Finﬂly, given w =
we0% + wzb% € Qll (F), o* = w,, we may choose X = Z°T, + Z%T5; € H(M)
5B
27
given by Z% = —ih®# wg and with this choice ixdf = w; hence ay is surjective. Then
the equation

ivdo +dp = ub

may be written as follows. First, apply it to get u = T'(p) and substitute from (7.31)
to get

io(vyr+h(v)d0 +dp =T (p)o,

or
ag(h(V)) =T(p)0 —dp,
and (7.31) becomes
V =pT +a, (T (p)0 — dp).
We have proved the following theorem:

Theorem 7.8. (P. Libermann [285])
Let M be a nondegenerate CR manifold and 6 a contact 1-form on M. Then to any
C®® function p on M there corresponds an infinitesimal contact transformation V,

(givenby V), = pT + (xg_l (T (p)6 — dp)) and conversely, to any infinitesimal contact
transformation V on M there corresponds a C* function p (i.e., p = 0(V)) such that
V,=V.

Let us apply P. Libermann’s theorem to H,,. For the contact 1-form

i & S S
bo=di+ = (/d‘f—‘fd f)
0 +2j:1 z’dz 7’dz
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onehas T = d/dt anddfy =i Zl}:l dz/ AdZ/, so we may compute the isomorphism
a=og, : '°(HMH,)) — Qll (F) (here F is the foliation of H,, by the curves Cy,

5B
2
x € H,, where C,(s) = (z,s +1),s € R, x = (z,1)). We have
a(X) = @) (X, ) = Y (~iZ'del +izlazl),
J
forany X = Z/ T; + VAl T;eH (H,,). Finally, we obtain the following corollary:

Corollary 7.1. (P. Libermann [285])
Any infinitesimal contact transformation V on H,, has a representation of the form

v=i), (T.Z(P)Tj - Tj(P)T]) + pT (7.32)
j=1

for some real-valued C* function p on Hy,. Conversely, integration of any tangent
vector field V of the form (7.32) yields a local 1-parameter group of contact transfor-
mations of H,,.

Cf. also A. Kordnyi and H.M. Reimann [257], p. 70.

7.4.5 Extensions of contact deformations

Let & C C" be a smoothly bounded strictly pseudoconvex domain satisfying the
assumptions of Theorem 7.5.

Definition 7.14. An infinitesimal contact transformation on 9<2 is referred to as a con-
tact deformation of 0€2. O

Let f € C*(R2) and denote by X ; the Hamiltonian vector field associated with f
(determined by X ¢ | w = df).

Theorem 7.9. (A. Kordnyi and H.M. Reimann [256])
Any smooth contact deformation of 02 extends to a Hamiltonian vector field on <.

Proof. Let V be a contact deformation of d€2. Then, by P. Libermann’s theorem, there
is p € C*°(3Q) such that V can be expressed as V = pT +a;1 (T(p)0 —dp), where
6= (i/2)(5 —dp) and p(z) = K(z, 7)~1/@+D Then, let us continue the function p
to a smooth function on & and let us set

f@) =p@K (@ )"t

Then X  is the Hamiltonian vector field one is looking for. Indeed, we may show that
X 7 is a continuous extension of [—-2/(n+1)]V . Near the boundary we set Wy = &/||§ ||
and complete Wy to a local orthonormal frame {Wy, ..., W,} of Tl‘O(Q). Next, let us
set
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In+1

A calculation shows that

2 &
Xr=1 X; [—T/(p)T; + T;(p)T/]
j:
SR Sy S Yy
— 5 = 11(p) 1 i = =77
plIT1|? b 2020|7112
Then
. 1 2 . 1
lim = , lim =
=0 202 T1l1>  n+1" a0 p|T|?
(because p — 0 as z — 9€2). Thus X  converges to
> (T + T ) + ——pT v
j _T. . 8 . - _
1 g TR e, nt 1

The reader may see also L. Capogna and P. Tang [87], and P. Tang [399].
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Yang-Mills Fields on CR Manifolds

In this chapter, we build a canonical family { Dg} of Hermitian connections in a Hermi-
tian CR-holomorphic vector bundle (E, /) over a nondegenerate CR manifold M, pa-
rameterized by the elements S € I">°(End(E)) with S skew-symmetric. Consequently,
we prove an existence and uniqueness result for the solution to the inhomogeneous
Yang-Mills equation d}, R D = f on M. As an application we solve for D € D(E, h)
when F is the trivial line bundle, a locally trivial CR-holomorphic vector bundle over
a nondegenerate real hypersurface in a complex manifold, or a canonical bundle over
a pseudo-FEinsteinian CR manifold.

In an attempt to extend the results of S. Donaldson [117], and K. Uhlenbeck and
S.T. Yau [411], to CR manifolds (of hypersurface type), H. Urakawa has solved (cf.
[412]) the Yang—Mills equation for Hermitian connections D € D(E, h) (in a Her-
mitian CR-holomorphic vector bundle over a strictly pseudoconvex manifold) with
(1, I)-type curvature R?. The solution turned out to be precisely the canonical con-
nection built by N. Tanaka [398]. In the present chapter, we generalize H. Urakawa’s
result by dealing with the inhomogeneous Yang—Mills equation

dy RP = f.

This is solved by a geometric method resembling both Tanaka’s construction and the
proof of Theorem 2.3 in [412], p. 551. The main difference is that we look for so-
lutions D whose curvature has prescribed (rather than zero) trace AgRP. The result
is contained in Theorem 8.2 and is applied to solve several concrete inhomogeneous
Yang—-Mills equations.

8.1 Canonical S-connections

Let (E,df) be a CR-holomorphic vector bundle over a strictly pseudoconvex CR
manifold M. Let 6 be a contact form such that Ly is positive definite. Let & be a
Hermitian structure in E. By a result of N. Tanaka [398], there is a unique connection
D in E (the Tanaka connection) such that (i) D®' = 3, (ii) Dh = 0, and (iii)
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AgRP =0, where RP is the curvature tensor field of D and Ag is the trace operator.
Here D%!s is the restriction of Ds to To.1(M).

Definition 8.1. A connection D in E is Hermitian if it satisfies the axioms (i)—(ii)
above. O

By slightly generalizing Tanaka’s result, one may single out a Hermitian connection
D whose curvature R” has prescribed trace (rather than zero trace) with respect to a
fixed contact form 8 on M. Also, this can be made to work in the arbitrary-signature
case.

Theorem 8.1. Let (M, T1,0(M)) be a nondegenerate CR manifold (of hypersurface
type) of CR dimension n and 6 a contact form on M. Let (E, 3 ) be a CR-holomorphic
vector bundle over M. Let h be a Hermitian structure in E and S € I'*°(End(E)) a
global field of skew-symmetric endomorphisms, i.e., h(Su, v) + h(u, Sv) = 0 for any
u,v € N®(E). There is a unique connection D = D(h, 0, S) in E such that

(i) Dzu = Agu)Z,
(ii) V (h(u, v)) = h(Dyu, v) + h(u, Dyv), for any Z € T'*° (T} o(M)),
Vel®(TWM)®C)andu,v € I'*°(E), and
(iii) AgRP = 2nS.
Proof. We first establish uniqueness. Let
D :T®(E) - I'*™(T*(M) ® E)

be a connection in E satisfying axioms (i)—(iii). Consider a complex vector field Z €
['°°(T1,0(M)) and a section u € I'°(E). Then D7u and Dzu are expressed by

Dou = (dgu)Z, 8.1)
h(Dzu,v) = Z(h(u,v)) — h(u, 0gv)2), 8.2)

forany v € I'*°(E). Let T be the characteristic direction of (M, 6). Since T (M)QC =
Tvo(M) & To,1(M) & CT it remains to compute Dru. Let D?u be defined by

(D*u)(X,Y) = DxDyu — Dy,yu, X,Y € I®(T(M)).
Here V is the Tanaka—Webster connection of (M, 6). Next, let B be given by
B(X, Y)u = (D*u)(X,Y) — (D*u)(Y, X).
A calculation shows that
B(X,Y)u = RP(X, Y)u — Dry(x.vyu. (8.3)

Note that Tyv(Ey, Ez) = 2ie,T, for any local orthonormal frame {E,} of
(Th,0(M), Lg). Then (by taking traces in (8.3)) we obtain
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1
Dru = S(u) — % (AgB)u. (8.4)

Clearly (by (8.1)—(8.2)) the trace Ag B of B is determined (in terms of the data (3 ¢, h)).
By (8.1)—(8.2) and (8.4) we get the uniqueness statement in Theorem 8.1. O

To establish existence, let us first prescribe Dzu and Dzu by (8.1)—(8.2), for any
Z € I'°(T1,0(M)), u € I'°°(E). Then Ag B is known. Hence we may define Dru by
(8.4). Then D is a connection in E. For instance, the property

D7 (fu) = fDru+T(f)u
follows from
(AgB)(fu) = f(AgB)u —2nT (fu, f e C®(M).

Moreover, (8.1) yields D% = 3. Also AgRP = 2nS as a consequence of (8.3)—
(8.4). It remains to check the axiom (ii). Note that

V(h(u,v)) = h(Dyu, v) + h(u, Dyv), (8.5)

forany V € T*°(H(M) ® C) (by (8.2) and its complex conjugate, as an identity in
C°°(M)). A straightforward calculation (based on (8.5)) leads to

Ty (V, W)(h(u, v)) = —h(B(V, W)u, v) — h(u, B(V, W)v), (8.6)
forany V, W € H(M) ® C. Next, by taking traces in (8.6), we obtain

2nT (h(u, v)) = —h((AgB)u, v) — h(u, (AgB)v), 8.7
h(Dru,v) + h(u, Drv) = h(Su, v) + h(u, Sv)

1
- %{h((AaB)u, v) + h(u, (Ao B)v)} = T (h(u, v)),

and the proof of Theorem 8.1 is complete. ]

Definition 8.2. The connection D = D(k, 6, S) furnished by Theorem 8.1 will be re-
ferre_d to as the canonical S-connection (determined by the data (h,0,S)) in
(E,0E)- O

It possesses the following curvature properties:

Corollary 8.1. Let us consider a Hermitian CR-holomorphic vector bundle (E, 55, h)
and a bundle endomorphism S € T°°(End(E)) such that h(Su, v) + h(u, Sv) = 0 for
any u,v € I'®(E). The curvature RP of the canonical S-connection D in E satisfies
the identities

RP(z,w)=RP(Z, W) =0, (8.8)
h(RP(Z, W)u, v) + h(u, R°(Z, W)v) =0, (8.9)

forany Z, W € T1,0(M) and u, v € T'*°(E). In particular D has a (1, 1)-type curva-
ture tensor field, i.e., RP e BLY(End(E)), ifand only if T | RP =0.
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Proof. The integrability property for 9z yields R?(Z, W) = 0. Then (by (8.3))
RP(Z, W) =0, and (8.8) is proved. To prove (8.9) one performs the following calcu-
lation (based on (8.3), (8.6)):

h(RP(Z, W)u, v) + h(u, RP(Z, W)v)
= h(B(Z, Wu,v) + h(u, B(Z, W)v) + h(Dyy,(7.57)4s V) +h(u, Dy 7 yyv)
= —Tv(Z, W)(h(u,v)) + 2iLy(Z, W)h(Dru, v)
+2iLg(Z, W)h(u, Drv) = —2iL¢(Z, W)(D7h)(u, v) = 0,

and the proof of (8.9) is complete.

8.2 Inhomogeneous Yang—Mills equations

Let (E, h) be a Hermitian CR-holomorphic vector bundle over a compact strictly pseu-
doconvex CR manifold M, and let

YM(D) =4 fM IR 11?6 A (d6)" (8.10)

be the Yang—Mills functional on the space of all connections D in E. It is known
(cf., e.g., [392], p. 125) that D is a critical point of Y M if and only if it satisfies the
Yang—Mills equation

dy RP =0,

where dJ; is the formal adjoint of dp with respect to the L? inner product (8.24). H.
Urakawa has shown (cf. Theorem 2.3 in [412], p. 551) that a Hermitian connection of
(1, 1)-type curvature R” is a solution of the (homogeneous) Yang—Mills equation if
and only if D is the Tanaka connection (i.e., D = D(h, 6, 0)). See also [413]-[414].
As an application of Theorem 8.1 we establish the following result:

Theorem 8.2. (H. Urakawa et al. [127])

Let (M, T1 0(M)) be a compact orientable nondegenerate CR manifold, of CR dimen-
sion n, and 0 a contact form on M. Let (E, 55) be a CR-holomorphic vector bundle
over M and h a Hermitian metric on E. Let f = fl’o + fo'1 +0Qu e A'(End(E)),
with f10 € BYOEnd(E)), fO! = f1.9, and u skew-symmetric. Let Dg be the canon-
ical S-connection, determined by the data (h, 0, S), —4nS = u, and assume that Dg
has a (1, 1)-type curvature tensor field. Then the inhomogeneous Yang—Mills equation

dy RP = f (8.11)

admits a unique solution D of (1, 1)-type curvature, provided that f satisfies the com-
patibility relation

dpgu = —if%!. (8.12)

Moreover, if this is the case, then the solution to (8.11) is precisely Dsg.
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Proof. For f = 0 this is, of course, H. Urakawa’s result quoted above ([412]). Let D
be a Hermitian connection in (E, &) with curvature

RP e ¢V (End(E)) c A*(End(E))

(one adopts the notation and conventions in Section 8.4). To compute d7, RP ¢
AY(End(E)) we take into account the decomposition

AY(End(E)) = B"°(End(E)) @ B (End(E)) & I'*((CT)* ® End(E)).
For any ¢ € B"*(End(E)),
* pD _ D _ D / 1" _ D
(dDR ,<p>9 h (R +dp w)e B (R - AW@) +dD(p+dD¢)9 - (R ’dD(p>e’
by (8.23) in Section 8.4 and because of
(p. @) # (P, ¢') => CP4(End(E))LCP"¢ (End(E)).

From now on, assume that R? € B!(End(E)). Recall that the pseudo-Hermitian
torsion t of the Tanaka—Webster connection possesses the property

©(To,1(M)) € T o(M),

and let us set ‘L'(EB) = A%EO,. Then

dpyg = 20p¢ +2A% ¢u 0 A 0P,

where ¢, = ¢(E4) € T™°(End(E)). Then (since R” is of type (1, 1))
(d*D RP, (p) = (RD, 25[)(0) = (25; RP, go) ,
0 0 0
i.e., 207, RP is the B':O(End(E))-component of d} R”. In a similar manner one
shows that the B%! (End(E))-component of dy, RP is 297, RP . Next,let g = 0 ® u,
with u € T®(End(E)). Then
(d;*) RP, 90)9 — (RD, d[)(p)e —2 (RD, d6) @ u—6 A Du)@ .

Moreover (again because RP is of type (1, 1)),
(d;; R0 ® u)e - (RD, 2(d6) ® u)9 - (RD, 20® u)e

- (RD, —2Lu)9 - (AQRD, —2u)9 - (—29 ® AgRP.6 ® u)e

(where the last equality holds due to g; (6, 6) = 1). Consequently, the I'*°((CT)* ®
End(E))-component of dl*) RP is —20 ® Ay RP. Summing up, we have
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d;;RD=2[5};RD+agRD—9®A9RD]. (8.13)
Note that
DrR? =T |dp RP =0,

by the second Bianchi identity. Hence d}, R? = 0 and the identity (8.25) for ¢ = R?
yield

ap RP =o0.
In a similar way one proves

ap RP =0.
Hence, by taking into account the commutation formulas (8.26), we obtain

35 RP = —idp(AgRP), 3 RP = idp(AeRP),
which together with (8.13) gives
dy R =2i[dp —dp +i0] AgRP. (8.14)
Then, on the one hand,
d}y RPS =4ni [dpg — dps +i0]S = f

(by the compatibility relation (8.12)), i.e., Dg is a solution of the inhomogeneous
Yang—Mills equation (8.11). Conversely, let D be a Hermitian connection, of (1, 1)-
type curvature, satisfying (8.11). Then (by (8.14))

R0 =2iapAgRP, FOl = —2i9pAgRP, u=—2AyRP.

Finally, the last identity and Theorem 8.1 yield D = D(h, 6, —ﬁ u), and the first two
are identically satisfied (by (8.12)). U

8.3 Applications

In this section, we apply Theorem 8.2 to solve several concrete inhomogeneous Yang—
Mills equations. The bundles dealt with are quantum bundles and therefore the condi-
tion that the background S-connection have (1, 1)-type curvature is always satisfied.
For the notions we use the main reference is [259].

Let 7 : L — M be a complex line bundle. Let us set C* = C \ {0} and L =
L \ {zero section}. If U € M is an open set and s, € ['*°(U, L) then the unique
f e C®U,C*) suchthatt = fson U is denoted by f = 1/s.

Let D be a connection in L. With each s € I'®(U, L) one associates a (local)
1-form a(s) € QL(U) given by
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1D
a()X =+ Xs,
l S

forany X € I'*°(U, T(M)). Next, let us consider the complex 1-form (1/(iz))dz on
C*. Itis a GL(1, C)-invariant 1-form on C*. Consequently, for any x € M there is a
unique 1-form B, € QY(L,) such that

g o= L
)\‘ ﬁx - . dZv
124

for any GL(1, C)-equivariant map A : C* — L.

Definition 8.3. A complex 1-form o € QL) is a connection form on L if (i) & is
GL(1, C)-invariant, and (ii) j} o = By for any x € M, where j : L, C L. O

Given a complex line bundle with connection (L, D) there is (cf. Proposition 1.5.1 in
[259], p. 101) a unique cgnnection form « € Q!(L) such that s* & = a(s) for any
local section s € I'*°(U, L).

Definition 8.4. Let « be the connection form of (L, D). The curvature form of (L, D)
is the unique closed 2-form curv(L, D) € Q%(M) on M determined by

a* curv(L, D) = da,

where 7 is the restriction of 77 to L. ]
The following concept is of central importance for the present section.

Definition 8.5. Let M be a C*> manifold and H — M a symplectic subbundle of
T (M), with symplectic form 2. Let L — M be a complex line bundle, D a connection
in L, and h a D-invariant (i.e., Dh = 0) Hermitian structure in L. Then (L, D, h) is
called a quantum bundle over (M, H, 2) if

curv(L, D) = Q

on HQ® H. O

This slightly generalizes the notion of B. Kostant [259], p. 133 (cf. also K. Gawedzki
[169], p. 14), where H = T (M). We shall deal with symplectic vector bundles arising
on CR manifolds (and the corresponding quantum bundles).

Let (E, h) be a Hermitian CR-holomorphic vector bundle over a CR manifold
M (of hypersurface type) of CR dimension n and denote by D(E, h) the set of all
Hermitian connections in (E, h). Let 6 be a pseudo-Hermitian structure on M and
consider the inhomogeneous Yang—Mills equation

dy RP =4nio @1, (8.15)

where I is the identical transformation.
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8.3.1 Trivial line bundles

We look for solutions D € D(L, h) to (8.15), where L = M x C is the trivial complex
line bundle, over a nondegenerate CR manifold M, with the Hermitian structure

he((x,2), (x,w) =zw, z,w € C.

Letm : MxC — M and# : M x C — C be the natural projections. Then & € Q! (L)
given by

1
a= fr*(,—dz) — %0
1z

is a connection form on L whose curvature form is —d8. Also A is a-invariant. Indeed,
if s(x) = (x, f(x)), f € C®(M, C*), is a (nowhere-vanishing) section in L, then
(by s*a = «a(s))

als) = f*(édz) —9, (8.16)

so that Dh = 0. We have proved the following:
Proposition 8.1. (L, «, h) is a quantum bundle over (M, H(M), —do).

Indeed, let us consider the differential operator

3 : T°(L) — T®°(To (M)* ® L),

@Ls)x = (x, (ng)x) , s(x)=(x, f(x)), x e M.

Then (L, 3;) is a CR-holomorphic line bundle. Note that as another consequence of
(8.16), one has D*! = 3, and (AgRP)s = —2nis. Hence D (given by (8.16)) is
precisely the canonical S-connection D = D(h, 6, S) obtained for S = —il. By
Theorem 2, we can deduce the following result:

Proposition 8.2. D is the unique solution (in D(L, h)) to (8.15).

8.3.2 Locally trivial line bundles

Let M be a CR manifold. Let us recall (cf. Chapter 5 of this book) that a function
u € C*®°(M, R) is CR-pluriharmonic if for any x € M there is an open neighborhood
U of x in M and a function v € C*®(U, R) such that 3, (u + iv) = 0. By a result of
E. Bedford, under fairly general assumptions (cf. [51], p. 334) the boundary values of
pluriharmonic functions are locally real parts of CR functions, i.e., CR-pluriharmonic.
By a result of J.M. Lee [270], which was discussed in detail in Chapter 5 of this
book, if M is nondegenerate of CR dimension n > 2 then a function u € C*°(M, R)
is CR-pluriharmonic if and only if the covariant (1, 1)-Hessian (with respect to the
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Tanaka—Webster connection) of u is a scalar multiple of the Levi form at each point
of M.

Let M be a nondegenerate real hypersurface of a complex manifold V. Let 7 :
F — V be a holomorphic line bundle over V, with a flat Hermitian structure H. Then
E = 7~ (M) is a locally trivial CR-holomorphic line bundle over M. Let & be the
Hermitian structure induced by H on E. We look for solutions D € D(E, h) to the
inhomogeneous Yang—Mills equation (8.15). Let D = D(h, 6, S) be the canonical
S-connection obtained for § = —i[.

Proposition 8.3. (E, D, h) is a quantum bundle over (M, H(M), —d0).

To prove this statement, let 0 : U — F be a holomorphic frame in F, hence
s = o|unu is a frame of E (and 9gs = 0). The first Chern form of F is
(—1/27i)dd log H (o, o). Hence, since H is flat, log H (o, ) is pluriharmonic. Then
(cf. [51], pp. 334-335) log A (s, s) is CR-pluriharmonic. Consequently (by Proposition
3.3in [270], p. 167) there is A € C*°(M, C) such that

V5V log h(s, s) :)Lha/g. (8.17)
Contraction with 2%# in (8.17) gives
1 .
A= ——(Aplogh(s,s) —inT (logh(s))) .
n

Let w = curv(E, D). Then (8.30) becomes (by (8.17))

S(s)
2 CL)(Ta, TE) = Thag;

hence (since S = —I) w = —d6 on H(M) ® H(M). By Theorem 8.2 we have the
following:
Proposition 8.4. D is the unique solution (in D(E, h)) to (8.15).

Let M be a nondegenerate CR manifold of CR dimension n and 6 a contact form on
M. Let V be the Tanaka—Webster connection of (M, 6) and R its curvature tensor
field. Let {7, } be a local frame of 77 ¢(M) on U € M and set

R(Tc, Tp)Ta = Ra®cpTs,

where A, B,... € {0,1,...,n,1,...,in} and Ty = T. Let R,y = R,%; and
p = hoP R, 5 be the pseudo-Hermitian Ricci tensor and the pseudo-Hermitian scalar
curvature of (M, 6). Given a Hermitian CR-holomorphic vector bundle (E, i) over
M, we consider the inhomogeneous Yang—Mills equation

dy RP =4ni{dip — p8) @ I, (8.18)

where dj = i (3 — 3p).
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8.3.3 Canonical bundles

Let us set APO(M) = APT(M)*. Then K(M) = A""10(M) is a complex line
bundle over M (the canonical bundle of (M, T10(M))). Let {#*} be the admissible

coframe determined by {7}, i.e., 8¢ are the complex 1-forms on U determined by
0%(Tg) = 8/”3‘, 0%(Tg) = 0%(T) = 0.1f 5,1 € I (K (M)) we set

hs,1) = H™\ fg, H = ‘det(haﬁ)),
S=fOANO A AO", 1=gOANO A A0

Then £ is a globally defined Hermitian structure in K (M). We wish to look for solu-
tions to (8.18) in D(K (M), h). The Tanaka—Webster connection V of (M, 8) induces a
connection D in K (M). Precisely, if s € ['°°(K (M)) then Ds is the covariant deriva-
tive of s, thought of as a (scalar) (n + 1, 0)-form on M, with respect to V. We consider
the local frame ¢y : U — K (M) given by

to=~HOAO A NO"

Let a)g be the connection 1-forms of the Tanaka—Webster connection, i.e., V% =
—of ® 6f. Then

D¢y = {dlogﬁ—wg} ® &o (8.19)
and Dh = 0 is equivalent to
0¥ + o =dlog H. (8.20)

Finally (8.20) is a consequence of w,g + wg, = d h,z. Hence h is D-invariant. As
another consequence of (8.19), the curvature R? of D is given by

RP(X,Y)to = —2(dwl) (X, Yo, (8.21)
forany X,Y € T(M). Letus set Ayg = haﬁAg. Then
Ro’ s = 2i(Aua8), — Aradl).
Thus R,%; u = 0. Therefore (8.21) together with the identity
WP Lo(R(X, V) Ty, Tg) = 2(de)(X. )

leads to RP(Z, W) = 0 for any Z, W € Ty o(M). Finally, again as a consequence of
(8.21), one gets

RP(Ty, Tp)to = —R, 580 (8.22)
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Assume M to be a nondegenerate CR manifold admitting a pseudo-Einsteinian struc-
ture 6 of nowhere-zero pseudo-Hermitian scalar curvature p. Let us set

b= —%0.
Then (by (8.22))
RP(Z, W)¢o =2L5(Z, W)ty , Z, W € Ty o(M).
This is summarized in the following proposition:

Proposition 8.5. (H. Urakawa et al. [127]) .
(K(M), D, h) is a quantum bundle over (M, H(M), —d0).

Let us set
Ak = DL
Then (K (M), 9 k (m)) is a CR-holomorphic (line) bundle. Clearly
Ik (fE0) = fakanto + Omf) ® Lo,
for any f € C*°(M, C). Next, a calculation based on
Ik o = {5M logvVH — o o jo,l} ® ¢o
(where jo 1 : To,1 (M) C T(M) ® C) leads to
[Z,W]2o=ZWio— W Zio+2(dog)(Z, W)k
(where 7;“0 = (5K(M)§0) 7) forany Z, W € I'*°(T1,0(M)). Then the identity
Re’ 35 = 20 (g1 A% — haﬁA‘i’)
and the self-adjointness of T (with respect to gp) yields
2(dw) (T3, Tp) = Ra‘"m =0,
that is, 51(( ) satisfies the requested integrability property. Finally (by (8.22))
(AeRD)Co =ipdo.

We therefore have the following result:

Proposition 8.6. The connection D in K (M) is precisely the canonical S-connection
D(h, 0, S) obtained for S = ipl; hence it is the unique solution to (8.18).
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8.4 Various differential operators

We recall several technical facts used through the proof of Theorem 8.2. Proofs are
omitted. The main references for this section are [398] and [412].

Let E — M be a complex vector bundle over the nondegenerate CR manifold M.
Let 0 be a contact form on M and T the corresponding characteristic direction. Let us
set

T(M) =T o(M) & CT,
and consider the following spaces of C* sections:
AHE) =T (AT (M @ O B E),
BYE) =T (W HM) @ O) B E),
BPU(E) =T (APTi o(M)* A A To 1 (M)* ® E),
CP9(E) = T®(APT(M)* A ATy (M)* Q E).
Note that
BP4(E) = BPY(E) N CPI(E).

Let D and V be respectively a Hermitian connection in (£, &) and the Tanaka—Webster
connection of (M, ). Let X be a tangent vector field on M. We need the differential
operators
Dy : AX(E) — AX(E),
dp : AXE) - AHV(E),
A CPYU(E) — CPT2I7I(E),
djy : CP9(E) — CPTV(E), d}) :CP9(E) — CPITI(E),

given by
k
(DXQD)(X], "'7Xk) = DX((/)(Xlﬂ "‘7Xk)) _Zw(xl7""vxxj7""xk)ﬂ

j=1

k+1 ] .

(dpe) (X1, ..., Xxr)) = ) (=DM Dy (p(X1, ..o, X, Xag))
j=1
+ Z (_1)i+j(p([Xi’Xj]7X11"‘7Xi7"'12j7"'1Xk+1)!

I<i<j<k+1

for any X, X; € I'®°(T (M) ® C). Here a hat indicates, as usual, the suppression of a
term. Moreover,
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(A(p)(Zla ey Zp+2a W], e ,Wq,])
= > Oz, Z). 2y, ... Zis o 2
1<i<j<p+2
i) Zp+25 le .. 'anfl)(db(p)(Zlv D) Zp+l’Wla .. 7Wq)
p+1

= Z(_I)H_I(DZJW)(ZI, ces 2j, ces Zp+1,W1, LWy
j=1
)oY (Z1s .. Zp Wi, Wyp)
q+1
=D DDy )21 Zp Wi W W)
j=1 |

— V)P (T2, W), Z1s

\IM+

oY

~

i Ziy o Zp Wiy W Wai)
for any Z; € ['®°(T(M)) and W; € ['™°(Ty o(M)). Then
dpp = A(p) +dpp +d}e, ¢ € CPIE). (8.23)

Proposition 8.7. For any Hermitian connection D in (E, h) over the nondegenerate
CR manifold M one has RP € C'-'(End(E)) and

ARP)=0, d,RP? =0, d}RP =0.

This is Lemma 1.15 in [412], p. 548, stated for Hermitian bundles over a strictly pseu-
doconvex CR manifold in [412], yet it holds in the case of an arbitrary nondegenerate
CR manifold (of hypersurface type). Cf. [398], p. 105.

Proposition 8.8. There is a real operator
x5 : BY(E) = B %(E)
such that
(@, ¥)a(dO)" =nlo AxpY,
x5 #59 = (=D,
forany ¢, € BX(E).
Here (, )g is the pointwise inner product induced on (H(M)* ® C) ® E by gg and h.
Definition 8.6. Let us set 2 = —d0 and consider the operator

L:BYE)—> B*2(E), Lo =Q A o.
Also let us consider

Ag : BY2(E) > BYE), Aoy = (—DF x5 L x5 . O
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Proposition 8.9. Ag is the formal adjoint of L with respect to the L* inner product

(@, ¥)g = /M {0, V) 6 A (dO)". (8.24)
Note that
n
i Mgy =) €aV(Eq, Eg) , ¥ € BY(E),
a=1
where {E,} is a local orthonormal (i.e., Lg(E,, EE) = €40qp, Where e; = -+ = ¢, =
—€r41 = -+ = —€p45 = 1) frame in T} o(M). Let D = D(h, 6, 0) be the Tanaka

connection of the Hermitian CR -holomorphic vector bundle (E, k) over (M, 8) and
6 = elo. Using the frame Ey = e /I2E, one shows easily that A(p =e nggo,
hence AgRP = 0. Then (by the uniqueness statement in Theorem 8.1) D(h, 9, 0) =
D(h, 6, 0), which is equivalent to the following:

Proposition 8.10. The Tanaka connection is a CR invariant.

If {#*} is the admissible coframe determined by {Eg} then (by Lemma 1.17 in [412],
p- 549)

n
dpg = 0% ADg,p +6 A Dro. (8.25)
a=1
Next, we shall need the differential operators
dp : BM1(E) — BPT(E), dp:BPIY(E) — BPITI(E),
given by

n
dpg =y 0% A D¢,

a=1

n
Apg = 29“ A Dg, 9,

a=1
and their formal adjoints
3%« BPTL9(E) - BPY(E), d)p : BPITI(E) —» BPY(E),
with respect to (, )g. Explicitly
0pe =—*5 0p *B5 ¢, Op¥ =—x5 Ip *B V.
Finally, we recall (cf. Lemma 1.20 in [412], p. 550) the following result:

Proposition 8.11. The commutation formulas:
[Ag, dpl = i0p, [As,dp] = —id} (8.26)

are valid on any nondegenerate CR manifold.
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8.5 Curvature of S-connections

We wish to compute the (1, 1)-component of the curvature form
w = curv(L, D)

of the canonical S-connection of a locally trivial CR-holomorphic line bundle (L, 31 ).
Given a nowhere-vanishing CR-holomorphic section s on U we have (by (8.1)—(8.2))

a(s)Z =0,
a(s)Z = %Z(Ing(S)),
where p(s) = h(s, s). Moreover, given a local frame {7} of T} o(M) on U, we have
(D*5)(Ty, Tg) =0, (8.27)
(D*s)(T5, To) = (vgva log p(s)) p (8.28)

(covariant derivatives are taken with respect to the Tanaka—Webster connection of
(M, 6)). Let [, be the Kohn—Rossi operator on (M, 6). Using (8.27)—(8.28) and the
identities

Opf = 0"V Vef. Apf =0pf —inT(f)
(for any f € C*°(M)) one may compute the trace of B as
(AoB)s = —{iAplog p(s) +nT (log p(s))} s.
Hence (by (8.4))

1(S 1
a7 = +[ 22 L [ia log p(s) + nT oz p(s))] ).
il s 2n

Finally

S(: 1
ia(s) = Ty(log p(s))0% + {% + 5, (1 8plog p(s) + nT (log p(s))) }9, (8.29)

for any nowhere-vanishing CR-holomorphic section s € I'*°(U, L). The curvature
form w = curv(L, D) is given by w = da(s) on U. Let us differentiate in (8.29) and
use the identity

de® = oP ANog+0 AT
to obtain
S(s 1
" { E ) | 5 [ids10g p(5) +nT(logp(s))]}d9

_ (vgva log p(s)) 6% A 6P mod 6% A6, 6% AO,6% A6. (8.30)
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Spectral Geometry

We present A. Greenleaf’s lower bound (cf. Theorem 9.1 below) on the first nonzero
eigenvalue of the sub-Laplacian Aj; of a compact strictly pseudoconvex CR mani-
fold. The methods employed are L? (that is, we establish Bochner-type formulas) and
the result is a CR analogue of the well-known theorem of A. Lichnerowicz (cf. [59],
pp. 179-186) that the first nonzero eigenvalue A of the Laplace—Beltrami operator A
of a compact n-dimensional Riemannian manifold (M, g) of Ricci curvature > C g,
for some constant C > 0, satisfies

C. (CHY)

No CR analogue of M. Obata’s theorem (cf. [328]) [that under the same hypothesis,
equality is achieved in (9.1) if and only if M is isometric to the standard sphere S"]
has been obtained as yet.

By the same techniques, and under the same hypothesis as in Theorem 9.1, we
give a lower bound on the first nonzero eigenvalue of the operator A, —icT, |c| < n.

9.1 Commutation formulas

Let (M, T1,0(M)) be a nondegenerate CR manifold, of hypersurface type, and 6 a
contact formon M. Let {Ty, : 1 < o < n} be a (local) frame of 77 (M), defined on an
openset U C M, and letusset {T4} = {T, Ty, T}, where A € {0, 1, ..., n, 1,..., n}
and Tp =T).

Let f € C*®°(M)®C. Let V2 f be the pseudo-Hermitian Hessian of f, with respect
to the Tanaka—Webster connection V of (M, 6). For all local calculations, we set

fap = (V2f)(Ta, Tp),

so that
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Jop = Ta(fp) — F();ﬂfy > 9.2)
fup = Ta(fp) — FZBf)? : 9.3)
fop =T (fp) = Tigfy s 94
Jouo = To(fo0) 9.5)

where f, = To(f), fa = Tz(f), and fy = T(f). The pseudo-Hermitian Hessian
V2 f of f is not symmetric, but rather one has the following:

Proposition 9.1. The commutation relations

Jop = fpa> 9.6)
faE = fﬁa — 2iha5f() , 9.7
fao = fou + AL £, ©.8)

hold on any nondegenerate CR manifold.

To prove (9.6)—(9.8) we differentiate the identity
df = fub0* + fa0% + fob
to get
df = (dfy) A% + foud0% + (dfz) A% + f3d6% + (dfo) A6 + fodb .
Let us recall (1.62) and (1.64) of Chapter 1,
d6 = 2ih ;6% A6 |
do* = 0P Aol +0 AT*,

and substitute in the previous identity. We obtain (by (9.2)—(9.5))

Fupb® AP + {falg ~ fru+ 2iha/§f0} 6% A 6P + f36% A 6P
+{ o = fpo+ faaf Lo 0P + | fog — fao + fars} o 6P =0,
which (by comparing types) yields (9.6)—(9.8). O
Definition 9.1. We define a third-order covariant derivative V> f of f by setting

(V3AH(X, Y, Z) = (VxV> )Y, Z)
= X((V2)(Y, 2)) — (V2 F)(VxY, Z) — (VEF)(Y, VxZ),

forany X, Y, Z € T(M). O
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Also, with respect to the local frame {74}, set
fasc = (V2 f)(Ta, T, Tc) .

We shall need the corresponding commutation formulas. These are referred to as inner
commutation relations if they involve the indices B, C, respectively as outer commu-
tation relations if they involve the indices A, B. We start from the identity

dfu = fpab” + f5,0” + foub + frol .
Let us differentiate and use the formulas (1.62), (1.64) of Chapter 1. We obtain
0= (dfpa) A 6P + (df3,) NOP
+ (dfoa) A O+ (dfy) A @f + fpal” A wff +6 AP}

+ f3al07 Aol +0 ATPY 4 2ifoahpy0P AT + fdes] .
At this point, we recall (1.90) of Chapter 1,
M’ = dof — o) /\a))’?
Qf =P —2i0, A TP +2it, NOP,
Qf = RaP5;0" AOT + WE 0P no— Wit ng,
and substitute in the previous identity. This procedure yields
0 = (T3 (fua) + To(f )Ty + fpalhy +2ifs Aay — f5T1,TL 6% A 0"
+ (=T (o) + Tafiia) + Tef)Thy = Talf)TYy + faT — FaT
+2ifoahin + fpRaP 1 + foTL,Th — f3T%, T8 J0™ A 0%
ATy o) + Ta U + F3a T+ 20fph i AL — fT%, T2 107 A 0
AT (Fua) = Tu(fou) = Tu( )Ty + T(FIT g = fpaTh,
+ FaaAl = faWE, — foT2, T8 + foT3, T 10 A 6"
AT (fa) = T (fow) = Ta(fy)Tgy + T(f,)T L,
 fpaAl = f3 Tl + fsWE, — faTLTh, + foTh, TS 30 A6

Using (9.2)—(9.5) and
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fapy = Ta(fpy) — Tapfry — foulls, (9.9)
fagy = Ta(fgy) — Figf,‘\y — f3.T %y » (9.10)
fapy = Ta(foy) = Thg fry — fpall, . ©.11)
fapy = Talfp,) = Fégfxy — f5uTh, - (9.12)
fopy = T(fpy) = Top oy — feulGy, » (9.13)
faoy = Tu(for) — fouTk, . (9.14)
Jopy = T(fp,) — Fé,gfxy ~ f5uT0y » (9.15)
faoy = Ta(fop) = fouTh, » (9.16)

we obtain

0 = {fiua + 2ifiAau)0” AO*
+{— fira + frio + 2ifoahri + fpRa32)0" A OF
+ i + 2ifphg; AL YOH A 6F
+ foua — fuow + Fia Al — faWE, 10 16"
+ {fora — foa + foa Al + feWL210 A O7 .
Therefore, we have proven the following:

Proposition 9.2. The outer commutation relations

frpa = fura +2i(fulan — frAau) 9.17)
friia = frna — 2ifouhiz — foRa" i » (9.18)
Fiia = Fara + 2ifp(hap AL — hyz D), 9.19)
e = foua + g Al — f5WE,. 9.20)
fiow = fopa + Fpa Al + fWE. 9:21)

hold on any nondegenerate CR manifold.

Proposition 9.3. The inner commutation formulas

fagy = fayg (9.22)
fapy = fapp — 2ifaohpy (9.23)
fago = faop + AZfA,z + f;?AE,A ; (9.24)

hold on any nondegenerate CR manifold, where AZ _a are given by

(Vr,11.0)Tp = (A )T5.
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Here 19 is the restriction of 7 to T7,9(M) (a bundle morphism T} o(M) — Tp 1 (M),
by Lemma 1.2). The identities (9.22)—(9.24) follow from (9.9)—(9.16) and from the
commutation formulas (9.6)—(9.8). Only (9.24) needs some care. We have (by (9.8))

fago = faop = Ta(fpo — fop) = Tlag(fuo = fou)
= Ta(Aly fa) — Ty4 A7 f5
and

i i S _ B AR
Agp = Ts(AD) + ALTY - — Tp, AL

hence (by replacing ordinary derivatives in terms of covariant derivatives from (9.3)—
(9.4)) one gets (9.24). U

9.2 A lower bound for A

Let M be an arbitrary nondegenerate CR manifold and {75 } a (local) frame of 77 o(M).
Then the formal adjoints (with respect to the volume form W = 6 A (d6)") of T,
respectively of T, are given by

TH = Ty — rgf& , (9.25)
T =T, — T}, (9.26)

To prove (9.25), we may write

(170 = (Tuf.0) = [ Tupigy
M
for f, g € C°(M) ® C, at least one of compact support. Note that

div(fETe) = Tu(f®) + Th, /3
and also
(Tu f)Z = div(fZTo) — Tho T — fTu(®).
Thus

| ey = . ~Tate) - 100,
M

ie., (9.25) holds. Finally, (9.26) follows from (9.25) by complex conjugation (since
(f,8)=(f.2). O
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On a strictly pseudoconvex CR manifold, we shall employ (9.25)—(9.26) for a
frame {7} with respect to which = 84p5. We recall that (cf. the first of the identi-
ties (1.54))

Ty = ATy (hpi) — 8o(Tp. [Ty T} :
hence (since A, i = 8ap)
s = —80(Tp, [Ty, Tal) = —go(Tp, V1, Ta) = —Fff&hﬁ,z,
ie.,
B
)"/‘ﬁ = —Fy& (9.27)

and the formulas (9.25)—(9.26) may be also written as

n
k _ o
T; _—Ta+ZF5ﬂ, (9.28)
p=1
n —
* o
TS = —T, +,;1 r'ss (9.29)

(compare to (3.12) in [186], p. 200). Hence (by (9.28)—(9.29))

Apf =" (fua+ faa) = Y (Talfe) = Tla fy) + D (Talfe) = TLo f,)
a=1 a=1

a=1

:Z[—T;T&ijnggf&—rZ&fy}
Z 7
+Z{—T;Taf+zr‘%‘ﬁfa—r‘gafy},
z 7

so that (by (9.27))

Apf == (TiTy+T;Ts) . (9.30)

a=1

In particular Ay, is a self-adjoint operator. Finally, let us recall that Ay, is subelliptic of
order 1/2. In particular, by a result of A. Menikoff and J. Sjostrand [300], it follows
that Ap has a discrete spectrum consisting of nonnegative eigenvalues and tending to
+00:

Ot =A< =AgA=-— Fo0

The reader may consult the paper by A. Menikoff and J. Sjostrand (cf. op. cit.) for a
study of the spectral asymptotics of a larger class of operators.
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Let M be a strictly pseudoconvex CR manifold and 6 a fixed contact 1-form on
M with respect to which Ly is positive definite. Given u € C*(M), let Vu be its
gradient with respect to the Webster metric gg. Let mg : T(M) — H(M) be the
natural projection (with respect to the direct sum decomposition (1.20)). Then, there
is a unique complex vector field vy e ['°°(T1,0(M)) such that

mgVu = vhoy + Vo’lu,
where V% !y = V1.04, With respect to a local frame {T,,} of Tj.o(M),
viOy = h“BMBTa,
or,if hy5 = dap, then

n
vy = Z ugTy. (9.31)
a=1

Our next task is to compute Ay (|| vioy ||2) in terms of covariant derivatives. Note that
(by (9.31))

n
1,0, 2 2
IVl = fus .
A=1

Then (by (9.2)~(9.3))

T, (||V1’0u||2> = > {Tutn)us + urTa(uz))
A
_ _ Iz _ _ o
= Z {uakux + Cyupus; +upuy; + ”)\Fa;“lt} .
A
Next (by (9.27))
Z{nguuui+ngu;\u,2} = {—Féﬁuﬂu;—l—FnguQ} =0;
A N
hence
T, (||V1’Ou||2> =3 (wattgs + usuas) (9.32)
A

Moreover (by (9.3) and (9.32)),
(I"0ul?) =17, (TalV"ul?) = 17,75 (IV"u)?)

(0407
Ta<2 (u;um + “luai) ) — Fgé Z (u;\u);)\ + u;\u);;)
A A

= Z {TQ(M;)M&A + T (uy)ugs,
A

+us [Ta (ug) — rjauﬂ] o [Ty (ugs) — FZ&M?A]}.
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At this point, we may replace the ordinary derivatives by covariant derivatives, by
(9.2)—~(9.3) and (9.10)—(9.11), and observe the cancellation of Christoffel symbols (cf.
also (9.27)). We obtain

(||V1‘Ou||2>a& = Z {ugiuarn + uarugs + uztaar + urtygs ) - (9.33)
py

Finally (by (2.15) and (9.33)), we have the following result:
Proposition 9.4.

Ay <||V1’0u||2) =2 Z (ugiuar + uartgs)
oA

+ Y (ustaar + urttygs + Uiy + Usaas) . (9.34)
oA

9.2.1 A Bochner-type formula
By the (inner) commutation formulas (9.22)-(9.23) we have
Ugar = Ugg + 20050

Upar = Ugra

Ugei = Ugie — 21U5000s
Uga) = Ugras

hence (9.34) becomes
Ap <||V1’0u||2) =23 (ugzttar + tariiy)
oA

+ Z (ustara + untgsg + Untigiy + Uilara) + 2i Z (Uguoe — Ualtog)

oA o

+2i Z (Aapuaug — Agguaug). (9.35)
Next, by the (outer) commutation relations (9.18)—(9.19) we have
Uara = Uraq — 20U g (Sa,\Ag - Af) ,
Upig = Wigy — 20105000 + uﬁR&BM,
UaTa = Uiae + 2itp (Jar Al - Af) ,
Ugra = Urae + 21106000 + UﬁRaﬂA&'

Also, we may use the identity

(Apu)g = Z (ugaa + Upaa) -

o

which allows us to write (9.35) as follows:
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Proposition 9.5.

Ap (IIV1 0Lt||2) Z UyiUugy + uaw&;) +4i Z (Uguoq — Uglog)
o, o

2 ZROZBME‘“/S + 2in Xﬂ: (Aaﬁuéug — A&Bu“uﬁ>
a,

o.p
+ ) (g (Apu)g + g (Mpt)g) . (9.36)

Here, to recognize Y, R;® s, as the Ricci curvature, one uses the symmetries (1.92)—
(1.93) (in chapter 1) so that (by haﬁ = 8up)

Ryp = R A= Z Ryini = Z Riopn = Riam-
P

9.2.2 Two integral identities

Assume from now on that M is compact. We shall need the following lemma:

Lemma 9.1. For any u € C®°(M),

/ i Z (uoqUyg — Uoglly) ¥
M o
1
= ;/ (Zuagu&ﬂ - Zuaﬁu&B - ZRaB“&”ﬂ)‘I’v (9.37)
M Ol,ﬁ a’ﬁ Ol,ﬂ

/ iZ(uoaua—uo&ua)\I/
M

A

Proof. By (9.28) (giving the expression of the formal adjoint of Tg,)

/M (; ”""3”“5) W=D (tap. ttap)

1 .
— — By +i 3 (A&Buauﬁ - Aaﬁu&u}g) ) . (9.38)
a’ﬁ

a’/B
=3 (ttap. Taup) = Ty )
a’ﬂ
= (T;uaﬂ,uﬂ) — (Fgguaﬂ,uy)
a.p o, B,y

=— Z (T&ualg, u,g) + Z (nguaﬁ — nguw, ulg) .
o,B o

By
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At this point, we express uqg in terms of ordinary derivatives (cf. (9.2)) and use the
identity

TaT, = TuTy +TL, T, — T/ T; +2iT

to switch T and T,,. We have

/M (;M‘xﬁu“ﬁ)w

- Z (T&Tauﬁ — T& (Fgﬁuy) s uﬁ)
a’ﬂ
+ 3 (T ap = Pty up)

o By

— Z (TaTauﬂ, uﬁ) —2in Z (T(uﬂ), Mﬂ)
a.p B

+ 3 (P Ty () = T, Ty () + T8t
a.pBy

— Fg?uay + T&(F(Jx/ﬂ)ul/ + FZﬂT&(”V)’ ”ﬁ) .

Let us replace the ordinary derivatives of ug (all except for T (ug)) in terms of covari-
ant derivatives (cf. (9.2)—(9.3)). Then

/ (D ttapttag) ¥ = = (Taltap) + Tu(Thyuy), ug)=2in Y (T(up), ug)
M " ap o.B B
+ Z (FZ&“W — 7 uyp + 5 uap — Fg;}“ay + Tlgttay, ”ﬂ)
a.By
+ 3 (TaTlpuy, up)

a.By
+ 3 (T lpuy = DL,y + TIyTE oy ug)

aa” ypre aa” yB aft ay
o, B,y,8
= — Z (l/t(j’g, T:Mﬂ) —2in Z (Tu/g, uﬂ)
a,p B
+ 2 (TaTluy = Tu Ty up)
a. By
Y P 4 Y e Y P
+ 2 (LT = TLgThy + TUpTh, = ThuTysus. up)
o,B.y.p

+ 3 (Mlatpp = Thyttys + T, tap + Tlgtiay ug ).
a.py

Let us use (9.28) and the (local) expression of the curvature tensor
R(Tz, Ty)Tg = Rﬁp&an,

ie.,
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Rp’ 5o = Ta(Tlhg) = Tu(Thp) +T0pTh, —T5,TE, + Fgarﬁﬁ — %, Tps —2i0gg,

and observe that (by (9.27))

Z { (ua/g, Fgﬂuy> — (F;’_,‘);ua,g, uﬁ)
a,B.y
+ (Mlgupp ug) = (CLyttyp. up)
+ (F%yuaﬂ, u,g) + (Fgﬁu&y, uﬁ) } =0.

We obtain
-z |V
/M (;u“ﬂu“ﬁ)
= Z (u&ﬁ, u&/s) + Z <R'3p&aup + ZiFgﬂup, u,g) —2in Z (Tuﬁ, uﬂ) ;
o,p B

o.B,p
hence (by (9.4))

1
i( uo u-)qlz—/ (u-u z— UgplU=~7 — R -u-u). (9.39)
Ad ; oo n M; aplop apUap apUaltp
Again, one recognizes the Ricci curvature by
D Re’se =D Rppaa =~ Rppaa=—) Rapja=—) Ra’u=—Rg;
o o o o o
(cf. (1.93) and (1.98) in Chapter 1). Let us take the complex conjugate of (9.39) and

sum up the resulting identity and (9.39). This procedure leads to (9.37). ]
To prove (9.38) let us perform the calculation (by (2.15))

2
/ (Abu)z\P:/ (2 (s + 1) ) 0
M
[ Z Uaa +Ugg + Uaalgp + Uaallgp + ”““”ﬁﬁ) v

_ /M {2’ ;ua&

by the commutation formula (9.7). Finally,

/M(Abu)2\ll :4/M’Xa:ua5[ ?

The last term in (9.40) may be computed as

+Z ((u&a — 2iug) ugg + u&a(uﬂf; + 2iu0)> }\Il
a,f

v — an i o (ag — Uuga) W (9.40)
M g
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/ D uo (tag — uge) ¥ =Y (0, Uge — o)
M o
=3 (w0 Tatwa) = Tty = Tutue) + )
= Z {(T;uo, ua) (T uo, ua + Z { uo, Faa”l’) + <u0, FZ&M);>}
o

= > {— (Tauo. ta) + (Tauo. ua))

(the terms containing Christoffel symbols cancel in pairs). Then, by expressing ordi-
nary derivatives in terms of covariant derivatives and using the commutation formula
(9.8), we obtain

/ Zuo (Uog — Uae) W
M~y

= / Z (Uoglty — UpgUg) ¥V + Z [— (Aaﬁuﬁ’ ua> + (A&Euﬂ, u,;,)} . (941)

M "y o,p
Finally, we may substitute from (9.41) into (9.40) and solve for
/ iZ(uoau& — Upglta)W.
1 —

This procedure furnishes (9.38). O

9.2.3 A. Greenleaf’s theorem

Let us recall that by definition, Apu = div (5 Vu). In particular
/ (Apu)¥ =0,
M

for any u € C§°(M). Let us assume from now on that M is compact. Integration of
(9.36) over M leads to

0= / (Zuaﬁu&ﬁ + ZuaﬂM&B + 2i Z (“&MO(X — uaMO&)
M \op a,B o
—l—ZR ﬁuauﬁ+znz< apUGUE — ﬂuauﬁ>

+ 3D (g (Apu)y + tta (Apit)g) )w. (9:42)

We shall need the following identity:
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Proposition 9.6.

/ 3 e (Apu)g ¥ = —/ (Apu) div <V1’0u> w. (9.43)

ar M

Let us prove (9.43). We have

/ 3t (Apu)g ¥ = / W Ty (Apu) W = / (T& (u& Abu> — (Apu) T&(ua‘)> v,
M5 M M

Letus set Z = (Apu)u®T, € T1,0(M). Then

div(Z) = trace(V > VyZ} = (V. Z)" = Ty (I/l&Abu> +uP (Apu)TE

ie.,
Ts (u%bu) = div(Z) —uP (Apu)TE .
Finally, by Green’s lemma
/ D e (Apu) W = / {=uf (M) T35 — (Apu) T ()} W
M T M
- —/ (Apu) div (u&T&) v, 0
M

Now let us take the complex conjugate of (9.43) and sum up the resulting identity
and (9.43). We obtain

f D (e (Mpt)g + ug (Apu)g) W =2 / (Apu)> W;
M M
hence (9.42) becomes
J (Z ot D Uapiizy = 3 (Ap)?
M\ ap o.p
+ Z Raﬁu&uﬁ +in Z (Aaﬂu&ulg — A&Buauﬂ>
a,B a,B
+2i ) (uauoy — uauo&))\ll =0. (9.44)
o
Let C € R and write
/ i Z (wogUa — uogta) ¥
M o

=C/ iZ(anu&—uo&ua)\IJ+(1—C)/ i) (uoaug — uogita) V.
M 17—
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Next, let us calculate the last two integrals using (9.37) and (9.38), respectively. We
obtain

/iZ(MOQM&_UO&ua)qJ
M Ty
C C 2(1—C)‘
= — ) u,guap — — ) UgpUzz — ————— U

C .
- Z Ragu&,guﬁ +i(1-0C) Z (A&Buauﬁ — Aaﬁu&u/g)} .
o,pB a,B

a1-0

A 2
o (Apu)

2
+

Now, we use this identity to replace the term f i > o (Woalty — uogle) W in (9.44).
Then (9.44) becomes

2C 2C
/ (1+7)Zualgu&ﬁ+(l _7>Zu°‘ﬁu&/§
M o.p op
4(1-0C) 1-C

’ + (— 3+ — ) (Apu)* + (1 - 27C) > Ryjuap
o p
+im—21-C)Y (Aaﬁuguﬂ- — Aaguau/g)} W=0. (9.45)
o h

In particular, for C = —n/2 the identity (9.45) furnishes

4
[, [ wmes - 24 ) S
M @B p

+ 22/5; Ryjugup + 2i X‘; (Aapttas - Aaﬂuaug)} W=0. (946)
o, «,

| 5
+ = (Apu)
n

Also, for C = 1, the identity (9.45) furnishes
2 2 1 )
<1 + —) Zuaﬁ;u&ﬂ + <1 - —) Zu“ﬂu&ﬁ — 5 (Apu)
M n a.p n o.p

2
+(1=2) 2 Roguang — in'_ (Agguanip — Awpiigug) { ¥ =0 (9.47)
Sy a.p

Note that

/mmbu)“v=/M(Zaj<uw+uw))2w
(D) () | e

2
v
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hence

/M (Apu)? U — 2/M ‘ Xa:ua& v /M {(;ua&)z + (Xa:u&a)z}\p. (9.48)

Letu € C*(M) be areal eigenfunction of Aj, corresponding to the eigenvalue A > 0,
i.e., Apu = Au. We may distinguish two cases:

O f () +(Swaa) o=

and

(1) /M {(Zua&)z + (;u&a)z}\ll <0.

o

If case I occurs, then (9.48) yields

LI

2 2
\1/5/ (Apu)2 W
M

and then (by (9.46))
4
0= /M {2%;”&,3”&& ~(2+ r—l)) ;ua&
+ 22 I:Raﬁu&ﬁ +1i (A&Eu“uﬁ — Aaﬂu&ugﬂ }\If
a,p

1 2 .
> — (1 + ;) (Apu)” + Z [Ragu&uﬁ +1 (A&Buauﬂ — Aaﬁ“o’t”ﬁ)] v,
M a.p

or, if we assume that

2 ] 5
+ — (Apu)
n

Rug2°7" +i (452" 7" — Aap2°7P) = 2kno52°7" (9.49)

for some k > 0 and any Z = Z“T, € T1,0(M), then

0= /M {—(1 + %) (Apu)? +4k2a: |ua|2} v, (9.50)

We need the following identity:

Proposition 9.7.

-2 ﬁ\y:/ Apu) W . 9.51
/M;w [ o 9.51)
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Indeed (9.51) may be checked as follows
/ D lual? ¥ =" (ta. ua)
M o
=D (Ta),ue) = Y (u, Tua)
o o
- ; (u, Taug) + aZﬁ: (u Fgﬂua)
= _ Z (u, Uge) — Z (u, Fgau,g) + Zﬁ (u, F%‘ﬁua) ,
o o,

o, p

ie.,

[ Sl ==Y e
M o o
Take the complex conjugate and sum up with the resulting identity. We get
2/ D lual? ¥ ==Y (, tae + taa)
M o o

which is equivalent (by (2.15)) to (9.51). O
We may use (9.51) to rewrite the estimate (9.50) as

0> /M {—(1 + %) + ;} (Apu)* W,

hence
1 k
0= (1414
+ n + A
or
A > Kn (9.52)
n+1 )
As to case I, by (9.48) one gets
2
/ (Apu)> W < 2/ ‘Zua& v, (9.53)
M M
On the other hand,
2 , 1 2
D ugguap =Y |ugp| =Y lueal® = —‘ > ttag
Ot,,B (x,ﬁ o h o
Therefore (by (9.53))

1
i U )\Pz—/ (Apu)> W,
/M(; apral 2n Jm
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and the identity (9.47) leads to

2 2 2
0> L+ o) (Apu)” = 5 (Apu)
M LN
+ (1 — E) Z Raﬁ“&“ﬂ —in Z <A&/§uauﬂ — Aaﬂu&ug) }‘If ,
o,pB o, p

provided that n > 2. Furthermore, if we assume that n > 3 and

2
" 2i (A&Bia?ﬁ

Ry;2°Z" -

— A z“zﬁ) > 2kh,;2°7" (9.54)

for some k > O and any Z = Z“T, € T1,0(M), then (by (9.51))

1, 2 m—2)k\
0= [ (G(1+2) -1+ 20w

0>—(1+2)—1+(1—§)§,

or A > nk/(n+1),1i.e., (9.52) holds. We have proved the following result:

hence

Theorem 9.1. (A. Greenleaf [186])

Let M be a strictly pseudoconvex CR manifold of CR dimension n > 3. Let 0 be a
contact 1-form on M with the Levi form Ly positive definite. Assume that there is a
constant k > 0 such that

RygZ°7" +i (452" 7" — Aup2°7P) = 2kh,52°7"

and
2

R 7°7° — "2(A 7°7F
p—

o 55 — AwpZ°7P) = 2ho52°7"

forany Z = Z°Ty, € Ti,0(M). Then the first nonzero eigenvalue 11 of the sub-
Laplacian Ay of (M, 0) satisfies the estimate

kn
n+1°

A >

9.2.4 A lower bound on the first eigenvalue of a Folland—Stein operator

Letus set Xo = 5 (T, + Tg) and Yy = & (T — T,,). Then (by (9.25)~(9.26))

_X +22(Fa +Fa>,
B
i _
Yi=—Yuts (rgﬁ—rgﬁ).
B
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Next, we perform the following calculation:

D Tuf Tuf) =Y ((Xa +iYa) f. (KXo +iYa) f)
= S IXaFIP + Y fIP 40 (XEYaf, £) =i (ViXof, 1))
=Y. {IIXaf||2 + Yo fIP =i XaYaf, ) +i YeXafs f)
B (g ) <3 2 (05, - s 1) |

=3 {||>(OJ||2 + Y fI?

o

— 5 (Ta = T) (fu + fa): ) + 1 (Ta + Ta) (fa — fo). f)
+1 ; (s, =ToDa + fa). f) - & ; (s, + T3 — fu). f) }

= > {1Xa PP+ e f P+ (T fa = Tha f = Tafu+ Ty Sy £)]

o

= S {IXa P WYaf 1P+ 4 (S — fow )]
hence (by (9.7)) )
ST f 1P =Y {IXa F IR+ Ya f P} = i (fon ) -
Note that (i T)* = iT; hence (i fy, f) € R. We obtain

nGifo, )= Y {1Xa 24+ 1¥a 1)

o

On the other hand,
S {IXa 1P+ 1Y IR} = 33 e+ fao fot S+ (fa = oo fa = fo)

o

= I3 s fo) + e f)} = S (Ao S )

(the last equality follows by integration by parts). Hence

2n (ifo, f) = (Apf. f) .
Analogously, one may develop Y, |75 f | and prove that

2n (ifo, f) = = (A f. f) -

Therefore

2n|@ifo, Ol = (Auf. [, (9.55)
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for any f € C°°(M) ® C. Consider the operators
Lo=Ap—icT, |c|<n.
Then
(Lef. ) = (Do f, [)—c(ifo, )
= (Mo f, ) = lellGfo, NI = (1

||

o

) (Ao £

By aresultin [150] each L, |c| < n, is a subelliptic operator of order € = 1/2; hence
L. has a discrete spectrum tending to +o0.

Proposition 9.8. (A. Greenleaf [186])
Let A be the first eigenvalue of L. Assume that there is A € Spec(Ap), A # 0, such
that

Eigen (EC, kf) N Eigen (Ap, A) # (0).

Then, under the hypothesis of Theorem 9.1, one has

Ic| nk
Afz(l—— .
n/)n+1

9.2.5 Z. Jiaqing and Y. Hongcang’s theorem on CR manifolds

We end this chapter by reporting on a recent result on spectra of CR manifolds, cf. E.
Barletta et al. [35]. Let M be a compact strictly pseudoconvex (2n + 1)-dimensional
CR manifold and A the sub-Laplacian corresponding to a fixed choice of contact 1-
form 6 on M. Let 1; be the kth nonzero eigenvalue of A,. Using L? methods (i.e.,
a pseudo-Hermitian analogue of the Bochner formula in Riemannian geometry) A.
Greenleaf has shown (see Theorem 9.1 in this chapter) that the first nonzero eigenvalue
A1 of Ay satisfies

Al >

n
. Co (9.56)

under a restriction involving the pseudo-Hermitian Ricci tensor R.,g and the pseudo-
Hermitian torsion Ayg. The restriction and proof are imitative of those in A. Lich-
nerowicz [286], p. 135. A similar result is the following:

Theorem 9.2. (E. Barletta et al. [35])
Let M be a compact strictly pseudoconvex CR manifold (of CR dimension n). Assume
that the problem

Apv = Agv, T(v) =0,
supv =1, (9.57)
infv=—-C, 0<C <1,
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admits some C* solution v. If
Ric(X —iJX, X +iJX)+2(n —2)AX, JX) >0, (9.58)

forany X € H(M), then

A > — . (9.59)

Here T is the characteristic direction of (M, ) and dy is the diameter of M with
respect to the Webster metric gg. The proof of Theorem 9.2 is omitted (in contrast to
[186], L™ methods are employed). If for instance M = $?'*! (the sphere carrying
the standard pseudo-Hermitian structure) then both the hypothesis of Theorem 9.1 in
this chapter and the assumption (9.58) hold.

Let M be a strictly pseudoconvex CR manifold of vanishing pseudo-Hermitian
torsion. Then the assumption (9.58) is weaker than the hypothesis of Theorem 9.1.
However, it must be pointed out that while one works under less-restrictive geometric
conditions, the proof of (9.59) requires the existence of a solution of (9.57) (rather
than a solution of an eigenvalue problem for Ay, alone). As a result, one may estimate
terms of the form u® (L,uy) at a point (where £ is a Folland-Stein operator). General
existence theorems for the solutions of (9.57) are not known (and this is precisely the
limitation of Theorem 9.2). An example in which (9.57) may be solved is indicated
below.

If v is a solution of (9.57) then Apv = Av (where A is the Laplace—Beltrami
operator of (M, gg)) so that actually A, € Spec(M, gp) and the estimate (9.59) follows
from work by Z. Jiaging and Y. Hongcang [231], provided that the metric (here the
Webster metric gg) has nonnegative Ricci curvature. Nevertheless, this requirement
may be seen to be generically stronger than our assumption (9.58). Indeed, let M be a
strictly pseudoconvex CR manifold of vanishing pseudo-Hermitian torsion. We have

Ricg (X, ¥) = Ric(X, ¥) — Lgo(X, ¥) + %9(){)9@) (9.60)

for any X, Y € T(M). Thus
Ric(X —iJX, X +iJX) =Ricyg(X, X) +Ricy(JX, JX) + ||X||2

for any X € H(M). Consequently, if Ricg (X, X) > O for any X € T(M) then Raﬁ is
positive semidefinite (while the converse does not follow from (9.60)).

The problem of the existence of a solution of (9.57) is open. If for instance M =
$21+1 then (9.57) has no solution for k = 1 (i.e., there is no first-degree harmonic
polynomial H on R?""*D satisfying T (H) = 0). Next, all solutions of

Apv = A,
T(v) =0,
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are given as v = H| s2n+1, where

H(x,y) = Z aij(xixj +yiy;), aij € R

1<i<i<n+l1

(and Ay = 4(n +1)). Also, foreach (i, j) € {1,...,n+1}%, i < j, the eigenfunction
vij = Hijgons1, where Hij = 2(x;jxj + yiyj), has supv;j = 1 and infv;; = —1 (i.e.,
v;j is a solution of (9.57) withk =2 and C = 1).

The estimate (9.56) may be thought of as an estimate on Ag, kK > 2. As such, (9.59)
is sharper than (9.56) provided that

n+1

. 9.61
nCo 9.61)

dg <

However, among the odd-dimensional spheres only $3 and §° satisfy (9.61) (since
M = §?"*1yields Co = n + 1; cf. [422]).
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A Parametrix for L],

For the convenience of the reader we give a few additional details concerning the
analysis on the Heisenberg group and, more generally, on a strictly pseudoconvex CR
manifold. The source is the fundamental work by G.B. Folland and E.M. Stein [150].
We start by recalling the following lemma:

Lemma A.1l. Let f be a homogeneous function of degree A € R that is C' away from
0. There is a constant C > 0 such that

W 1f @) = fOI = Clx =yl |x"~! forany x, y € Hy with |x — y| < 3]x|,

Q) |f(xy) = f@)| < Clyl Ix*~! for any x, y € H, with |y| < 5|x|.

Proof. To establish (1) one may assume, by homogeneity, that |[x| = 1 and [x—y| <
%. But then y is bounded away from zero, hence (by the mean value theorem and
(1.26))

|f ) = fO)I = Clixy — x||.
For the proof of (2), the same argument leads to
|f(xy) — f)] = Cllxy — x]I.
Yet y — xy is C*°; hence
lxy — x|l < Cllyll = Clyl. 0

There is a right-invariant version of the operator £y that we need to recall. Note
that

n 2n
R DL I )
=1

a=1

By analogy, we may consider the right-invariant differential operator

2n
Ro = —ZR?.
j=1
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The fact that @ is a two-sided inverse for Ly (cf. Proposition 3.2) yields
Rody = 3. (A1)

Indeed, if Dy = — Z?"zl D;xDj is the distribution kernel of Ly, then Lo®o = Po*xDy
and RoPo = Dy * Pg and both these expressions equal 5. O
For further use one may rewrite (A.1) also as

2n
Dj*xDj* ®y=34.

j=1

One of the deep results of G.B. Folland and E.M. Stein is the following (cf. Theorem
8.13 in [150], p. 450):

Theorem A.1. Let F be a PV distribution." Then there exist homogeneous distribu-
tions Fy, ..., Fp, of degree —2n — 1 such that

2n
F=Y DjxFj.
j=1

Theorem A.1 provides a set of “noncommutative Riesz transforms” with which one
may manipulate derivatives. The proof is quite involved and out of the scope of this
book. The reader may see [150], pp. 450—454. ]

The following result emphasizes the importance of the Folland—Stein spaces S ,f :

Theorem A.2. If F is a PV distribution, the map ¢ — ¢ x F, ¢ € C;°(H,), extends
to a bounded operator on S,ffor l<p<ooandk €{0,1,2,...}.

Cf. Proposition 9.2 in [150], p. 455, for a proof. O
With these tools, we look at L? estimates for £,. Since its fundamental solution
®d,, is regular homogeneous of degree —2n, one may establish the following result:

Theorem A.3. (G.B. Folland and E.M. Stein [150])
Let o be admissible.> Then

(1) The map ¢ +— Kyup = ¢ *x Oy, ¢ € C3°, extends to a bounded map from LP to
L4, where 1/q = 1/p — 1/(n + 1), provided that 1 < p < q < oo, and from L'
to Ll(gjl)/"% forany € > 0.

(2) The maps ¢ +— LjKop = @x Py xD;j, ¢ € Cg°, 1 < j < 2n, extend to bounded
maps of LP to L", where 1/r = 1/p —1/(2n+2), provided that 1 < p <r < o0
and from L' to Ll(gél+2)/(2"+l)_e forany € > 0.

(3) The maps ¢ — LiLj Koo = @+ Py % Djx D, ¢ € Cgo, 1 <1i,j <2n, extend

to bounded operators on S,f forl < p<ooandk €{0,1,2,...}.

1 See Definition 3.20 in Chapter 3.
2 See Definition 3.10 in Chapter 3.
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As a corollary one obtains the following estimates for L:
Corollary A.1. If @ is admissible, | < p < oo, andk € {0, 1,2, ...}, then
lpllp+2 < Cpx (ILa@llpx + lellp)
forany ¢ € Cg°(H,).

Indeed, by Proposition 3.2, one has ¢ = K, L, ¢@; hence [by part (3) in Theorem A.3
above]

ILiLj@llpk < Cpi (1La@llpi + ll@llp) -

Yet
2n 2n
lolpisa < lelp+ D ILjoll,+ Y ILiLiglpk,
j=1 i,j=1

so it suffices to prove the estimate

ILigly = €5 (1301, + gl )

Let y;(¢) be the 1-parameter group of transformations obtained by integrating L ;.
Then, by Taylor’s formula for the function I'; () = ¢(xy;(¢)) one has

1
pxyj(1) = o) + (Ljp)(x) +/0 (1= D(L5p) (xy; (1)),

or
' 2
(Ljp)(x) = @(xy;(1)) — @(x) —/ (I =) (Lj9)(xy;(0)dt.
0
The estimate sought is obtained by using the translation invariance of || - ||, and the
Minkowski inequality, and by taking the L? norms of both sides. ]

Definition A.1. For U C H,, we define the spaces
SP(U,loc) ={F € D'(H,) : oF € S! for any ¢ € C(U)}. O

We may state the following L? regularity result:

Theorem A.4. (G.B. Folland and E.M. Stein [150])
Let o be admissible and F, G € D' (H,,) such that Lo F = G on U C H,,. Then
(D) IfG € S (U, loc) with 1 < p < oo then F € S, (U, loc).
Q) IfGe Ll (U)yand1l/qg=1/p—1/(n+1) > Othen F € L] (U) provided

loc
that p > 1, and F € LL_“(U) for any € > 0, provided that p = 1.

loc

Cf. also Theorem 9.5 in [150], p. 457, and the rather involved proof there. |
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Let us look now at Lipschitz estimates for £,. One of the important results by G.B.
Folland and E.M. Stein (cf. op. cit.) is the fact that convolution with a PV distribution
is a bounded operator on I'g for all 8.

Theorem A.5. If K¢ is a PV distribution and f € I'g, 0 < B < oo, is a function of
compact support, then f x Ko € I'g.

Cf. also Theorem 10.1 in [150], p. 458. Also, the following result on kernels of higher
homogeneity is known to hold (cf. Theorem 10.12 in [150], p. 465):

Theorem A.6. Let K be a regular homogeneous distribution of degree k —2n —2, k €
{1,2,3,...}and let f be a function of compact support. Set g = f x K. Then

(D Iffelp 0<B <o, then g € I'gyy(loc).

Q) IffelL?PandB =k — (2n+2)/p > 0then g € I'g(loc).

We may now state the Lipschitz regularity result for £, .

Theorem A.7. (G.B. Folland and E.M. Stein [150])

Let a be admissible and F, G € D' (H,) satisfy L4F = G on U C H,,. Then
M IfG eT'g(U,loc) with0 < B < oo then F € I'g42(U, loc).
QIfGelLl (Uyandp=2—2n+2)/p>0then F € I'g(U, loc).

loc

The remainder of Appendix A is devoted to a few results concerning analysis on a CR
manifold. Precisely, we review certain classical results, such as (1) the construction of
a parametrix for the Kohn—Rossi operator [Jp, of a strictly pseudoconvex CR manifold
(inverting UJ;, up to operators of type 1; these are smoothing, i.e., are bounded opera-
tors of Folland—Stein spaces S,f (M) — S,f +1(M)) and therefore, by general theorems
estimating integral operators of type X, (2) the derivation of estimates for [, e.g.,

lllpr2 < € (IDp@llpk + llelp) (A2)

for any ¢ € I'™(A%9(M)) supported in a fixed compact set (here 0 < ¢ < n,
l < p<oo,k>0,and C = C(p,k) > 0, cf. Theorem A.14); hence leading to
(3) regularity results for [y, e.g., (by (A.2)) if ¢ is a locally integrable (0, g)-form,
0<g <n,and Lpp € S,f(U, loc) forU € M open, | < p <oo,ke{0,1,2,...},
then ¢ S,f+2(U, loc).

The main tool are the normal, or Folland—Stein, local coordinates on a strictly
pseudoconvex CR manifold, as introduced in Chapter 4. The main feature of Folland—
Stein coordinates is to compensate for the lack of a CR analogue of local complex
coordinates (of a complex manifold). If M is a complex manifold, and J its almost
complex structure (that is, J; : Ty(M) — Ty(M), sz = —I,x € M;ie., Jy is the
complex linear structure at the level of the tangent space), then for any point x € M
there is an open neighborhood U and complex coordinates ¢ = (z',...,z") : U —
C" such that T (M) = T,(,)(C"), a complex linear isomorphism, i.e., the {(3/027),}
span Ty (M), and as is well known, this is guaranteed by the Nijenhuis integrability of
J.If, in turn, M is a CR manifold, the analogue (1.8)—(1.9) of the integrability property
of J doesn’t lead in general to the existence of such special coordinates, i.e., we may
not infer the existence of, say, local coordinates (zl, 7)) U - C" xR~
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H,, such that T\ (M) is spanned by the Lewy operators Ly y = (3/3z% + iz%9/01),.
In other words, a choice of local coordinates ¢ around a point x € M gives an R-
linear isomorphism 7 (M) =~ Tyy)(H,) that will not preserve, in general, the CR
structures. G.B. Folland and E.M. Stein [150], constructed a sort of exponential map,
which takes into account the splitting 7 (M) = H(M) & RT, such that the resulting
local coordinates (at x) ®, : V, C M — R*"*! map a given pseudo-Hermitian frame
Ty x not to Ly, x as argued above, but rather to Ly , plus “error terms,” i.e.,

(), To = Lg +Z(0l 0 +0‘8a )+028

where O* denotes a function of Heisenberg-type order k (cf. Chapter 4). It was then
remarkable that ®(x, y) = O4(y) is x_ly when M = H,, that ® is C*° on Q =
Uyemix} x Vi, and that p(x, y) = |®(x, y)| (Heisenberg norm) is a sort of distance
function (though not satisfying the triangle inequality, but only (3.22)).

Furthermore, we shall look at estimates on integral operators (with kernel of the
form

Ko(x,y) = Pa(O(x, y)),

for x close to y), which rely on several, nowadays classical, results in functional analy-
sis, and due to A.W. Knapp and E.M. Stein [240], R. Coifman and G. Weiss [105]. The
proofs are but sketchy; yet the amount we give invites the reader to take note of ma-
terial involving deep ideas in other disciplines, such as the theory of singular integrals
(cf., e.g., the Hardy—-Littlewood—Sobolev fractional integration theorem ([384], p. 119)
based itself, as well as its generalization (cf. Lemma A.4) on the Marcinkiewicz inter-
polation theorem ([384], p.272)), possessing of course their own history and exegetes
(cf., e.g., EIM. Stein [384]).

The main results we seek to state are the existence of a parametrix and the regu-
larity for Op. It is worth noting that the same arguments apply to the sub-Laplacian
Ap with only minor alterations (because A is modeled on £y, which possesses the
fundamental solution @), resulting in fundamental estimates and regularity theorems
for Ap; cf. Theorems 3.16 and 3.17 (which, in the end, yield regularity results for the
CR Yamabe equation, cf. Theorem 3.22).

Let us start by discussing estimates for integral operators. Following [150], we are
going to build a parametrix for [J, out of integral operators whose kernels are of the
form Ky (x,y) = ®4(O(y, x)) for x close to y. To work with such operators, one
needs the following general lemmas:

Lemma A.2. Let A', A2, A3, ... bea sequence of bounded operators on a Hilbert
space such that

la7 (4%) 1l = celi=t 1 (a7)" A%y < celit,

for some € € (0, 1) and some C > 0. There is a constant C1 > 0 independent of N
such that
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v =0

For a proof the reader may see A.W. Knapp and E.M. Stein [240]. ]

Definition A.2. Let (X, u) be a measure space and f a measurable function on X.
The distribution function By : [0, 00) — [0, oo] of f is given by

Brs) =pn{x e X:[f(x)]>s}). O

Then, with the notation in Definition A.2,

/Ifl”du - pfo P18 (s) ds, (A3)

forany 0 < p < oo.

Definition A.3. We say that f is weak L? if
C\»
Brn= (<)

for some C > 0. An operator A mapping L? (X, ) into measurable functions is of
weak type (p, q), g < 00, if

Bas(s) < <%)q

for some C > O and any f € LP(X, ). ]
We recall the following result:

Theorem A.8. (E.M. Stein [384])
If A is defined on LP° + LP' and is of weak type (po, qo) and (p1, q1) with1 < p; <
qj < oo and qo # q1, then A is bounded from LP' to LY for any 0 < t < 1, where

L IR SR R
pr~ Po +171 andq[— q0 +CI1'

Theorem A.8 is referred to as the Marcinkiewicz interpolation theorem. See [384],
p.272.

Lemma A.3. Let k be a measurable function on X x X. Assume that there is a constant
Co > 0 such that

/Ik(x,y)ldu(y) < Cyp, /Ik(x,y)ldu(x) < Co,

forany x,y € X. Then the operator
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(AN = [ k) f ) dn)
satisfies
1Afll, = Coll flp
forany p € [1, o).
Proof. For p = oo the statement is obvious. Let p € [1,00) and g be such that

1/p + 1/ = 1. Then (by Holder’s inequality)

(Af) )] S/Ik(x,y)llf(y)ldu(y)=/Ik(x,y)l”qlk(x,y)l””lf(y)ldu(y)
1/ 1/
< ([ wewiane) ([ renisorranm)
1/
= cif*( [ e pliroraum) "

Next, by Fubini’s theorem

/ (AN IPdue) = ¢§' f dp(x) / e, MILFOIPdp(y)
<P F1, = CollfIl, - O

Lemma A.4. Let k be a measurable function on X x X. Assume that there isr > 0
such that (1) k(x, -) is weak L" uniformly in x, and (2) k(-, y) is weak L" uniformly in
y. Then the operator

(AfH)(x) = /k(x,y)f(y)dﬂ(y)

is bounded from LP to LY whenever 1/q = 1/p+1/r—1land1 < p < q < 00, and
from L' to L1 € for any € > 0.

This extends (cf. also Lemma 15.3 in [150], p.478) a result in [384], p. 119, i.e.,
the theorem of fractional integration there. To prove Lemma A.4, note that (by the
Marcinkiewicz interpolation theorem with pg = p; = p and gop = ¢ = ¢g) when
p > 1itsuffices to show that A is of weak type (p, ¢), whenever 1/g = 1/p+1/r—1
and 1 < p < g < oo. Let us set

k(x,y), |k(x, | =v,
0, otherwise,

kz(x9 y) = k(-x’ )’) _kl(-x’ )’),

ki(x,y) =

where y > 0 is to be chosen later. Let A; be the integral operators with kernels
ki,i =1,2. Then A = A{ + Aj; hence
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Bar(2s) < Ba,r(s) + Ba,r(s),

and (to produce an estimate of the form B47(f) < (C||f||p/t)q, t > 0) it suffices to
estimate the last two terms. Let f € L”. Without loss of generality we may assume
I fll, = 1.Let p’ be such that 1/p + 1/p’ = 1. Then (by Holder’s inequality)

(A2 f)(x)| = / k2 (x, VIITF (D dpe(y)

/ 1/p' / 1/
= ([ bateo 7 aw) 11, = ( [ i dum)
Note that 1/r — 1/p" = 1/q > 0. Then (by (A.3))
’ o0 / V /
f 2 (e, P dpa(y) = p’ /0 $7 7 oy ($)ds = pf /O $7 7 ey (9)ds

V4 , Fals ,
Sp// spil(gydsf PE o
0

K} p —r

(because k(x, -) is weak L" uniformly with respect to x). Then
(A2 f)(@)| < Coy' /7" = Coy™/1,

where

'C" \UP
p —r

At this point we may choose y = (s/Co)?/" such that |(As f)(x)] < s; hence
Ba, r(s) = 0. Moreover, since r > 1,

/ ey (e, )] da(y) = /O By (s dis

o) 0 O\ foll
= y(s)ds < —)d =r
/y Br(x,)(5) S_/y (s) S=1-,7

Likewise

r

1—

/Vﬂ(x’y)ldu(X) < ryl—y_

Therefore (by Lemma A.3) the operator A satisfies

r r

_ o
e P

IALfIlp < 1

1—r

or

C
[ 1 pwirdunem < (=)’
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and we have the estimates

Cr
(57')" = [1an@irdu

1—r
> / (A1 )P dp(x) > / sPdu(x) = sPBa, r(s),
{x:(A1 f)(x)>s} {x:(A1 f)(x)>s}

so that

r 1—r

ﬁAlf(S)S(C 4 )p=C1S7q=C1<@)q,

1—r s

where C| is the constant C'P/[(1 — r)? Cg/ "]. This completes the proof in the case
p> 1l O

The proof above shows that A is of weak type (1, ); hence f € L! yields
Af € {weak L'} C L] €

loc >

for any € > 0. ]

The reader may well note that Lemma A.4 for X = H, yields Theorem 3.10
by merely taking k(x, y) = F(y_lx) because (by (3.41)) F is weak L” with r =
—1/(2n +2). ]

Let K be a singular integral kernel. Let us set

K(x,y) 1/2/ <p(x,y) <1/2/71
0 otherwise,

K (x,y) = {
forany j € {1,2,3,...}. Then
0 .
K=Y K.
Jj=1
Let A/ be the corresponding integral operator, i.e.,

(AT F)(x) = / K (x. ) f () dy.

Lemma A.5.  The operators A are uniformly bounded on L?. Moreover,
I 2?;1 A2 < C, where the constant C is independent of N.

Proof. Note that
1K (x, )| < Cp(x, )22,

Then (since ®* dV (§) = (1 + 0') dy)

/ |K7(x, y)ldy < C/ |E|72"2dV (§) < Clog2.
1/2) <[g]<1/2)~!
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Similarly
/|Kj(x,y)|dx < Clog2,

so that (by Lemma A.3) the operators A/ are uniformly bounded on L. To prove the
second statement in Lemma A.S5 it suffices to show that, for j sufficiently large, the
operators A/ obey to the hypothesis of Lemma A.2. This follows from Lemma A.3
and the estimate

/ G je(x, y)ldy < C24=D/2 (A4)

for £ large and j >> £. The proof of (A.4) is quite technical and would take us too far
afield (cf. [150], pp. 481-483, for the details).

Lemma A.6. Let K be a singular integral kernel and set

K(x,y) p(x,y) > ¢,
0 otherwise.

Ke(x,y) = {
There exist constants C1, Cy such that

/ [Ke(z,x) — Ke(z, y)|ldz < Ca,
p(x,2)>C1p(x,y)

foranyx,y € Vande > 0.

The proof follows from the estimates (3.21)—(3.22) together with Lemma A.1 (cf.
[150], pp. 484-485, for the details).

Lemma A.7. Let K'(x, y) be a function with support in

QO{(x,y):px,y) <1}.

Assume that there exist constants C1, Cp, C3 > 0 such that
/ |K'(z,x) — K'(z, y)|ldz < C
p(x,2)>Cip(x,y)
and
(A" fHx) = / K'(x,y) f(y)dy

exists a.e. forany f € LP,1 < p <2, and

A" fll2 < C3ll fll2
forany f € L% Then

IA"fllp < Clfllp

forany f € LP,1 < p <2, where C depends only on C1, Ca, C3, and p.
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This is a special case of a result by R. Coifman and G. Weiss [105], which generalizes
the classical Calderon—Zygmund theorem; cf., e.g., [384]. Similar generalizations are
due to A. Koranyi and S. Vagi [258], and N.M. Riviere [352]. For a proof the reader
should see [105], p. 74. As pointed out by G.B. Folland and E.M. Stein (cf. [150],
p. 485) the hypothesis K’ € L>(M x M) in [105] should be replaced by the hypothesis
that (A’ f)(x) exists fora.e. x andall f € L”,1 < p < 2.

Theorem A.9. Let A be a singular integral operator with kernel K (x, y) and let 1 <
p < oo. The operators A¢ are uniformly bounded on LP and converge strongly as
€ — 0. Hence A may be defined on L? by Af = lime_.oAcf and A is bounded
on LP.

Proof. Let K. be defined as in Lemma A.6. Then

(Aef)(X)=/Ke(x,y)f(y)dy

exists for all x and f € L? because

1/q
(A f) ()] < (/ K5<x,y>qdy) 1f1l, < o

for all x (where ¢ € R is such that 1/p 4+ 1/g = 1) since K¢(x, -) is a bounded
function of compact support. By Lemma 3.9, A, converges strongly as ¢ — 0 on a
dense subspace of L”. Therefore, it remains to be shown that A, is bounded on L7,
1 < p < oo, uniformly in €. For p = 2 this follows from Lemma A.5. Next, Lemmas
A.6 and A.7 yield the statement for 1 < p < 2. To end the proof, set

K(x,y) = K(y, x).

Then K is a singular integral kernel; hence the corresponding integral operators
(Ac))(x) = / K, ) f(y)dy
px,y)>€

are, by the first part of this proof, bounded on L?, 1 < p < 2, uniformly in €. Yet

/ (A f)(0g) dx = / £ (Aeg) () dx;

hence by Holder’s inequality, A, is uniformly bounded on L?,2 < p < oo. (]
At this point we introduce a class of kernels on M that play the role of regular
homogeneous distributions on H,,.

Definition A.4. Let A > 0. A function K (x, y) on M x M is a kernel of type A if for
any m € Z, m > 0, one can write K in the form

N
K(x,y) =Y ai(x)Ki(x, y)bi(y) + En(x, y),

i=1
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where (1) E, € Cg'(M x M), (2) aj,b; € C°(M),1 < i < N, and (3) K; is
C® away from the diagonal and is supported in Q N {(x,y) : p(x,y) < 1}, and
Ki(x,y) = ki(®(y, x)) for p(x, y) sufficiently small, where k; is homogeneous of
degree A; = A — 2n — 2 + p; for some w; € Z, u; > 0. In addition, if A = 0 and
Ai = —2n — 2 one requires that k; have mean value zero. O

In other words, a kernel of type A is one whose “principal part” is regular homogeneous
of degree A — 2n — 2 near the diagonal.

Definition A.5. An operator of type A, . > 0, is an operator A of the form

(Af)(x) = / Ko ) f ) dy.

where K is a kernel of type L. An operator of type 0 is an operator A of the form

(Af)(x) = lim K, ) f(y)dy +ax) f(x),

>0/ p(x,y)>e€
where K is a kernel of type 0 and a € C§°. (]

Theorem A.10. Let A be an operator of type A > 0. Then A is bounded on L?, 1 <
p < 00. Moreover, if0 < ) < 2n+2 then A is bounded from L' to L3"+2)/(n+2=3)—¢
orany € > 0and from L? to LY, = — n+2), whenever1 < p < q < 0.

foranye > 0andfrom L? to L9, 1/q = 1/p—2/(2n+2), wh l<p<gq

For a proof the reader should see [150], p. 487. It may be also shown that operators of

type 0 are bounded on L?, 1 < p < o0. O
All constructions so far rely on the local orthonormal frame {X;}. These vector

fields (as differential operators) interact with operators of type A > 0 as follows.

Proposition A.1. Let A be an operator of type A. If A
operators of type A — 1 for 1 < j < 2n, while if A
operators of type X — 2.

1 then X;jA and AX; are
2 then XgA and AXq are

=
=

Cf. Proposition 15.14 in [150], p.487. Also Theorem 3.10 in Chapter 4 admits the
following analogue

Theorem A.11. If A is an operator of type O then there exist operators Ay, ..., Ay,
of type 1 such that

2n
A=Y "AjX;+ Ao.
j=1

Cf. Theorem 15.15 in [150], p. 490.
Definition A.6. The space S,f (M))oc consists, by definition, of all f € L? such that

loc

Df € Lf;c, as D runs over all differential operators that are sums of monomials of

order at most k formed with vector fields in I'*°(H (M) ® C). O
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We wish to remark that although the Folland—Stein space S ,f (M) is defined in terms
of the pseudo-Hermitian frame {X ;}, the space S,f (M)joc 1s a CR invariant.

Theorem A.12. Let A be an operator of typem, m € {0, 1,2, ...}. Then A is bounded
from S,f(M) to S,f+m(M)f0rk €{0,1,2,...}and 1 < p < oo.

Cf. Theorem 15.19 in [150], p.491. O
Now we recall the Lipschitz-type spaces on M:

Definition A.7. If 0 < 8 < 1, let I'g(M) consist of all bounded functions f for which
|f(y) = f)l
L e ¢)
X,y 1Y (X ) )’)ﬂ
Also, let I'1 (M) consist of all bounded functions f for which

Lf) + f) —2f0)]
sup < 00
X,y px,y)

’

where y = @;1(—®x(y)). Finally, let us set
Cpyp (M) ={f : Df e Tg(M) forall D € A},
foranym € {1,2,3,...}and 0 < 8’ < 1. |

The spaces I'g (M )¢ are intrinsically defined, i.e., they are independent of the choices
made in constructing normal coordinates. It may be shown (cf. Theorem 15.20 in
[150], p.493) that operators of type m satisfy the following Lipschitz regularity re-
sult:

Theorem A.13. Let A be an operator of type m, m € {0,1,2,...}, and let us set
Af =g If f e TTgM), 0 < B < o0, then g € Tgypy(M). If f € LP, p > 1, and
B=m—Q2n+2)/p>0then g € I'g(M).

Let us discuss now the existence of a parametrix for [,. Let ¢ be a (0, g)-form on
M. Locally

§0=Z¢J9j,
7

where J = (a1, ..., o) is a multi-index and 07 = 0% A A%,

Definition A.8. We say that ¢ € S,f (respectively ¢ € I'g) if ¢; € S,f (respectively
@y € I'g) for all multi-indices J. O

Clearly this is independent of the choice of pseudo-Hermitian frame.

Definition A.9. An operator A on forms is said to be of type X if

A=) (AskenoX,
J,K

where A ;g is an operator (on functions) of type A, for any multi-indices J, K. U
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We adopt the following notation for “error terms”:

Definition A.10. £(¢) will denote an expression of the form

K 00
> aske0%, ajx e C™.
JK

Also £(W ) will denote an expression of the form

Y arka(Wap)0®, ajkq € C,

J.K,«a
with similar conventions for £(Wg), £(T ), etc., where {W1, ..., W, } is a given (lo-
cal) frame of T7,0(M). Also, £(A, B) is short for £(A) + £(B). O

For instance, if M is strictly pseudoconvex and { W, } is chosen such that (W, Wg)g =
8ap, then the equation

Vw, WE - VWEWQ — [Wy, WE] = ZihaET
may be written
(Wa, Wglf = =2i8sTf +EWS, W),

forany f € C2(M).

We already computed 9, 5:, and [, in terms of the given frame {Wy}; cf. our
identities (1.135), (1.142), and (1.146). A rough form, but at times easier to handle,
of these equations, in which use is made of the above error term notation, follows
immediately. For instance

B =Y Wap)” 707+ 05,07
Jo J
= (Wap))o® A0 +E(p).
J, o

Similarly (1.146) yields

9'0p0 =Y (Lazgps) 07 + EWe, We. ¢), (A.5)
J

for any ¢ € QU9(M). Therefore [J,, is expressed by the same formula as for the
Heisenberg group, modulo lower-order error terms (compare to (3.25)).

Let {W,} be a pseudo-Hermitian frame, defined on the openset V C M.Let& € V
and let O¢ : Vg — O (V) € H,, be a normal coordinate system at &, associated with
{Wq}. We let L, act on functions f : V¢ — C by setting

Lof = La(foOF).
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Letus set x = (z, 1) = O¢. Then (by (A.5))

dg 0
Db(p:Z(L‘n 2q¢])91+g( _(p _(p)
J
B 82g0 32¢ 9%¢ 2¢ 3% 92¢
015( —) 025<—,— 035(—, A6
+ 3t 972 9207 972 9zt azaz)+ aﬂ) (A-6)

where O%E(-) is an expression of the form £(-) whose coefficients are of type O%. Tn
spite of the rather complicated appearance of the error terms in (A.6), its use is quite
simple: one should think of ¢ as a sum of homogeneous terms and note the fact that
L 24 lowers the homogeneity by 2 degrees, while the error terms lower it by at most
one.

At this point, we may build a parametrix for [],. By a partition of unity argument,
we need only look at forms supported in some compact set W. Let ¥ (&, n) be a real-
valued C;° function supported in & N {(§, n) : p(§,n) < 1} and such that (&, n) =
¥(n, &) and ¥ (£, n) = 1 in some neighborhood of the diagonal in W x W. Let &, be
the fundamental solution for £, on H,,. Let 0 < ¢ < n and set

Kq(&,m) =¥ (&, n)Pn2q(O, §)).
Since ®,_», is homogeneous of degree —2n, K, is a kernel of type 2. Moreover,
Kq(n,8) = Kq(&, 1)

because of ¥y (—x) = Pz(x). Let A, be the operator (of type 2) on (0, g)-forms given
by

1006 = ([ Kutemosonan)of

J

Also, consider the operator

Byp(§) =¥ (£, §)¢) —LpAgp(8).

Proposition A.2. B, is an operator of type 1.

Proof. Let ¢ be a smooth form of compact support. Define A{ by

Age® = ( / K (€ mgs(dn)6

J
Kg(&, ) =Y (E nPu2g,e(O(, §)),
1
q)a,e = —Qu,e »
Cq
_nta n—a

Pa,e = Pe : ﬁ;Ts ,Oe(Z,l‘)=|Z|2+€2—if
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(we replaced ®,_», in the definition of A, by its regularized version ®, 24 ¢, as in
the proof of Theorem 3.9). Then (by the dominated convergence theorem)

1459 = Al < ol [ [K5Em — KyG]dn — 0, e 0

hence Aflgo — Ay as distributions. Then DbA;go — UOpAge. All functions entering
A are C*, so we may differentiate under the integral sign. We get (by (A.6))

DhAGe©) = Y (Lam2q(A59)s () 6 + (error terms) (e, &)
J
=3 f L5 g (K& m)gs (n)dn|6] + (error terms) (,6). (A7)
J

As € — 0, the error terms give rise to an integral operator applied to ¢ whose kernel
consists of &-derivatives of ¥ (§, n)®,—24(O(n, §)), which lower the homogeneity by
j € {0,1,2,3,4}, multiplied by coefficients of type O/~!. In particular, the coeffi-
cients kill any part (of these distribution derivatives) supported on the diagonal. Then
it may be shown that the error terms form an operator of type 1 applied to ¢ (cf. also
[150], p.495). As to the first term in the expression of DbAf{w, we have

Ly [W(E MPy_2g. (O 6))]
= (L5 2g¥) P20, O ) + ¥ (E ML, [®020.(O01. )] (AS)

Note that ﬁifz qw is a first-order operator involving only the derivatives X1, ..., Xo,
(and not involving Xy). Therefore (by Proposition A.1)

(£52¥) Pr20.c(O0, 6)
is a kernel of type 1. Let us set u = ©,(£). Then the second term in (A.8) is
Y&, mMLy—2g(Pr_24,e()). Since d€ and dV (u) for & = n coincide, it follows (by
Theorem 3.10) that
V&, M Lr—2g(Pu—2g W) — ¥ (&, msE, n), € >0,
where & (&, n) is the distribution on M x M given by
[sewr@sadsan= [ rerseae.
Thus (by (A.7)-(A.8))

LpAqe(§) = lim OpAge®) = ¥ (5, 8)e ) + (Hye)(§)

for some operator H, of type 1. Yet H, = — B, (by the definitions). (]
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Proposition A.3. Let ¢ be a (0, q)-form, 1 < g <n — 1, with supp(p) C W. Then
OpAgp =@ — Bgy, ALhp =9 — Bjg,
and B;‘ is of type 1.

Proof. The formula [, A, ¢ = ¢ — B, ¢ is merely the definition of B, since ¥ (§,§) =
1 for any £ € W. To prove the second formula, let A, i be (0, g)-forms. Then

(Ao = 3 [ Kyt mrs s @dna
J
= ¥ [ K B @ = G Ay,
J

i.e., Ay is symmetric. Next, since [ is symmetric on forms with compact support,
* *
AgOpp = (DbAq) o=0- Bq)go.

Finally, the adjoint of an operator of type 1 is of type 1. |

Therefore, A, is a two-sided parametrix for L, on W,i.e., I -y A, and I — A, L,
are smoothing operators, i.e., are bounded operators of S,f into S]f ypp 1l < p<oo
k €{0,1, ...} (by Theorem A.12). If better smoothing is desired, one may set

m—1 m—1
AP =Ag Y (B AP =) (B A,
j=0 j=0

and then
m—1 )
I—0pA™ =1—(I =By Y (B = (B)™,
j=0

m—1

I— Ag’"]mb =7 Z(B;)f'(l — B}) = (B)™,

j=0
and (B,)™ and (B;‘)’” are bounded operators from S,f to S,f m- Again by Theorem
A.12, A((jm) and AL’"J are bounded operators from S,f to S/f iy O

Consequently, one has the following estimates for [j:

Theorem A.14. I[f0 < g < n, 1 < p < oo, and k > 0, there is a constant C =
C(p, k) > 0 such that

lellpit2 < C (10p¢llpk + llellp)

forany ¢ € T'° (A%9) supported in a fixed compact set W.
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Proof.

lellpat2 < 1AM 2050l k42 + 1B ol p sz
< C(10@llpi + lollp) - D

We are now in a position to state the main regularity theorem for [J,.

Theorem A.15. Let ¢ and r be locally integrable (0, q)-forms, 0 < q < n, such that
Upe = ¥ on an open set U € M. Then

(a) ¢ € LOHD/"=€(U loc) for any € > 0.

(b)Ify € LP(U,loc), 1 < p <n+1,then ¢ € L"(U,loc), where % = % #

(c)Ify € LP(U,loc), n +1 < p < 00, then ¢ € T'g(U, loc), where B =2 — (2n +
2)/p.

(d) If ¢ € S,f(U, loc) with1 < p <ocoandk € {0,1,2,...}, thenp € S,%+2(U, loc).

(e) If € Tg(U,loc),0 < B < oo, then ¢ € I'g12(U, loc).

) If v € C®U) then ¢ € C*°(U).

For a proof the reader should see see [150], pp. 497-498.
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